

DELHI COLLEGE OF ENGINEERING 

LIBRARY 


CLASS NO 
BOOK NO. 


ACCESSION NO, 




..CL.iL.G: 


DATE DUE 


For each day’s delay after the due date^ji^ 
fine of 3 P. per VoL shall be charged for ^ 
first week, and 25 P, per Vol. per day for 
subsequent days. 


Borrower’s 

Date 

Borrower’s 

Date 

No. 

1 

Due 

No. 

Due 





THEORY AND DESIGN 

OF 

ELECTRIC MACHINES 







THEORY AND DESIGN 

OF 

ELECTRIC MACHINES 


A TREATISE 

DEALING WITH THE FUNDAMENTAL PRINCIPLES 
OF THE DESIGN AND OPERATION OF ALL TYPES 
OF ELECTRICAL MACHINES 

CONTAINING A NOVEL METHOD OF ARRIVING AT THE 
CORRECT DIMENSIONS FOR ANY PARTICULAR DESIGN 


BY 


F. GREEDY 

MAT E.E . A.C.G.I. 

AWARDED PRIX MOSTEFIORR ( 1925 )*, AYRTON PREMIUM (iNST. ELEC FNGRS ) ( 1923 ) 
RF SI? ARCH PROI<ESSOR, LFHIGH UNIVERSITY, PA 



LONDON 

SIR ISAAC PITMAN & SONS, LTD. 
PARKER STREET, KINGSWAY, W.C.2 

BATH, MELBOURNE, TORONTO, NEW YORK 

1930 



FROM THE SAME PUBLISHERS 


THE DYNAMO 

ITS THEORY. DESIGN, AND MANUFACTURE 

By C. C. Hawkins. M.A., M.I.E.E., A.Amer.I E.E. In medium 
8vo, 3 vols. Sixth Edition, thoroughly Rev’sed and largely re- 
written. 

VoL. I. — With 31 1 illustrations. 2 l 8 . net. Deals with the general 
theory of the subject. Vol. II. — With 128 illustrations. IM. net. 
Deals with the application of the theory to the design of direct 
current generators. Vol. III. — With 267 illustrutions, 308 . net. 
Deals with the design of alternators. 

ELECTRIC MOTORS (DIRECT CURRENT) 

THEIR THEORY AND CONSTRUCTION 

By H. M. Hobart, M.I.E.E., M.Inst.C.E., M.Amer.I.E.E. Third 
Edition , thoroughly Revised. In medium 8vo, with 374 illustrations, 
168 . net. 

A treatise for Consultants, Manufacturers, Designers, and 
Advanced Students. 

In the present volume the most recent information on design is 
included and contains practically all the information likely to be 
needed by the designer and advanced student of direct current 
methods. 


ELECTRIC MOTORS (POLYPHASE) 

THEIR THEORY AND CONSTRUCTION 

By the same Author. Third Edition, thoroughly Revised. In 
medium 8vo, with many illustrations. 168 . net. 

No designer of motors ol this type can afford to be without this 
book. In addition lecturers and advancoa students of electrical 
engiiuM'ring will find it extremely useful. 

THE STEAM TURBO ALTERNATOR 

By L. C. Grant, A.M.I.E.E. In demy 8vo, with 161 illustrations, 
168 . net. 

A treatise dealing with the various tyiies of turbines, high-speed 
.iltornators, and their control gear in present-day ust*. 

TRANSFORMERS FOR SINGLE AND MULTIPHASE 
CURRENTS 

Bv Dr. Gisbert Kapp, M.Inst.C.E., M.I.E.E., lale Professor of 
Electrical Engineering in the University of Birmingham. Third 
Edition, thoroughly revised by Reginald O. Kapp, B.Sc. In 
demy 8vo, with 229 illustrations. 12ki. net. 

A treatise on their theory, construction, and use. 

DICTIONARY OF ELECTRICAL TERMS 

By S. R. Rogkt, M.A. (Cantab.), A.M.Inst.C.E., A.M.I.E.E. In 
crown 8vo, 300 pp. 78. 6a. net. 

This is the only complete and up-to-date dictionary of electrical 
engineering terms in the English language. 


First Edition 
Reprinted 


1929 

1930 


PRINTED IN GREAT BRITAIN 
AT THE PITMAN PRESS, BATH 



pref'ace 

The present treatise represents an effort to reduce the study of the 
dynamo electric machine to a scientific form and to introduce order 
where, owing to the enormously rapid rate of development, there 
is little sign of it at present. 

A few years ago, when one spoke of a dynamo electric machine, 
one had in mind a fairly definite idea of either a direct-current 
machine, a S5mchronous alternator, or an induction motor. It was 
thought that, with a few minor modifications, these covered the 
field. Now, however, it has become clear that the possible types 
of dynamo electric machine are quite endless in number, fresh 
possibilities being announced almost every month. It is in order 
to classify these possibilities that the present treatise has been 
written, and to carry out a general survey of the subject in order 
to reveal fresh lines of advance. 

The enormous advantages of a general survey of the theoretical 
possibilities of the future cannot fail to be evident as, by such a 
survey, we may map out the necessary permanent lines of advance 
of the future years before they are realized in practice, and in this 
way save time and money which would otherwise be spent in 
developing apparatus which the survey shows cannot present the 
same fundamental advantages as other possible types. 

We should never be content with less than the ideal; it may 
present greater difficulties in realization than a less ideal plan, but 
when it is realized it is not subject to supersession by some other 
device, whereupon the time and money spent in developing the 
less ideal plan are largely wasted, although it may have been 
temporarily useful. 

Such a survey has been considered impossible, but the object 
of the present treatise is to show that it is possible and to carry it 
out. This is done as follows — 

We start from the most abstract point of view, where the general 
machine is treated merely as a special case of Maxwell's general 
equations of the electromagnetic field. We then gradually intro- 
duce limitations one after the other, with a critical explanation of 
the function and necessity of each limitation of generality, thereby 
dividing our machine into different classes, which we then proceed 
to describe in detail. 

By this procedure we ensure that substantially all possible types 
are described in principle, thus leaving only the permutations and 
combinations of individual parts to be developed as occasion 
requires. These permutations and combinations are, of 
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practically unlimited, but the fundamental types are very few. 
A demonstration is offered of this point. 

The mechanical analogy of each type with a certain tj^pe of gear 
is also developed, which is helpful in showing the essential nature 
and relationship of each type. 

As the result of the principles of classification revealed by the 
general investigation, we divide our machines into six classes. 

1. Fundamental types without commutator or variable pole 
pitch. 

2. Commutator motors operating from fixed frequency generators. 
A separate volume is devoted to this on account of the complexity 
of the theory in the most important case. 

3. Machines operating from variable and multiple frequency 
generators. 

4. Cascade sets of various types. 

5. Multiple polarity machines. This includes cascade machines 
and machines with multiple polarity windings in general. 

6. Variable polarity apparatus, in which the speed of a motor or 
the frequency of a generator is changed by changing the number 
of poles. 

It is clear that while much is known of Classes 1 and 2, and 
Class 3 is not of much importance, there are great gaps in our 
knowledge of Classes 4, 5, and 6 Great attention has been given 
to filling up these gaps, and a large part of the book is devoted to 
this. The writer may perhaps be allowed to state that in his 
opinion we are only at the beginning of this subject. 

In addition to these, we may distinguish homopolar machines 
and electrostatic induction machines, which latter, however, depend 
on a different case of Maxwell's equations. In each of the classes, 
owing to the generality of the method of procedure and the critical 
examination of every limitation as it is introduced, we are enabled 
to discern literally hundreds of new forms, some of which cannot 
fail to be of practical use. 

In this way, by theoretical criticism, we develop a number of 
solutions to each problem in a form suitable for experimental trial. 

It is not the place of theory to state dogmatically what type 
should be the solution of a practical problem. Its function is 
merely to develop a number of likely types and indicate their 
possibilities and limitations. They should then be tried on a 
moderate scale experimentally and one or more of the most suitable 
adopted. 

In this way the development of electrical apparatus might be 
reduced to a scientific form instead of being left to the haphazard 
efforts of individual inventors, the success of which is determined 
by natural selection. 

It may be pointed out that other engineering subjects might be 
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treated in the same way; for instance, one can deduce a special 
case of Euler's equations of hydrodynamics, which is applicable to 
the general type of hydraulic machine or a generalized hydraulic 
turbine and centrifugal pump. From these equations a general 
theory of hydraulic mechanism could be worked out by an hydraulic 
engineer sufficiently familiar with the subject, which would no 
doubt reveal a large number of useful forms. 

In the same way ordinary mechanism could be derived from 
Lagrange's equations of rigid bodies, but this would perhaps be 
too wide a subject for general treatment. 

The writer has given some thought to the best title for the sub- 
ject. The usual definition of a machine is a device to modify 
motion and force." In accordance with the modem ideas of energy, 
we might, perhaps, modify this into the following: " A machine is 
a device for changing the flow of energy." For instance, the steam 
engine changes an intermittent flow of pressure energy into a 
cylinder into a continuous rotary flow of energy. This definition is 
applicable to all types of what are ordinarily called machines, 
whether electric, hydraulic, mechanical, or otherwise. 

It is clear, moreover, that our subject bears the same relation to 
electrical machines that the science of " mechanism," developed 
by Rankine, Reuleaux, and others, does to ordinary machines, and 
hence " Electric Mechanism " is a suitable title for the subject. ’ 

If the present work succeeds in demonstrating the possibility of 
such a subject and outlining its extent, even in the very roughest 
way, its object will be accomplished. 

Clearly one cannot decide on the practical usefulness of a partic- 
ular type without a full study of its design. Hitherto each type of 
dynamo electric machine has been a " special creation," from the 
designer's point of view, requiring special experience before it could 
be designed to the best advantage. Sufficiently general methods of 
designing are described in Part VI of the work to render it possible 
to carry out a critical comparison of the possibilities of different 
types in advance of experiment. Of course, it still remains true 
that special types involve special problems — for instance, in the 
internal cascade machine there is the problem of the relation of 
the leakage coefficient to the different pole combinations, and in 
commutator types there may be special commutation problems, 
and, of course, in other types other problems. The methods of 
designing in Part VI, since they leave no scope for guesswork or 
estimating, throw into relief the existence of problems of this 
nature, so that experimental research may be concentrated on 
them. But, above and beyond these applications, the main advan* 
tage of these methods of design is that they separate the use of 
engineering judgment from the necessity of numerical calculation, 
so that this latter may be handed over to a calculating machine 
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operator without engineering knowledge and the whole of the 
drudgery of designing lifted from the engineer's shoulders. 

A rational procedure in developing a new type of machine would 
be the following: Starting from an industrial problem, say, for 
instance, the problem of printing-press operation or the driving of 
textile machinery, a report could be prepared on the various means 
of carr3dng this out to the best advantage, accompanied by designs 
of the most likely types of apparatus and a statement of what 
experiment, if any, would be needed. This report itself would, of 
course, be derived from general study, such as that of the present 
work, and would involve no experiment. It could be considered 
by a committee of experts, including manufacturers, users, and 
selling experts (the B.E.A.M.A. Research Association in Great 
Britain, one would think, could supply such a committee) ; and if 
thought sufficiently promising, further work could be authorized 
with a view to the practical development and placing on the market 
of the new type.^ 

The success of a new type on the market depends on a great 
many things besides its technical merits. Some of these are as 
follows — 

1. A new type must at first be made in small quantities. A 
manufacturer's costing system may be such as to penalize enor- 
mously everything which is not made in large quantities. If such 
a costing system is rigidly adhered to, it renders the marketing of 
new types practically impossible, because of the price it attaches 
to them. In any case, owing to the small initial turnover the price 
tends to be high at first. 

2. At the start its existence and merits are unknown to potential 
users. There is, therefore, no demand, since users cannot ask for 
what they have never heard of. There is never any demand for 
a new thing ." — Henry Ford,) This demands considerable propa- 
ganda and highly skilled salesmanship. It may be that the manu- 
facturer's salesmen have insufficient technical knowledge to explain 

^ It is quite possible to estimate in advance the cost of such a development. 
In the most difficult case of all, where it involves a fundamentally new problem, 
such as a new type of commutation, involving extended oscillographic research 
or studies in leakage, etc., it will cost not more than ,f2,500 to ;£3,000 (1929 
prices) to place on the market a line of machines up to, say, 50 kW., with all 
technical problems solved, all designs made with the utmost economy of 
material, and tabulated for all the ratings (all voltages and frequencies) 
likely to be in commercial demand. All expenses of whatever kind likely 
to be incurred other than selling costs are included, establishment charges on 
the experimental machines, special testing, and reasonable remuneration for 
all those engaged on the work. For simpler developments, these costs may 
be halved or quartered. Those unaccustomed to this work often attempt to 
employ “ short cuts,'" skipping necessary experimental work or trying to do 
it at the customer’s expense. Where this is attempted, one may put the 
additional cost incurred at ;f500. Clearly an unskilful and fumbling develop- 
ment must be much more costly than one which is carried out in the best 
possible way. 
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the new type effectively, though well enough on standard apparatus, 
or may commit other errors in commercial policy. 

3. Manufacturers of the second rank who find, owing to imper- 
fect organization, difiiculties in reducing their costs to those of 
competitors, are apt to believe they can make higher profits out of 
a new t 3 ^e which would become a specialty. But a new type 
requires more skill in manufacture, not less skill, than standard 
t)q)es, since it is inherently handicapped by the small initial demand. 

4. One may be entirely misled as to potential demand, unless a 
very careful canvass is made of the importance of the industrial 
problem solved by the new type and of alternative solutions. 

All these points require to be carefully weighed before embarking 
on experimental work. If they could be considered by a central 
co-operative organization as suggested above, with its wider sources 
of information, they are clearly rendered much easier than when 
each manufacturer has to consider them for himself, and this is 
the course which would undoubtedly be pursued if the public 
interest alone were considered. But, as things are, competitive 
jealousies make it very difficult ; but if the manufacturers of any 
country (or even one manufacturer of large capital) could agree to 
the systematic study of the possibilities of progress, its rate could 
be very much accelerated and very large sums of money saved. 

The author is indebted to the Journal of the Institute of Electrical 
Engineers, the Journal of the American Institute of Electrical 
Engineers, and the publishers of the Electrician, from papers and 
articles in whose columns extracts appear. 


F. GREEDY. 
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THEORY AND DESIGN OF 
ELECTRIC MACHINES 

PART I 

CHAPTER I 

INTRODUCTORY 

Before proceeding to the main portion of our investigation we 
must first formulate a preliminary definition of the dynamo-electric 
machine from which to start. 

The “ d3mamo-electric machine ” consists essentially of two 
members capable of mutual rotation, a single magnetic flux com- 
mon to the two, and two electric circuits one on each member, 
interlinking the flux. In one or two exceptional cases only one 
electric circuit is used, but these we shall not consider. 

Two forms of mechanical construction are in use, one in which 
revolving and stationary parts are separated by a short air-gap 
uniform throughout the periphery, and another in which salient 
poles are used. This latter type, however, is not of general applica- 
tion, being suitable only for continuous current and some forms of 
single-phase machine, both of which types may. from the technical 
point of view, be equally well built with uniform air-gap. We shall, 
therefore, consider the uniform air-gap type to be the standard. 
In order to minimize magnetic leakage the conductors in both 
elements are disposed in slots as close as possible to one another, 
that is, as close as possible to the air-gap, since they are in relative 
rotation. These conductors are interconnected in various ways, but 
as it is the purpose of our investigation to study these different 
methods of connection, we must not prejudge the question by 
assuming the machine to be connected in any particular way. 

Finally, although in actual machines the air-gap surface is almost 
invariably cylindrical, we shall assume it to be plane, i.e. in the 
usual phraseology, that the machine is developed. Later we shall 
be able to formulate an exact and scientific definition of the d)mamo- 
electric machine. 
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FUNDAMENTAL LAWS OF THE ELECTRIC MACHINE 

We have seen in Chapter I that omitting everything non-essential 
in our dynamo-electric machine, assuming a constant air-gap all 
round the periphery with all the reluctance of the machine concen- 
trated in it, and developing the machine so that the gap surface 
is a plane instead of a cylindrical surface, it may be represented as 
in Fig. 1 . 

It consists of two magnetic elements separated by the air-gap 
and capable of relative motion along the axis of x. Each of these 
elements bears a number of electric conductors perpendicular to 
the plane of the paper or parallel to the axis of z, say. The axis of 
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Fig. 1 

y may be taken perpendicular to the air-gap surface. We shall have 
very little occasion to use the axes of y and z, but shall be constantly 
using that of x. 

In consequence of the assumption of a constant air-gap all round, 
with all the reluctance of the machine concentrated in it, we get 
our first fundamental equation 

B = (1) 

'' Magnetic density is proportional to magnetomotive force at 
every point of time and space.'' 

We here neglect saturation, of course, and ft must be taken to 
represent not the permeability, but the permeance of unit area of 
the air-gap. 

' Our second fundamental equation is still more obvious, if possible. 
The ampere-turns included within any stretch of the machine are 
a measure of the magnetomotive force H in accordance with the 
well-known equation 

10 

ampere-turns = ~H in electromagnetic units. 

The ampere-conductors are just twice the ampere-turns ; hence 
they also are a measure of H. In " rational units,'' which we shall 

9 , 
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adopt, the constant 10/(87r) is got rid of and H is identical with the 
ampere-conductors. 

Now it seems a truism to say that 

ampere-conductors per cm. 

= current density per cm. of periphery. 

Nevertheless, putting this into symbols we get the equation dHJdx 
= Aj for one member, and dH^jdx = Ag for the other. If we use 
Ai for the current density in the first member, and i/j to measure 
the ampere-conductors, dHJdx will be the ampere-conductors per 
cm. 

Putting H — + H 2 to measure the resultant current density 

we get our second equation 

dHjdx = Aj + Ag (2) 

We can illustrate this equation by reference to particular cases. 
Wc see in Fig. 2{c) that A is zero everywhere along the peri- 
phery except for certain small lengths where it has a constant 



Fig. 2 

value. It is shown at {h) in the form of a curve ; {a) shows the 
magnetomotive force due to it, a square-topped wave as is obvious, 
having a constant value everywhere except where there is current. 
It is clear that the curve {b) is the slope or differential coefficient of 
curve {a), as stated by our equation. 

Another example we may take from an ordinary continuous* 
current armature winding developed. The current density here is 
everywhere the same, so that it is represented by the square-topped 
curve marked A. H, however, rises to a maximum at the point 
where the current reverses, and then decreases. It is clear that the 
slope of H is constant, reversing after passing the apex, and hence 
that it is represented by a square-topped curve such as A. 

A third fundamental equation is the following— 

Let E be the electromotive force per bar, i.e. potential difference 
between opposite ends of the same bar at the point x. Then the 
potential difference dE between adjacent bars will be equal to the 
time rate of change of magnetic density dBjdt between them multi- 
plied by dx^ or 

dEJdx = dBldt i3) 
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which may be read Potential difference between adjacent bars 
= time rate of change of magnetic density between them/' 

If in addition one of tlie members be moving with respect to 
B at speed v, we shall have a further potential difference between 
adjacent bars equal in absolute units to v times the difference of 
density dB in the lines cutting them at the given instant. 

Thus we get in this case 

dE^ == {dBldt)dx + v{dB), or dEJdx = dB/di + v{dBldx) . (4) 

which may be read total potential difference between bars = time 
rate of change of magnetic density v times the difference of 
magnetic density at each bar/' 

The equations which we liave just deduced form a set of differen- 
tial equations characterizing the dynamo-electric machine of the 
most general type, homopolar or multipolar. 

In order to illustrate the meaning of these equations we may 
study a very important case by considering a flux wave stationary 
in space, so that dBfdt = 0, while the two elements of the machine 
move past it with speeds and 7^2 respectively. The equations 
then take the form 

dH ^ ^ dEi dB dE, dB 

dx 1 + 2 » "^idx ’ dx 

The last two equations may be integrated immediately, giving 
El = ViB -f Cl and E2 = v^B -J- C» 

Cl and C2 relate to a possible superposed homopolar distribution 
and may be neglected. 

In general, such a wave of fixed form moving as a whole at a 
constant speed may be represented by an arbitrary Fourier series. 

B =- Er-B^ sin ^r{mx-pl) a\ 
dBjdt = -pE^rBr cos \r(pnx-pi) + a\ 
dBjdx — cos ^r(mx- pt) d- aj 

so that dB/df — - {ppn) {dB/dx), and we can reduce our general 
equations to 

dHjdx = A2 i 

dEJdx = - (p/m) (dB/dx), or Ei=- (p/m) B + C : and dEJdx 
= [^2 “ iPl^) {dBjdx)] or, neglecting arbitrary constants, E^ 

= [1 - Vg 

When V2 {fnjp) = 1, Fg = 0, which is another way of saying that 
when the member corresponding to E^ runs at the same speed as 
the flux there is no electromotive force in it. 

Another general law arises from the fact that our machine is in 
part a moving body and, therefore, subject to the general laws of 
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motion, and in particular to the law that " action and reaction are 
equal and opposite.” 

The force acting on any conductor at the point x is BMx in 
absolute units. 

The total force, therefore, acting on any stretch of one element 
from zero to a, say, is 

F = f BAdx (5) 

J O 

F is usually given, being the load on the machine. 

If F is equal and opposite to the force on the other member we 
get 

ra ra ra 

I BAidx=- I BA2dx,oT I B(Ai -] A2)dx==0 . (6) 

J Q J 0 0 

This, however, is not necessarily the case except for the whole 
machine. 

We may also express these equations in terms of the flux ^ 
through the core of our machine. Let us assume that the core 
length along the axis of Z is unity. Then the flux crossing the 
air-gap in the distance x^ - Xg = - <I> 2 . But 

we know that the mean air-gap density B in 
any length - A'g is the flux crossing the gap in 
that length divided by the length, or 

<I), -cj) d<ly 

B -7 in the hunt. 

x^-X2 d\ 

We also have, of course, H —Bj^i = (1///) Fig. 3 

(d^jdx). Substituting these values in the 
equations given above, and integrating the two E.M.F. equations, 
we get 

(1//^) {d^<^>ldx^) = Aj + Ag; Ej = d<^ldt] = dQ>ldt + v{d^ldx ) ; 
a form of the equations which is often much more convenient than 
the original form. 

Note io Chapter 2. Maxwell’s equations, in the form given by 
Heaviside, are 

curl (E - e) = - dBjdt, 

and curl H ^ A, the current density (a vector), 

where e is the motional ” electromotive force VqB, and q is the 
velocity vector. 

If we take the components of H and (E - e) parallel to x, y, and 
Zy as ifj, jffg, and [E-e)i, (£-<?) 2 , respectively, these 

equations in Cartesian co-ordinates will be as follows — 

dy ^ 'll dx " dx dy ^ ’ 




6 


THEORY AND DESIGN OF ELECTRIC MACHINES 


d{E - «)j d(E - 0)2 _ dBj^ 
dy dz dt ' 


d(E - e)i d(E - 0)2 _ dB 2 _ 

dz dx dt ' 

d{E - 0)2 d{E - 0)1 dB 2 

dx dy dt ’ 


Now if we take /fj = F3 = 0 , or H parallel to the y axis, and 
(E - e)i — (E - 02) -- 0 , or E-0 parallel to the z axis, while q is 
parallel to x of length w, we get 

dHJdx = A ; d{E - 0)2ldx = dBjdi ; 0 — vB ; 

so that dEjdx ~ dBjdt + v(dBldx). 

Thus we have reproduced two of the equations which we obtained 
before, the third, of course, being obtainable by simply putting 

V ~ 0 . 

The second form of the equations in terms of is analogous to 
Maxwell’s form in terms of the vector-potential A. For the case 
where all the lines of force lie in one plane we -may interpret A as 
the total number of lines of force surrounding a point. 



CHAPTER III 

GENERAL DISCUSSION OF THE FUNDAMENTAL EQUATIONS 


Collecting the results of the investigations of the last chapter, we 
find ourselves in possession of the following equations — 

1. B = [iH, Equation of magnetic densit}^ 

2. dHjdx = Aj + Ag, Magnetomotive force equation. 

3. dEJdx = dBjdl, Stator E.M.F. equation. 

4. dEJdx ~ dBjdt + v{dBldx), Rotor E.M.F. equation. 


5. F 


= / BA.dx. Force or torque equation. 

^ 0 

6. I B{Ai+ A^dx =0. Stating that action and reaction arc 
do 

equal and opposite. 


Let us see what general conclusions we can draw from these 
equations — 

1. The differential equations are linear equations of the first 
order in . 1 ; and /. These equations implicitly assume that the flux 
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crossing the gap is due to the current distribution in the conduc- 
tors, This is not true, for instance, in the homopolar machines, 
where equation (2) takes the form {dH - H^ldx = Aj Ag. 

Before we can deal usefully with these equations we must limit 
their generality by applying any further general conditions we can 
discover, necessitated by the nature of our problem. One such 
condition is the following — 

In practice the electric machine cannot be of infinite extent, but 
must be annular, that is to say, if, starting from any given point we 
go round the circumference, we return again to the same point. 
In our development this fact will take the following form. 

Starting from a point 0 (Fig. 4) and proceeding to the right we 
are compelled to assume that when we have travelled through a 

7 
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distance C equal to the circumierence of our annular machine, 
every quantity mentioned in our equations resumes its original 
value, that is to say, the solution of our equations is periodic with 
respect to x and with period C, We only desire to study steady 
conditions, hence our quantities must be constant or periodic with 
respect to time also. There is no necessary relation whatever 
between the time periods and the space period, but the knowledge 
that the solution is periodic in both time and space enables us to 
effect a very important simplification. 

Hence the general form of solution to which wc are limited is 

H = siu {a^x + + y^). 

In the travelling wave discussed in Section 2, which moves at a 
fixed speed without change of shape, we had = F. a constant. 
In our present wave, however, there is no relation whatever between 
Ur and and hence H consists of an unlimited number of waves, 
the wavelengths of which are sub-multiples of the circumference, 
but which travel at perfectly arbitrary speeds and are, therefore, 
entirely independent of one another. 

Since we are permitted to assume that some or all of the lines of 
force crossing the air-gap are closed outside the system discussed, 
as in a homopolar machine, we cannot deduce the periodic nature 
of the solution from the fact that all magnetic lines must neces- 
sarily be closed. Excluding homopolar machines, however, a 
periodic solution would be necessitated by this fact also. 

Since it may easily be proved that all the different components 
of the above general wave are independent unless in virtue of some 
special method of connecting the face-conductors, wc may confine 
our attention in the first place to machines containing a single 
wave. Such machines may be broadly subdivided into 

1. Those containing a forced wave of flux density, etc., i.e. a 
wave whose wavelength, amplitude, and phase are determined by 
external circumstances — the interconnection of the face-conductors, 
the voltage, and frequency of supply, etc. Such machines form 
the vast majority of practical apparatus. It will be worth while 
to examine briefly how the wavelength is determined in such a 
type. 

Instead of considering all the conductors as independent, as we 
have hitherto done, we must now consider how they may be con- 
nected among themselves. They may be connected — 

(i) All in parallel, forming a squirrel-cage winding. 

(ii) All in series, forming a ring winding. In this case the connec- 
tion from one end of a conductor passes completely around the 
core carrying the flux to the beginning of the next conductor. 

Both these methods of connection are independent of the wave- 
length of the flux wave. The former, however, is incapable of 
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connection to an external circuit ; we may, therefore, confine our 
attention to the latter. 

If a periodic wave, such as we proved above necessarily exists 
in a dynamo electric machine, is present in a core carrying a ring 
winding, points a wavelength apart will be at the same potential 
and may be jointed by a conductor known as an equalizer.'" 
When this has been done it is impossible for any wave to exist 
having a wavelength different from those determined by the points 
to which the equalizers are joined. Again, points half a wavelength 
apart may be joined to opposite sources of potential, constant or 
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alternating, or points l/ntli of a wavelength apart to sources of 
alternating potential differing in phase by 27r//t. 

From these methods of connection as fundamental we may derive 
by the theory of armature windings all the methods of winding 
employed in actual machines, practically all of which involve a 
forced wave of flux The present chapters, however, are devoted to 
an entirely different class of apparatus, namely, 

2. Those containing a free wave of flux, or, in other words, one 
whose wavelength is determined by internal reactions, and hence is 
variable instead of being externally impressed. These waves can 
only occur in a type of winding in which the current in any bar 
is solely determined by the electromotive force in the same bar, 
and not by the electromotive force in a series of bars. The only 
type which fulfils this condition is the squirrel-cage type. 

Hence the type of machine with which we shall deal will be one 
carrying a squirrel-cage winding on one member, and, on the other, 
merely a primary winding concentrated at one point in the zone 
which we are studying, or at a limited number of points in the 
whole machine. 

Such a machine is shown in Fig. 5. It consists of an ordinary 
squirrel-cage rotor and a primary member wound ring-wise around 
the core and concentrated in a single slot. The diameter of 
the apparatus is assumed to be sufficiently great to enable the 
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disturbances on the positive side of the primary member to die 
away before passing sufficiently far around the machine to meet 
those on the negative side. 

In the following chapters a thorough study is made of such an 
apparatus, and the influence of resistance, self-induction, and 
capacity in the rotor is worked out, as well as that of various 
secondary windings on the stator. Having done this we are in a 
position to consider the effects of two such coils wound in opposite 
phases on opposite ends of a diameter and carrying opposite cur- 
rents. These are equivalent to a drum-wound coil ; and having 
studied such a coil we can build up by the method of superposition 
the precise flux and current distribution due to a number of such 
coils, i.e. to a slotted stator such as is actually used in practice. 

Occasionally we wish to consider what is taking place in a moving 
rotor at a point fixed in space rather than at a point fixed in the 
rotor. In this case it is helpful to consider the rotor as being ring- 
wound and connected to a commutator carrying a number of equally 
spaced brushes at distances apart which are small relative to the 
wavelength, in fact at distances which we denote by dx. These 
brushes are assumed to be short circuited through a resistance, 
inductance, or capacity. It is shown below that there is a vital 
difference between the cases in which the inductance and capacity 
are assumed to be connected across the brushes, and that in which 
they are contained in the secondary member and revolve with it. 



CHAPTER IV 


EQUATIONS OF MOTION OF THE WAVES DUE TO 
RESISTANCE, INDUCTANCE, AND CAPACITY 

As above, we shall consider that on one element of our machine 
there is only a primary winding concentrated at one point, and, 
consequently, that the three differential equations deduced in 
Section 2 are reduced to two. These two equations are 

dHIdx = A ; and dEJdx ~ dBldi + v{dBjdx), 

We shall find it convenient, as was done in Section 2, to express 
these equations in terms of the flux. We then get 

^ . andE == d<i>ldt + v{d<5>ldx) — d^L^jdt + vB ; 
or if we suppose both members to be wound 

(\lfj){dH^ldx^) - Aj 4- As ; 

Ej = d<^ldt ; Eg - - d<^ldi 4 v{d<^ldx). 

There are two possible ways of treating each case. We have a 
primary and secondary member rotating relatively to one another. 
We may consider the secondary to be rotating and the primary to 
be stationary (Case 1), or vice versa (Case 2). 

Let Z be the symbolical operator. 

f 4- EE 4- where D =- djdL 

We may use Z^ for the primary member and Zo for the secondary. 
Corresponding to the first method of treatment (primary stationary) 
we have the following differential equations — 

{\llA){d^<^ldx^) =. A, 4- Ag =- E,IZ, 4 Eg/Zg ; 

Ej = d<t^ldt ; and Eg - d^^fdt 4- v{dQ}/dx), 

These equations are partial differential equations, but we avssume 
that every quantity follows a sine law in time, or in mathematical 
language, when constant, <^ = In this case we get 

invariably d^S^jdt = jp^ in any stationary conductor. Substitu- 
ting this value in our equations we find that they are reduced to 
ordinary differential equations, viz. 

{\llJi){d^<l>ldx^) = Ai 4- Ag ; Ej ; Eg —jp<^ 4* v{dQ>ldx), 

t being eliminated. 

If by means of some further relation between E and A, such as 
is given above, we eliminate both from our equations, we find 
invariably that the result is an ordinary differential equation of the 
second order in O whose solution is of the form O = 
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This gives d<!>ldx = SO, and permits us to eliminate djdx from our 
equation as well, reducing it to an ordinary quadratic equation in 
complex quantities. 

Hence we shall write 


djdx equivalent to S = a +yw, say, 
and djdt „ jp. 

Corresponding to the second method of treatment we have the 
equations — 

{\llJi){d^mx^) - + A2 - E^jZ^ + E2/Z2 ; 

itj = d^jdt - v(d^ldx) ; and Eg == d^jdt. 

If in Case 1 we assume the rotor to travel in the positive direction 
{v positive), we must now assume the stator to travel in the nega- 
tive direction, as we have impressed on the whole system a rotation 
equal and opposite to that which the rotor had before. 

Our limiting condition is now as follows — 

When % 

Hence, in general, 

^ ^ + m) ix + vt) + jpt 

Giving didx equivalent to a jm, and djdt to jp -f v{a -| jm). 

We may illustrate these results by the case of rotor lesistance. 
Put Zi =oc (this corresponds to an unwound stator), and Z 2 
= rg. The equations then become — 

Case 1. (rjfi) {d^^^\/dx^) ^ d^b/dl v{dQ>jdx), or, inserting the 
values of djdx and djdt, 

(rzljii) {a +jm)^ f pn). 


Case 2, {d^<!>ldx^) = d^Pjdl, or, inserting the values of 

d/dx and djdt, {r^jju) {a jm)^ ~ jP + +y^^)» which is iden- 

tical with the above. 

Now take the case of self-induction. Zj = oc ; Zg =- L^^^ldt), 


Lo d ffqy 

/I dt dx^ dt ^ ^ dx 

(Lzjpll^) ^ >0^ ip + pn)- 

d d^Qi _ d<b 
ji dt dx^ dt 

[JP + +jm)] {a +jm)^ ^[jp + v [a jm)] 

or [L^hi] (a = 1. 


Case 1. 


Case 2. 


It will be seen that the equations obtained from Case 1 and 
Case 2 are entirely different. The reason for this is as follows— 
Case 1 [djdt ^jp) implicitly assumes that the self-induction L 
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^always operates on a constant frequency, while Case 2 permits the 
frequency to vary with the speed. The difference between these 
two cases may be illustrated by reference to the ordinary polyphase 
induction motor. 

Suppose the rotor of such a motor to contain no resistance, but 
merely self-induction. As the speed rises from standstill the rotor 
E.M.F. falls in proportion to the frequency. The rotor reactance 
also falls in exact proportion to the frequency, so that the rotor 
current remains absolutely constant and independent of the speed. 
If, however, the said rotor is fitted with a commutator, and the 
brushes resting on this are closed through a reactance, the case is 
quite altered. Since the frequency of the current through the 
reactance is always equal to the line frequency, there is no change 
in the reactance with the speed, and since the rotor E.M.F. falls 
with the speed as before, the rotor current now falls with the rotor 
E.M.F. instead of remaining constant. This case is merely a simple 
example of that illustrated by the two differential equations, and 
serves to explain the difference between them quite clearly. 

Case 2, therefore, is that in which the self-induction is connected 
direct to the rotor and revolves with it. It may be shown indepen- 
dently that this equation applies even in the limiting case of contin- 
uous current. Case 1 refers to a machine fitted with a commutator, 
the self-induction being outside the commutator and fed with 
currents at full frequency. Case 2 is, therefore, correct for our 
purpose. 


Now take the case of capacit}^ We have 


Case 1 gives 
or substituting. 


Zj = oc, and Zg = l/KD^ 

1 _ d/d<l^ 

" ^ 1 ^) 


{a +yw)* =jp[jp + V{a + jm)]. 

Case 2 gives (1/^) {d^(Pldx^) = K{d^<3>ldt^), 


or [l/{-^i«)] (« +jnty = [jp + v(a 

two results which again are quite different. 


Confining ourselves to Case 2 we get the following three equa- 
tions — 


(a) Resistance, {Ijfi) {a jm)^ 

(b) Self-induction, (l/fi) [a jm)^ — 

(c) Capacity, (1/^) (a + jm)"^ 


[jp + v{a +jm)] (l/^'o). 
jp + v{a + jm) 

+ j^)] 

jp + v[a + jm) 


llK[jp + v)a + jm)] 
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The various cases may thus be obtained from the general equa- 
tion 


«_«/r ^ i_1 

/I di / I ^ dt K{dldl}] 

by putting djdt jp + v{a jm), and djdx — [a jm). 

Case 1 gives 

^ ^ ^ vd^\ /r rf _J_1 

fi dx^ \dt ^ dx j/ I ^ dt ^ K(dld/)J 

with djdt — jp and djdx — a -f jm. 

If now we put -oc, or, in other words, open-circuit the 
rotor, our differential equations reduce to two instead of three, 
since all our windings are now on the same member. 

Our differential equations now are (l//x) (d'^^/dx^) = A, and 
E ~ d<bjdt, and we shall make use of Case 1 (primary stationary). 

{a) Putting we get (1///) {d‘^<i^ldx‘^) = (l/rj) {d<i>jdt)^ or 

substituting, [r^j^) {a jm)^ = jp. 

{b) Putting Zj = L{djdi) =jLp, we get (T///) {a jm)^ = 1 on 
substituting, 

1 1 1 d^(i> 

M Putting we set or 

To recapitulate, we have now derived the following equations, 
where S — (a -f- im) if there are no windings except the primary 
on the stator. 


(a) 

(b) 

(c) 


(r 2 l/x)S^ — jp + vS. 

(Ulli) {jp -t- vS)S^ — {jp -I 


5^ 

KiiUP I 


= jp -\- vS. 


vS ) . 


It will be noted at once that all these equations are quadratics 
in 5, the quadratic arising, of course, from the fact that the differen- 
tial equations are of the second order. It will be useful, then, to 
attempt a solution of the general quadratic in complex quantities. 

In the general equation, c = 0, we can always 

multiply throughout by any complex number in such a way that 
the coefficient b becomes a pure real. We shall, therefore, for the 
future assume that b is a real or scalar, while a and c are any two 
arbitrary vectors. 

Let OA — aS^ = ar^ cis 20 cis a (Fig. 6) 

AB = bS == br cis 6 


BO = c = c cis y (see Fig. 6) 
OA ' = a cis a 
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We are here using cis a as an abbreviation for cos a + / sin a 

= 

Draw ON ~ a cis a, OB —-c cis y, an arbitrary vector OP 
= r cis 0, and another OA — ar^ cis (20 + a). Draw through B a 
line BP parallel to OA, 

Then if 0 = angle OBP and ^ = angle POB 
b —20 \- a - Yt and \p— y-0 
-f 0 — 2y - 20 + 20 + a - y 

= y + a, that is, a constant. 

If, therefore, we draw a line OC making with OB an angle COB 
= 2xp, it follows that the angle BCO is constant, and the point C, 



therefore, moves in a circle passing through 0 and B. If we now 
draw a line OA" making an angle y + a with OB, it follows that 
the circle must touch this line, which gives us a construction 
whereby we may draw it conveniently. 

By means of this diagram we may plot the locus of P (where 
OP = hS) for every value of 0 from O'" to 360"". 

If, therefore, we have some further means of ascertaining which 
value of 0 satisfies the equation, the above diagram will give the 
value of r corresponding to it. 

The value of 0 may be found as follows : Start again from the 
equation aS^ + bS + c — 0, with b a pure scalar. This may be 
written + S{hja) + eja = 0, 

S2 + S{hla) + (bl2aY + eja - {bl2a)^ = 0. 

(S + 6/2a)2=:c/a~(0/2a)2; 

(5 + bl2a) = ^[eja - (0/2a)2J 
bS + b^l2a = b^/[c|a - {b/2a)^] 


or 

or 
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We shall endeavour to construct the vector [cja - (6/2a)*]. 
Remembering that 6 is a pure scalar we have (see Fig. 7) 



h^l2a = OQ ; bl2a = OH ; da == OL, 

(6/2a)2 = OG ; cja - (6/2a)2 _ qm ; ^[da - (6/2a)2] = ON. 

Now in the previous diagram we had OP — 65, and since 6 is a 
pure scalar the direction of b times ON is the same as that of ON. 



In terms of the vectors in our diagram bS + b^l2a = b^lcja - [bja)^} 
now reads OP + OQ = bON = OR (see Fig. 8), and hence since 
OQ is constant the locus of P must be the straight line PP\ 
Combining this result with the diagram previously obtained 
based on the circle, we obtain the final graphical solution of our 
equation (Fig. 9). 
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OP must satisfy two conditions — 

1. It must lie on a straight line parallel to ON, 

2. It must lie on the locus which may be traced by means of the 
circular construction. 


B 



Fig. 9 


The straight line cuts the locus in two points and hence we obtain 
our two roots. 


a—(55io 



CHAPTER V 

SOLUTIONS OF THE EQUAIION^ OF MOTION 

In the present section we shall endeavour to obtain and interpret 
the solutions of the equations formulated above. At the end of 
Chapter IV we obtained a general solution of the quadratic equa- 
tion in complex quantities by means of a graphical construction. 
In the present section, however, we shall usually adopt a method 
which consists essentially in eliminating v from the equations by 
some convenient means. 

Starting with the equation (rjfi) (« + pny =^jp + v[a ^-yw), 
which relates to the case of rotor resistance only, we resolve it into 
real and imaginary components — 

(rj fi) (a^ - ni^) ^ va (1) 

{rjfx) 2am p + vm ..... (2) 

Put a = S cos 0 and m = S sin 0, and we get 
v =-= 2 5 cos 0 - p/{S sin 6) ; va --2 {r.Jjii) cos -p cot 6 

Substituting in (1) we get 

(rJiLi) {cosW - sin^O) — 2 (rjfi) cos^O -p cot 0 ; 

or ^ (P(^lf' 2 ) cot 0. 

Another important conclusion is the following — 

-pjm = Vf,, the synchronous speed of the wave. 

Hence equation (2) can be written (dividing by m) 

{2rjfi)a =-(- pim -v) = - {v^-v) ^ -v^ 

where Z/j is the slip velocity. In words this equation may be inter 
preted — 

The decrement is proportional to the slip velocity. 

Another deduction from the same equation is as follows — 

{2r.Jix) [a-Vfxl[2r^)\m^p. 

. • . [a - viil{2r^'] m = Ppl{2r^). 

If we put X = a- V[jLj{2r^ and m —y we get xy = pfjLl{2r^. 

If we put rjp = c, we get xy — p/{2c) that is, the equation of 
an hyperbola. 

Moreover, x — (Pl'yn)[ul(2r2)] -Vo l(2c). Hence, x is propor- 
tional to the synchronous speed. 
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Now plot the two equations 

S2 == ipjc) cot 0 (1) 

and xy --= pl2c ....... (2) 

on the same sheet. If we do this the abscissa of curve (1) will be 
YP = a, and that of carve (2) will he 

YP^ — ^ - viJiH2r^ a - v/{2c). 

. • . YP-YP^==- via/{2r^) -- - v!{2c) = 

or PPj is proportional to the speed. 

Summing up these results we have 

Fig. 10. yPi = vj{2c) = (- S5mchronous speed). 

,, Pl\ - vl{2c) ==-. actual speed. 

„ YP ^Yl\-l\P==-{v,-v)l{2c) 

~ - Vjj(2c) = slip velocity. 

OP = current : OP^ or UT ~ torque. 

Since the torque is proportional to it is proportional to OP^ 
S 2 0. Cot 0 is proportioual to UT, 

Since throughout these investigations we have taken x as parallel 



to the real axis, we have E =jp^> parallel to OY, and hence the 
angle POY — p, the angle of phase difference. 

These investigations relate to the occurrences on one side only of 
the primary coil. Both sides must be considered. 

In this case we may consider that on one side of the exciting coil 
the speed is + v, and on the other - v. 

In this case the total current in the exciting coil = OP + OPg. 
We have 

PPi = 1\P,, OI\ = OP + Pl\ = OP, - P,I\, 

OP + OP, = 20Pj (see Fig. 10). 

and since OP^ moves on an hyperbola, so does the current in the 
exciting coil. 
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It may be of interest to prove that at the maximum point of the 
curve 0 — 45"^. 

The shape of the curve is as shown in the figure. Transforming 
the equation 

S^ = k cot 6 to Cartesian co-ordinates, 
it becomes == k (5 cos 0)/(S sin 0) = kxjy, 

or x^y - kx y^ that is, a quadratic in x. 

The value of y for which the two roots of this quadratic are equal 
is clearly the maximum value. 

k i ^y{k^-Ay^) 

2y 

When 2y^ = k or y ~ \/(^/2) the two roots are equal. 

,, 0 = 45°, cot 0 = 1 and x ==y. 

The equation then becomes = x^ + y^ = 2y^ --- k, the result 
just obtained. Hence v is a maximum when 0 = 45°. 

Besides the construction given above for the speed, another may 

E 



be very easily deduced from the E.M.F. triangle, which, as it is of 
very general application, it may be of interest to give. 

We gave a general solution of the quadratic equation in complex 
quantities for any values of the coefficients. We have now to con- 
sider what are the values of the coefficients in the case we are 
considering. 

The equation which results from the differential equation in the 
case of rotor resistance is 

{rJ/j) S^-vS-jp = 0. 

Hence c ~-jp\ a \ h -v (see page 455) ; and following 

the construction we must draw our circle passing through the 
extremity of OB ^jp (see Fig. 11) and touching the real axis 
(since a = 0). .Since OB is at right angles to the real axis it is a 
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diameter of the circle. We saw in general that OP == - vS in 

this case. Hence our speed construction will be as follows — 

Draw the locus of the current vector = {pjc) cot 0 as before, 
and also the circle as above. Corresponding to any current vector 
01 draw a line OC to cut the circle making an angle 2<^ with OE, 
Join BC ; P will be the point where BC cuts OL Then OPjOI v. 
In order to read off on a fixed line all we have to do is to join I 
to some fixed point such as B and draw through P a line PP' 
parallel to IB, Then OP' JOB = OPjOI, and, consequently, OP' 
is a measure of the speed to such a scale that OB ~ 1 . 

This speed construction is perfectly general and applicable to 
any case in which the coefficient of S is proportional to v. 

We must now consider the effect of stator resistance, inductance, 
and capacity, combined with rotor resistance. 

Taking the case of inductance first and supposing the primary 
to be stationary, we have 

(1/^) EJ(jLp) + EJr , ; 

= d^^jdt — jp<!> ; E 2 = d<i>ldt + v (d<l>/dx) jp<ly v (a jm) 
or = ^ 2 /^" + ip 

In the case of stator capacity we have 
(l//i {d^(I>ldx^) E^Kp + EJy^, or (rj/i) = - r^Kp’^ + jp + vS, 
And in the case of stator resistance 

(1//.) {d^^Q>ldx^)^-^EJr, + 

{rjfi) -^jpyjTi +jp + v{a - jp(l + rjr^) -j- v{a +jm). 

The sole influence, therefore, of stator resistance, inductance, and 
capacity is to vary the absolute term of the quadratic either in 
magnitude only or in both magnitude and direction. 

Taking the case of resistance first, it is clear that since we have 
merely multiplied the absolute term by (1 + rjr^) the resultant 
locus will be unchanged in shape, but merely multiplied by the 
same quantity, viz. (1 + ^ 2 /^ 1 )* 

Hence the locus of the current vector will now be — 

52 ^ {prjfi) (1 + rjri) cot 6 instead of 
52 = {pr^jii) cot 0 as it was before. 

Hence the size of the diagram is increased, but its shape is 
unchanged. 

Returning to the cases of self-induction and capacity the equa- 
tions we have just arrived at are 

(«) {r,lfi)S^-vS-{jp + r,IL)=0. 

(b) and (rjfi) s^-vS-(jp- r^Kp^) - 0, 
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In these two equations we have 

(i) c=- (jp + rJL ) ; b=-v: a = r^fi. 

(ii) c = -jp- rJCp ^ ; b ==-v: a = 

Hence the diagrams are as follows — 

The real axis is still a tangent to the circle in both cases ; OB is, 
however, no longer a diameter, but lags or leads relatively to its 
former position. This is illustrated in Fig. 12 for the case of self- 
induction, and Fig. 13 for capacity. 

We may, of course, discuss the matter by eliminating v as we 




did before. Referring back to the equation given above, we see 
that we now have in the case of self-induction 

(^ 2 /i^) (^ 2 //^) == /> + vm. 

The second of these equations remains the same in all cases. 

Put a = S cos 0, and m = 5 sin 0. We then get 

V ~2 (rjjbt) S cos 0 -pl{S sin 0), 
and va —2 (rjf^) cosW - p cot 0, 

thus (cos20 - sin20) = 2 (rjfi) cosW - cot 0 -f rJL 

52 == {pfJLjr^ cot 0 + r.JL. 

In the case of capacity we merely have - r^Kp^ instead of rJL, 
and we, therefore, get 

52 = (pf^/r^) cot 0 - r^KpK 

In the former case, if 5 — 0 we have cot 0, = r,p^l(Lpfji), S now 
becomes zero for some definite value of 0 different from 90°, and 
the diagram has the shape showm in Fig. \A{a) when we use self- 
induction in the stator. If condensers are used we obtain the 
shape shown in Fig. 14(6), and a, the decrement, vanishes for some 
finite value of the current. "Ilie torque is still proportional to S^, 
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Since the decrement is still proportional to the slip, it follows 
that at the point of unity power factor the machine is running in 
synchronism. Beyond that point it is running above synchronism, 
and there will be an increment instead of a decrement. If we com- 
plete the discussion of this case by considering a second primary 
coil at X — c we shall find that the machine on the whole is now a 
generator. 

We saw that stator self-induction or capacity produced no effect 
on the equation determining the slip. This equation, viz. (rl/j)2am 
j=p-vm, may be written y[x-v/{2c)] =pl[2c), which represents 
an hyperbola. Hence the speed construction remains the same in 
both these cases. In any case, no matter what the angle of lag 



at starting, the hyperbola passes through the point of the curve 
corresponding to v =Q. As the hyperbola is independent of the 
stator self-induction or capacity, it is the locus of the starting cur- 
rent when we vary the latter. Since the hyperbola is the locus of 
the starting current it is clear that the angle of lag at starting is 
affected by the use of condensers (Sj) or self-induction (5^). In 
the former case it is reduced and in the latter increased. 

Having now considered the case of rotor resistance, either alone 
or combined with resistance, self-induction, or capacity in the 
stator, we may now consider the cases of rotor self-induction and 
capacity. 

The case of rotor self-induction is very simple. We have already 
derived the equation {LJili)S^ — 1 for this case ; whence it follows 
that S == a ~ at all speeds. The apparatus will, therefore, 

absorb a constant current lagging 90° behind its electromotive 
force at every speed, there being no " phase splitting ” and, hence, 
no torque. 

Such an apparatus is thus only suitable for purposes of neutraliza- 
tion and not for power. Hence, even if we supply a machine having 
merely self-induction on the rotor with a stator winding having 
resistance or capacity to produce phase splitting or even a uniform 
polyphase winding, no torque can result. Thus this simple investiga- 
tion disposes of a whole class of cases. 
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• In the case of condensers, the equation we derived was 
= [jp + Putting = v^o and transposing, we get 

(z;§ - v^) ~ 2vjpS - (jp)^ = 0. 


Solving this quadratic in S we get 


S 


= jm = 


vjp it '\/[- p^ [v^o - r;^)] 
v} - v'^ 


or 



ip 

Vo ±V 


At zero speed we have a current 05^ = jpjvo- As the speed rises 
the current falls if the rotor revolves in the same direction as the 
field, and rises if the rotor revolves in the opposite direction. At 
the same time m the number of poles per unit length varies propor- 
tionally to the current. This is the Doppler effect as it appears in 
our case. 

We have seen that the case of rotor condensers gives rise to an 
interesting result, viz. an analogue of the Doppler effect. Let us, 
therefore, now attempt to investigate the case of rotor condensers 
and stator resistance, inductance, or capacity. 

1. Stator self -induction. Putting Zi ~ L{dldt) and = ll(KD), 
we get 


d ^ ^ d^\l 

\ di ~ ^1^)1 

Remembering that djdt = jp vS, in Case 2 above we get on 

substituting 


lliKfd) UP + vS) 5* - UP + vSy + jpi{L,K). 

2. Stator resistance 


\ lt~ ‘"lx j 

UP + ^s)» + jPIK 

3. Stator capacity 

'Ji'l}F~ ^^Jt\lt ~"dx) 

j~s^ ==UP + + Yp) UP + 

Expanding the three equations they may be written as follows, 
putting l/(R/t) = vl. 

1. Resistance 


(Vo* - V*) S* - 2jpvS + /)*[! + T^IU^Ph)] == 0. 
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2. Capacity 

(vS - v^) 5* -jpvS (2 + KJK^) + (1 + KJK^) = 0. 

'3. Inductafwe 

(d* -v^) vS» + {v„ -3v^)jpS^ — 3jphS-jp (\ ILK- p^) =0. 

The first two of the above equations may be treated by the same 
method as that applied in the case of rotor capacity only, viz. by 
solving the quadratic in S. By this means we get the following 
results — 

, ^ ±^[v^ + (v}- v^) [1 + 1 lijKpr^f] I 

1 . 5 =jP 

2 s ^ vi\+K,IK,)±y/\ v^(l +KJK,)+{vl-v^){i +KJK,) { 

^2 _ ^2 



CHAPTER VI 

SOME MECHANICAL ANALOGIES 

From the mathematical discussions in the preceding chapters 
it is very difficult to form a clear physical idea of the phenomena 
actually taking place — at any rate the author finds it so. On the 
other hand it is inadvisable, from the point of view of clearness, to 
burden a mathematical investigation with long physical explana- 
tions. It has, therefore, been decided to take the subject up afresh 
from the physical standpoint, and to endeavour to give a clear 
account of it as free from mathematics as possible, referring the 
reader for proofs to the preceding chapters where necessary. 

Let us first consider under what conditions it is possible for a set 
of conductors on an electric machine to experience a steady force. 


QQQOQQOOOOOQOQQQQO 



There is first of all the ordinary case occurring in “ neutralized 
machines in which conductors that lie opposite to one another on 
the two members carry equal and opposite currents except for a 
small component which serves for magnetizing. In this case the 
force on each member is fB^dx, and B and A are entirely indepen- 
dent of one another. 

In certain types of machines, such as continuous-current and 
synchronous machines, B and A are not independent, it being 
possible to express A as a function oiB. In these machines there is 
no neutralizing winding, the winding on one member — the field — 
being concentrated in one large slot per pole. An attempt is usually 
made to reduce the distortion or influence of A on the distribution 
of flux density B as much as possible by exaggerating the field 
ampere-turns relatively to those of the armature, and by employ- 
ing long air-gaps, high saturations, etc. In this manner these 
cases are made to correspond approximately to those in which a 
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neutralizing winding is employed. An entirely different treatment, 
however, will be found below, in which the force is expressed in 
terms of the distribution of the field. 

As an illustration of this we may apply the investigations of 
Part I to the only case in which windings concentrated in a single 
slot are widely used in practice, viz. that of the synchronous and 
continuous-current machines mentioned above^ To the case of the 
synchronous alternator these investigations are directly applic- 
able if we consider a machine having as many phases as there are 
slots per pole, each phase being closed through a resistance load. 
We then have the exact case discussed in Part I. of a concentrated 
** primary ** winding carrying continuous current in this case and 

secondaries '' short-circuited through resistance only. If, there- 
fore, we put ^ == 0 in our previous equations (page 18) we shall 
get a solution applicable to this case, viz. a ~ v/jLl{2r^ ; p =m 
= 0 ; giving B = Thus the flux density in the pole face 

is distorted by the action of the armature currents, and is distri- 
buted (assuming an infinite number of slots) in accordance with 
an exponential curve with an increment in the direction of motion 
and whose exponent is proportional to the speed. We shall see from 
the principles developed below, that when there is an increment in 
the direction of motion the torque produced is opposed to the 
direction of motion, as, of course, is the case in the apparatus we 
are discussing. In fact, since B is a function of A the torque of 
the machine can be expressed purely in terms of B, and the methods 
of regarding the question which are discussed below apply in their 
entirety. 

To understand this clearly it will be best to start by considering 
a single conductor carrying a current and lying in a magnetic field. 

Let this resultant field, for instance, be compounded of an original 
field and the field due to the current. The field will be strengthened 
on one side of the current — that on which the magnetomotive force 
H due to the current assists the original field — and weakened on 
the other where they are opposed (Fig. 16). The net result is a 
force moving the conductor in the direction of the weaker field. 
The amount of this force is equal to the difference of magnetic 
energy density l/uH^ on opposite sides of the conductor. A more 
usual expression for this force is F — Z?A. Since, as we saw above, 
A = dHjdx = niix) {dBldx) in the dynamo-electric machine, we 
have — 

Force on a system of conductors extending from x = A to 
x = B 

= ^£b (dBldx) dx - £(BI - Bl) = - Hi) 

the same as before, since B = 
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The expression ¥ 
form F = BA, for 




may also be written in the 


- Bl) - [(Zi, - B,)lfx] [1{B, + 5J] 

= current between B and A multiplied by the mean density. 

If, therefore, we can by any means whatever set up a difference 
of magnetic densities on opposite sides of a current-carrying conduc- 
tor there will be a force acting on the conductor. Since the force is 



Fig. 16 



proportional to the square (and not to the first power) of the density, 
the direction of the lines of force is immaterial — i.e. whether up- 
wards or downwards in Fig. 16. 

Now suppose a number of conductors to be arranged on the 
periphery of an electric machine, and consider the torque on the 
whole set of conductors in various instances. If the distribution 
of B is periodic there can be no resultant torque, for if the torque 
on conductors (1) and (2), say, has a certain direction, that on 
conductors (3) and (4) will be in the opposite direction. 

If B, however, starting from a certain point continually gets 
less and less following an asymptotic curve, the force on every 
conductor will have the same direction. If this curve, however, 
crosses the zero line, the intensity of B increasing in the opposite 
direction, the force will reverse at the point where the curve crosses 
the zero line. 

Some possible distributions of density are shown in the table 
below, together with a note of the force given by them. 

1. Asymptotic curve. The force on every conductor is in the same 
direction. 

2. Sine wave with decrement. While the force OH every conductor 
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is not in the same direction, the average force over a complete 
period always has the same direction. 

3. Sine imve or other periodic curve There is no resultant force 
over a complete number of periods. 

4. Straight line. The force reverses where B reverses. The direc- 
tion of the resultant force depends on whether the positive or 
negative flux is the greater. 

It is important to notice in cases in which we have two conductors 
close together, as on the rotor and stator of a d 3 mamo-electric 
machine, that the force referred to is the force on both conduc- 
tors considered as a single system. For instance, in the case given 
in Fig. 21, in which the stator and rotor currents are equal and 
opposite, there may be a uniform field and, consequently, no 
resultant force, and yet large relative forces between the rotor and 
stator conductors. 

This, however, is an essentially different case, though it is the 
principle on which the torques of almost all existing machines 
depend. For instance, if we have two equal and opposite currents 
in a magnetic field the distribution of flux which they will produce 
is shown in Fig. 17, if the line joining them is parallel to the original 
direction of the flux. A couple will then be exerted, tending to turn 
the conductors into such a position that the lines threading them 
will be as few as possible. If, however, they are mechanicall}^ 
constrained so that they cannot move in the manner indicated, 
one of the conductors will continue to be urged to the right and the 
other to the left. If we have a succession of such pairs as shown in 
Fig. 21, the lines will take the form shown, and equal and opposite 
forces will be exerted on the two sets. 

In the case in which B is a function of the time, and thus admits 
of a mean value, i.e. is a periodic function, we have 

Mean of {Bl -- B^) — Mean of Bl - Mean of B^, 

Hence, in this case 


Mean force = — (difference in mean square densities). 


Hence, in order that the mean force on every conductor shall 
be in the same direction, it is only necessary that the mean distribu- 
tion of density shall be asymptotic. For instance, if the density is 
distributed as a travelling wave with decrement, that is, B — B^e^^ 
sin {pt - mx), then for any value of x such that mx ~ a, the mean 
value of J52 since the mean of sin^ {pt - a) == J, indepen- 

dently of the value of a. Thus, such a travelling wave would give 
a mean force having the same direction for every conductor. 

The theorem that the force on a body is equal to the difference 
of energy densities on either side of it is in no way peculiar to 
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electricity, but is a general theorem of mechanics. For instance, 
the average force per square inch on a partition between two fluids 
of different levels is proportional to the mean pressure, i.e. to the 
mean density of potential energy on the two sides. In a vibrating 
cord or chain the force between adjacent links is proportional to 
the difference between the kinetic energies of the links. 

We have now to consider what means may be adopted in the 
various electric, hydraulic, etc., cases to realize a distribution of 
magnetic, potential, or kinetic energy, etc., adapted to give a steady 
force. 

We have seen that if we can by any means produce a travelling 
wave moving in the direction in which we wish the force to be, we 
can obtain such a force if the wave has a decrement in the direc- 
tion of travel, but not otherwise. If there is no decrement there 



Fig. 18 


will be no mean force, while if there is an increment there will be 
a force opposed to the direction of travel. Our inquiry then resolves 
itself into a study of the means of production of such waves. 

Two distinct types of electromagnetic transmission exist whereby 
energy may be transmitted from one place to another along a 
line — 

1. The type so much studied in connection with cables, etc., in 
which the current flows along the axis of % and the magnetic lines 
form closed rings round it. The electrostatic lines are radial near 
the cable, and if it is sufficiently long both ends rest on different 
parts of it, these parts being a half wavelength apart. Energy 
flows along the cable in the form of waves at a definite speed, as 
has been very thoroughly discussed by Kelvin, Heaviside, Pupin, 
and many others. 

2. It has not hitherto been realized that there is another type 
of power-transmission line possible in which the functions of the 
electrostatic and magnetic lines in the above example are inter- 
changed. 

Consider a closed iron core (Fig. 18), the two limbs of which, A 
and B, are separated by a certain air-gap and carrying at least two 
electric circuits, a transmitting and a receiving circuit. Magnetic 
lines circulate round the closed core, and, if they vary with the 
time, electrostatic lines encircle it in the manner shown on the 
right. The effects of these lines may be made evident by causing 
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a number of conductors (in addition to the transmitting and receiv- 
ing circuits) to encircle the iron core, whose circuits are completed 
through resistance, inductance, or capacity. If the air-gap between 
the two limbs A and B is sufficiently small, an electromagnetic 
wave will be formed as shown in Fig. 18 in the case of resistance 
and capacity, whereby energy is conveyed from the transmitting 
to the receiving circuit. The wave of flux cuts the receiving circuit, 
inducing an electromotive force therein, and if it is closed a current 
will also flow of such magnitude that the resultant magnetomotive 
force summed round the entire circuit and including that required 
to overcome the reluctance of the iron is zero. 

If these intermediate conductors be omitted, and the air-gap 
between the two limbs be made large, our apparatus reduces to 
the ordinary transformer, which we may compare with an ordinary 


A 




Fig. 19 

electric circuit, too short to permit of the development of a wave 
(see Fig. 19). In the electric circuit a difference of electric potential 
is set up by a generator of some sort between the limbs A and B, 
while in the transformer a difference of magnetic potential is set 
uj) by the primary or transmitting coil. 

In the electric case (Case 1) this electric difference of potential 
appears almost unchanged at the terminals of the receiving circuit, 
being diminished only by the drop of pressure due to resistance in 
the line. In the transformer the magnetic difference of potential 
set up by the primary also appears almost unaltered at the ex- 
tremities of the secondar}^, reduced only by the pressure drop due to 
reluctance in the iron. The electric potential difference of Case 1 
is finally balanced by the potential difference across the receiving 
circuit, while in Case 2 the magnetic potential difference is balanced 
by that due to the secondary or receiving coil. Just as any electric 
circuit has some self-induction, though this may be very small, 
owing to the fact that some magnetic lines interlink it, so any 
magnetic circuit has some capacity owing to the fact that some 
electrostatic lines interlink it. This is so small in an ordinary 
transformer that even its theoretical existence is scarcely recog- 
nized ; but it becomes evident at once if we surround the limb 
of our magnetic circuit by a conductor, or conductors, whose cir* 
cults are closed by condensers, say. The effect of this is analogous 
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to surrounding an electric circuit with an iron core. In this case, 
in spite of the formation of a travelling wave, the whole of the 
energy entering the primary is received by the secondary. 

If the conductors of Fig. 18 are closed through a resistance, 
however, a wave will still be formed (see Chap. V), but it will be a 
wave of decreasing amplitude whose energy is gradually absorbed 
by the resistance of the conductor and transformed into heat, so 
that but little of the energy entering the primary coil may reach 
the secondary or receiving coil. 

Such a wave satisfies the conditions laid down above as being 
necessary, in order that mean force may exist on the conductors 



Fig. 20 

and that the force may always have the same direction. It is 
shown in Part I, in fact, that the air-gap density B is denoted by 
the equation B ~ sin (pt - mx), a, B^, m, and p having values 
determined by the circumstances. 

There will, therefore, in such a case be a force on all the short- 
circuited secondary conductors urging them away from the prim- 
ary, that is, the secondary will be repelled from the primary and 
the primary from the secondary. This statement may be inter- 
preted to include the receiving coil among the secondary circuits if 
desired, or we may consider that practically the whole of the energy 
of the wave is absorbed before it reaches the receiving coil, which, 
in this case, may be neglected. This force is usually said to be due 
to the Elihu Thomson repulsion effect. 

Let us consider the root-mean-square distribution of current 
and energy density or B^ in such a transmission, including the 
transmitting and receiving circuits. 

The air-gap density on the outer side of the transmitting coil at 
C is zero, as there is no reason why the lines of force should cross 
the air-gap in the manner shown dotted rather than pass wholly 
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through iron as shown in the full lines. The same applies to the 
outer side of the receiving coil, also shown dotted. We may, there- 
fore. conceive the function of the primary coil as being that of 
increasing the air-gap density from zero at C to OA (Fig. 20). 

The primary current density (amperes per cm. length) which is 
constant is shown in curve II. When the density has reached the 
value Oa at 0, due to the action of the primary coil, it begins to 
be reduced by the action of the short-circuited coils as we proceed 
from 0 to the right towards p. The current shown in curve II is 
now reversed, and, instead of building up the density to still higher 
values, begins to reduce it again. When we reach p the remainder 
of the density is absorbed by the receiving coil, on the further 
side of which it is again zero. By a fundamental law, as we have 
seen, (1/^u) {dBjdx) ~ A, the number of amperes per cm., and, 

Lanlnil 

n-Tu u| 

Fig, 21 

hence, the current curve is the slope of the curve of densities and 
changes sign when this slope changes sign. This is clearly shown in 
the curve marked II. 

If we compare two cases : (1) that in which there is a number 
of conductors arranged in slots and all carrying the same current, 
and (2) that in which there is a number of pairs of conductors in 
corresponding slots carrying equal and opposite currents (see 
Fig. 21), we see that in Case 1 the density continually becomes 
greater and greater, while in Case 2 the density is constant in all 
the teeth. 

The function of the second set of conductors, therefore, may be 
said to be to restore the energy density or 15 ^ in those parts of the 
system where it has been weakened by the first set, and to weaken it 
where it has been increased beyond the average. For instance, in the 
figure the effect of the second set of conductors is to cause two 
lines to leave tooth 3 and traverse tooth 2, and two lines to leave 
tooth 4 and traverse tooth 3. Hence, if one of these sets of conduc- 
tors be primary and the other secondary conductors, we may say 
that the primary conductors continually restore the densities which 
would be reduced by the action of the secondary conductors. 

In the case of the transmission previously discussed, however, 
the density is built up to its maximum value in one part of the 
system, and reduced again by the action of the secondary in another 
part an essentially different arrangement. 

3 — ( 5510 ) 
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It is not necessary that the two limbs of our system should be 
made in one piece, but there may be an air-gap between them, as in 
Fig. 22. In this case let the primary be held fixed and attached 
to the lower limb B, while the receiving coil is either fixed and 
attached to B or movable and attached to A, and the short-circuited 
conductors r, c, c are attached to A. Then there will be a force on 
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Fig. 22 


the limb A relative to the limb J5, which will tend to move A in 
the direction of the arrow when B is fixed. If the motion produced 
by this force is to be continuous, provision must be made for 
replacing the conductors c, c, c by others as they move away from 
the primary. 

It is also unnecessary that the primary coil should surround the 
limb A , but it may surround the limb B instead, as shown dotted in 
Fig. 22. All that is necessary now in order to get continuous rota- 
tion is that the limb^ shall be made in annular form, as in Fig. 23. 


Transmitter 




where the transmitting and receiving windings are shown wound 
into large slots in a segmental stator which terminates at D. It 
is essential in this construction that it should terminate at D, as 
if it did not the primary would transmit waves equally in both 
directions and there would be no resultant torque. 

Another method whereby the transmission of waves from the 
primary equally in both directions may be prevented, is by placing 
the receiving coil so close to the primary that the wave is absorbed 
by it before it has decreased much in amplitude, the wave trans- 
mitted by the primary in the other direction travelling quite freely. 

We may suppose that a multiplicity of such separate systems, 
as shown dotted in Fig. 24, may be mounted so as to interact with 
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a single rotor, or w may suppose that one system extends all 
round. In either case we have to remember that by proceeding 
sufficiently far round the core in a given direction we return to the 
same point. 

Bearing this carefully in mind we may regard our system as cut 
at A (Fig. 25) and developed into a flat surface ABH, in which case 
the two ends really represent the same point. In this figure the 
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wave is propagated from the transmitting or primary coil in the 
direction of the arrow completely round the periphery until it 
reaches the receiving coil, where it is absorbed. Having been 
absorbed, either fresh energy is imparted to it by the transmitting 
coil and it again passes round the periphery, or a new wave is 
generated by the transmitting coil. Which of these two cases will 
occur depends entirely on the arrangement of the windings between 
7' and R. In whatever way they are arranged, however, their 
ultimate object is the absorption of a wave of small energy (the 
1( ss the better) and the emission of a wave of much greater energy. 

Before proceeding much farther with the electrical case of our 
theorem, it will be well to develop and apply thereto the well-known 
mechanical case of a vibratory cord. 



CHAPTER VII 


A MECHANICAL ANALOGY TO THE VIBRATIONS OF 
THE ELECTROMAGNETIC SYSTEM 

Before proceeding any farther we shall explain more fully the 
well-known analogy between the vibrations of our electrical system 
and those of a cord, which we shall suppose to be submitted to a 
total tension P and of such length that the displacement y of the 
cord perpendicular to its length, i.e. to the X-axis, is always very 
small relative to the total length. Now the tension of the cord is 
ever3^here the same in amount and parallel to the tangent to the 
cord. It, therefore, varies in direction owing to the curvature of 
the cord when in vibration. Now the force tending to move any 
element of the cord is equal to the difference of tension on the two 
ends. These tensions, as we have seen, do not differ in absolute 
magnitude, but only in direction, and for such small lengths of cord 
as we may assume to be circular arcs the difference of direction is 
proportional to the length of the element ds. Hence, if dT be the 
difference of the tensions, we have 

dT Ids — force tending to move ds. 

This force is necessarily perpendicular to the cord, since the 
components of the tension on either end of the cord taken parallel 
to it are equal and opposite. 

Now since the tension of the cord is constant in amount and 
varies in direction only, dT jds is proportional to the curvature of 
the cord at the point considered. 

On the assumption mentioned above that the displacement is 
smaU relative to the length, and that the slope of the curve is, there- 
fore, never very large, we may replace s measured along the curve 
by X measured along the axis, and thus obtain another expression 
for the curvature, viz. d^yjx^. 

We may now write — 


P (dyydx^) = F. 

where P = initial tension on the cord, 
and F — force perpendicular to x. 

This force must be equated to the mass X acceleration of the 
element perpendicular to x. If the mass per unit length be p 
this gives p (d^yldt^) = P {d^jdx^) as the equation of motion. 

36 
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Let us now compare these equations and the quantities contained 
therein with those of our electromagnetic system. 


Electric System 

0 = total flux at a point. 

d<^!dt == time rate of change 
of 

d^/dt = E, electromotive 
force. 

d^jdx = B, magnetic density. 
d^^ldx^ == rate of change of 
density. 


Mechanical System 

y = displacement. 
dyfdt = time rate of change 
of y. 

dyjdt = F, velocity. 

dyjdx = y', slope of the curve. 
d^yjdx^ = curvature. 


We have seen that the following equations hold 


{\lfi){d^<l>ldx^) ~ A, current per 
unit length. 

If we assume that 

A = if (dEjdt) 

our circuit being closed 
through a condenser, we get, 
substituting for E, 

(\llj){d^^!dx^) 

two perfectly analogous equa- 
tions. Also 

if A — power at point x. 


P (d^yjdx^) = F, force perpen- 
dicular to X per unit length. 
Putting F — p {dVIdt) = rate of 
change of momentum, we get, 
substituting for F, 

P (d^y/dx^) = p {d^y/dP). 


jPF = force X velocity 
= power at point x. 


Thus there is a complete formal analogy between the two cases 
which we shall find helpful as we go on. For instance, no abrupt 
change or discontinuity can take place in the flux O owing to the 
fact that magnetic lines are always closed, and similarity since we 
suppose our cord is continuous, there can be no abrupt change in 
the displacement y. 

We have seen that whether we consider the mechanical or the 
electromagnetic case, we arrive at the equation d^jdx^ = cid^yldP), 

The solution of this equation, subject to the condition that when 
AT = c, y is a pure sine function of /, is 

y ^ sin [mx + pt) + B sin [mx - />/), 

A and B being arbitrary constants. 

Two terminal conditions are necessary, and two only, completely 
to determine the constants A and B, These may conveniently be 
values of y at two different values of x. It follows, therefore, that 
a knowledge of the values of y for two given values of x completely 
determines y for all other values between the two given values. 
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In the case of the vibrating cord this is easily seen from the 
physical standpoint. If we know the motion of the two ends of the 
cords, the differential equation determines the motion of any inter- 
mediate point. 

Similarly, if we know the flux entering the two ends of our 
apparatus we can tell how it is distributed at intermediate points. 

If, however, we know the motion of more than two points of 
our cord we must divide it into a number of sections, according to 
the number of points whose motion is known. For instance, if we 
have a cord whose motion is known at the points A , B, C, D, E, F, we 
must regard the sections AB, BC, CD, DE, and EF as separate 
cords vibrating independently (see Fig. 26). 

If we suppose that at the point B the cord is clamped to some 
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support which vibrates with a simple harmonic motion or other- 
wise, as in the figure, it clearly makes no difference, so long as the 
cord is clamped at the given point and submitted to a forced 
oscillation whether we cut it or not. If, thendore, we regard the 
motions of B and C, say, as known, and regard the cord as cut at 
these points, the motion of the remaining parts of the cord makes 
no difference whatever to its motion between B and C. In fact 
we can remove the remainder altogether without affecting the part 
between B and C. 

The above is the physical view of the fact which appears mat he 
matically in the statement that two terminal conditions comjdetely 
determine a particular solution of our equation. 

The net result of the above discussion, then, is the following 
statement. 

If at any two points a cord {or electromagnetic system) is subjected 
to any forced motions whatever, the motion of the cord is completely 
determined between the two points, and is absolutely independent of 
the motion of any other part of the cord. 

Since, in practice, our electrical system will usually have its 
conductors disposed in a number of separate slots, it will be con- 
venient in some cases to imitate this by considering a chain having 
a number of links of definite length instead of a flexible cord. The 
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chain or cord is supposed to vibrate in a resisting medium producing 
a decrement. 

The analogue of our electrical system is then the following. 

The cord or chain is supposed to vibrate between two sliders, 
whereby the ends are held and a certain tension imparted. No 
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Fig. 27 

matter how great this tension the sliders are supposed to be without 
friction or mass, unless otherwise stated. If the slider at one end 
is set in simple harmonic vibration, say, by a crank and connecting 
rod mechanism as in Fig, 27, while the motion of the cord is damped 



Fig. 28 


by friction, a decreasing wave will travel from the end in forced 
motion to the other end. 

In the general case both ends may be in forced motion, and in 
this case the left-hand oscillator produces a wave flowing to the 
right, and the right-hand oscillator a wave flowing to the left. 

This is readily seen in cases where the damping is so great that 
each wave dies awaj^ before the other commences (Fig. 28), but 
even if this is not so the two waves will exist superimposed on one 
another. The amplitudes of the two waves will be such that the 
sum of their amplitude at the two ends is equal to the known 
amplitude of the forced oscillation at every instant. 
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Suppose, for instance, that the left-hand oscillator A (Fig. 27) 
produces a wave travelling to the right, and that the cord does not 
terminate at B but extends as shown dotted to an unlimited distance. 
Then the slider B will be set in oscillation in a certain definite 
manner, depending on the amplitude and frequency of A *s oscilla- 
tion and the mass of the cord together with the amount of damping. 

Suppose now the slider B to be kept in a forced state of motion, 
by means of crank mechanism or the like, which is exactly the same 
in frequency, amplitude, and phase as that which it had before 
when it was free, while that portion of the cord shown dotted on 
the right is removed. The motion of the cord between A and B 
will be absolutely unchanged, the crank mechanism now supplying 
the force previously supplied by the reaction of the part of the cord 
shown dotted on the right. 

Under these circumstances, the wave generated by the oscillator 
A is said to be completely absorbed at B. Complete absorption 
can only take place for a single particular amplitude and phase 
of the oscillation at B, viz. that determined by the wave motion 
due to A, If the motion of B differs from this, a second wave as 
mentioned above will start from J5, travelling towards the left and 
having an amplitude at B at every instant equal to the difference 
between that of the wave determined by ^4 at J5 and the forced 
amplitude of B. This differential wave is usually spoken of as a 
** reflected wave'* when regarded with reference to A, while the 
wave travelling towards B and away from A is called the incident 
wave," 

Two particular cases of reflected waves are of special interest — 

1. The case in which B is permanently fixed and its amplitude is 
zero. The wave due to A is then said to be completely reflected at 
B, In this case the forced amplitude of B is zero, and the magni- 
tude of the reflected wave according to the above rule is equal to 
the difference between zero and that of the wave determined by 
A, In other words, the incident and reflected waves are equal 
and opposite at B, their resultant being, therefore, zero. 

2. The case in which the slider at B is quite free, the cord being 
supposed to terminate there. This must be carefully distinguished 
from the case discussed above where the slider was quite free, but 
the cord (shown dotted in Fig. 27) was supposed to extend to 
infinity. As mentioned above, the forces due to the reaction of the 
right-hand or dotted section of the cord serve to modify the motion 
of the cord between A and B, which is, therefore, different from 
that of a cord terminating at B, at which point, therefore, the force 
acting on it is zero. 

We saw above that the force on our elastic cord was proportional 
to its curvature, and it is easy to see that the curvature of an 
elastic cord naturally straight will be zero at a free end, but not 
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zero at all times at an intermediate point of an indefinitely long 
cord. 

The following considerations will help us very much to obtain 
clear ideas of the motion of a cord having a free end — 

The waves we have hitherto been discussing have been waves 
of displacement from a mean position which the cord would have 
if there were no motion. Since the force acting on the cord at any 
point is proportional to the curvature of the cord, such waves of 
displacement must be accompanied by waves of force of the same 
general shape, but differing in magnitude and phase. Such a curve 
of force distribution is plotted in Fig. 29, and has a fixed phase 
relation to the wave of displacement so that it moves at the same 
speed. 

Instead of considering waves of displacement, therefore, and 
deducing therefrom the values of the force at any point, we may 



consider waves of force directly and deduce therefrom the dis- 
placement at any point. If we do this, the present case in which 
the slider B is free is reduced to the former one, since the force at 
B is now zero, whereas before, the displacement was zero. Hence, 
everything said about Case 1 applies to Case 2, if we interchange 
the two words “ displacement and '' force."' In other words, we 
may state the following theorem — 

The two cases of a cord carrying wave motion and fixed at one end, 
and that of a cord carrying wave motion and free at one end, are 
reciprocal to one another, the force in the second case corresponding 
to the displacement in the first. 

Hence, if the end of the cord is free at B, and the force, therefore, 
zero, we can decompose the force wave into incident and reflected 
waves which are equal and opposite at B, their resultant being 
zero. Thus, in Case 1 the displacement is completely reflected at 
B, and in Case 2 the force is completely reflected. Similarly, if the 
force used to drive the slider at B be equal to that exerted by the 
incident wave, due to A and B, we have a case where the force wave 
is completely absorbed. 

Since, as we saw above, force corresponds to current and velocity 
to electromotive force in the case of our transmission, or, con- 
versely, force to electromotive force and current to velocitv in the 
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cable, we may compare the cord having a free end with a cable 
having its end earthed where the electromotive force is zero but the 
current free, while the cord with the fixed end we may compare with 
the cable whose end is insulated, so that the current (velocity in 
the mechanical case) is zero, but the electromotive force free. 

We have now carried the mechanical case of our general physical 
theorem to a point where we may usefully employ it further to 
elucidate the electromagnetic case. 

We may compare the primary or transmitting coil to the oscilla- 
tor A, and the receiving coil to the oscillator B, which absorbs 
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wholly or partially the oscillations transmitted from A . If work is 
done by A on the cord in setting up the oscillation, an amount of 
work may be given out by B equal to that put in, less the work 
done by the cord on the resisting medium. If the work done by the 
cord is equal to the amount put in at A , then the wave dies away 
before it can reach B and B can do no work. Exactly the same 
remarks apply to the electrical case. 

We saw that it was necessary to consider the flux at the two ends 
of our transmission to be the same on account of its annular nature. 
To parallel this we must consider the displacement of the two ends 
of our cord to be the same, the fact that all magnetic lines are 
necessarily closed being parallel by considering that our cord is 
unbroken and forms a loop. 

Let us now parallel Fig. 25 by Fig. 30, showing the exact rela- 
tion between the cord and the electromagnetic case. The trans- 
mitting coil or primary is now compared with A , a slider which is 
vibrated with a large amplitude, generating a wave which travels 
to the right around the loop, and reappears on the left of B. It 
is there absorbed by B, an oscillator vibrating with small ampli- 
tude, and passes on to A again to be re-transmitted round the loop. 
The distribution of energy density in both cases is exactly the same, 
the object of the two oscillators being, as before, the absorption of 
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a wave of small energy and the emission of a wave of much greater 
energy. 

In both the above diagrams we have shown the two oscillators 
as being each concentrated at a single point of the system, the 
motion of the wave being of the same general type (i.e. consisting 
of an incident and a reflected wave) in both the two intervals 
between A and B, If, however, B is adjusted to absorb the wave 
travelling from A towards the right, it cannot absorb that travelling 
towards the left as well, and, hence, this wave will be largely 
reflected. 



Another arrangement which we may adopt in our cord and 
which has useful electromagnetic analogies is the following — 
Between A and B we have a number of intermediate oscillators 
of varying amplitude and phase, typified by the multi-crank 
mechanism of Fig. 31, which serve to guide the cord and fix its 
oscillation at every point between B and A. This converts the 
wave between B and A into a forced wave, while it still remains 
free in the other interval between A and B, 

In this case it is perhaps better to think of the cord as a chain 
fixed to the sliders at the junction between two rigid links. 

In the electric case we think of the member carrying the trans- 
mitting and receiving coils as being slotted, and carrying a number 
of intermediate coils excited by electromotive forces of differing 
amplitude and phase— carrying, in fact, an unbalanced or elliptical 
polyphase winding. 

It is clear in the case of the cord that A and B must not be 
placed too close together owing to their different amplitudes of 
movement, or there will not be sufficient cord to allow them to 
execute their vibrations independently. 
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Similarly in the magnetic case, we must not put A and B too 
close together or the density between them (slope of the cord) will 
become too great. Subject to these conditions, however, they should 
be placed as close together as possible. 


Rotation 

We have now to consider what occurs when the apparatus is 
in motion. As the result of the investigations given above, we 
find that when the secondary is in motion relatively to the primary 
the wave is carried along in the direction of motion. Thus, if the 
motion of the wave is in the direction of motion of the secondary, 
its decrement is reduced by the motion, since when the secondary 
is in motion the wave is carried a greater distance while decreasing 
by a given amount. If the direction of the wave is opposed to that 
of the motion, its decrement is increased since the wave cannot 
travel so far while decreasing by a given amount. The decrement 
in fact is proportional to the slip between the motion of the wave and 
that of the rotor. 

We also find that in the absence of condensers or commutators, 
i.e. of means for self-excitation, the motion tends to smooth out the 
ripples in the wave, i.e. to increase its wavelength, and this to an 
equal degree whether travelling with or against the motion. 

Fig. 10, on page 19, summarizes the characteristics of the wave 
motion in a similar manner to the circle diagram that is in such 
common use for polyphase induction motors. 

It will be remembered that the equation of this curve is 

S2 == ^2 _j_ <^ot 0 — (cihn), 

if the flux wave be represented by 

O = + giving B =- (a + jm) 

We saw above that the primary ampere-turns are equal to the 
sum of all those in the closed secondary circuits, supposed to extend 
to infinity in one direction only, say, to the right, from the primary 
a.t X =0. We shall not at first take account of conductors on the 
left of the primary, but, having dealt with those on the right in 
the first place, shall find no difficulty in taking account of the others 
later on. 

Since A = (l/fi) {dBjdx), 


total secondary ampere-tums ~ 



Adx 



= the value of B when x =0, since B is zero at infinity. 

Hence the value of B at the origin is proportional to the current 
in the primary coil, and may be taken to represent it both in magni- 
tude and phase. We have just seen that B = {a + jm) <!> and 
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E Hence, if we lay out the flux threading the primary 

coil, as a horizontal vector in the above diagram, E will be repre- 
sented by a vertical vector, and OP or a + jm will represent the 
current in the primary coil. 

This diagram not only informs us as to the values of a and m 
at different speeds, but it also gives the current and power factor 
in the primary coil. It is, in fact, a complete epitome of the wave 
motion at all speeds. 

It will be remembered that we arrived at the following construc- 
tions of the principal quantities involved — 

If OP is a vector to the curve, cot Q and SP^ is the 

hyperbola, xy ^Piil{2r^ intersecting it in 5. Then YPj is the 
speed of the wave ; PP^ is the speed of the rotor to the same scale ; 
YP — a is the rate of decrement and also the slip of the rotor 
relatively to the wave ; OP is the primary current ; OY = w is 
proportional to the number of poles per unit length ; UT is the 
torque due to the wave. 

It should be mentioned that the speed v is taken positive when 
in the side we are considering the rotor is moving away from the 
primary coil, and negative if it moves towards it. The wave always 
flows away from the coil. 

By way of an example we may elucidate the application of such 
a diagram by considering how with its aid we may calculate the 
wave motion, due to a single ring-wound primary co-operating with 
a short-circuited secondary, and wound on a core of such diameter 
and constants that the wave motions in both directions die away 
before they interfere with one another. 

First of all, from the dimensions of the apparatus, the cross- 
section of bars, core length, and air-gap we calculate the two 
constants and /^, and thence pfilr 2 ^ These known, we proceed 
to plot the two curves mentioned above. We have next to deter- 
mine the scale to which YP^ represents the synchronous speed of 
the wave v^^-plm. Since OY ~m, we can readily calculate 
Vo for any value of OP and the corresponding length of YPj, and 
so determine the scale. 

If we suppose the rotor (Fig. 5) to revolve in a clockwise direction, 
then on the right of the primary it will be moving away from it 
and on the left towards it. Hence, OP corresponding to v positive, 
or moving with the wave, is correct for the disturbance on the right, 
and OP 2 {v negative) for that on the left. The first thing which we 
notice is that the ordinate m determining the speed of the wave is 
the same in both cases, and, hence, that the wave flows away from 
the primary coil at the same speed in both directions. But the 
decrements vary very much, being, as stated above, proportional 
to the slip between the wave and the rotor, and, therefore, being 
very great when v is negative, and very small when it is positive. 
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The vector OP, as has also been mentioned above, represents the 
total current required in the primary to supply the wave motion 
on the right-hand side of it from the primary coil to infinity, while 
OP, represents the current required for the motion on the left- 
hand side. The total current in the primary is, therefore, propor- 
tional to the vector sum OP + OP, = 20Pi, and, therefore, to 
another scale the hyperbola xy = the locus of the prim- 

ary current as we vary the speed. 

It has also been shown (Fig. 10) that the torque due to such a 
wave motion is proportional to the intercept between the point U 
and the point T, where OP (or OP produced) cuts a horizontal line 
US. In the case which we are studying, the resultant torque will 
be the difference between the “ motor '' torque UT, due to the 
wave which flows in the same direction as the rotor, and the much 
larger back torque UT\ where T' is the point where OP produced 
cuts US, due to the wave flowing in the opposite direction. The 
resultant torque is always opposed to the direction of motion, and 
the apparatus is a brake absorbing large lagging currents in the 
primary, the RI^ losses being supplied by generator action within 
the machine. 

The effects of various modifications of the constants of the appa- 
ratus on the diagram are fully investigated above, such as the effect 
of including inductance or capacity in the rotor circuits, or of wind- 
ing the stator with auxiliary coils in addition to the exciting 
coil, closed through inductance or capacity. However, as the case 
we have discussed is the most important one, it is unnecessary to 
recapitulate the others. 

Having discussed fully the effect of a single ring-wound exciting 
coil on a short-circuited rotor, we can readily proceed to consider 
two such coils spaced a certain distance apart and carrying equal 
and opposite currents. These two coils are equivalent to a single 
drum-wound coil. Having discussed one drum-wound coil we can 
then proceed by the method of super-position to build up the 
effects of a number of drum-wound coils, thus arriving finally at 
the exact occurrences which take place in a slotted stator of the 
ordinary type when used with a squirrel-cage rotor. These will 
often be found to differ quite widely from those which would be 
expected from the ordinary sine-wave theory. 

We may again illustrate these facts by reference to a vibrating 
cord. As one of the most important points we have to study is 
the results they lead to when limited by certain terminal conditions, 
we shall first suppose our cord to be fixed at both ends. 

The question we have to discuss is : What will be the exact 
character of the motion if the decrement is so small that very little 
of the wave energy is absorbed before it reaches the reflector, sub- 
ject to the condition that the decrement of the reflected wave is 
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much greater than that of the incident wave, while their wavelengths 
are the same ? 

If the oscillations are so slow that the eye can follow them, or 
if they are observed by stroboscopic means, we shall see a wave 
starting from the oscillator at a definite rate of travel towards the 
right. As it proceeds this rate 
gets slower owing to the effect 
of the reflected wave, and 
finally, when it reaches the 
reflector, it becomes stationary 
(see Fig. 32). On the left the 
reflector or fixed point may be 
placed so close to the oscillator 
that the standing portion of 
the wave extends practically 
up to the oscillator, or better 
still, we have a forced wave 
between reflector and oscillator, 
whereupon we get practically 
the condition shown in Fig. 23. 

In Fig. 32 is shown an 
electromagnetic case of 
such a system in which 4- 
the incident wave has a 
small decrement, and the 
reflected wave a very 
great one. This, as we have 
stated, is characteristic of the 
case where there is relative 
motion between the primary 
with its reflector and the 
secondary. 

We see that in this case the 
wave proceeds much as before 
till it reaches the immediate Fig. 32 

neighbourhood of the reflector, 

beyond which it cannot pass, and since all the lines of force must 
be closed they are crushed into a very small space adjacent to the 
reflector, giving rise to very high densities indeed at that point. In 
practice, saturation would somewhat relieve these densities. 

Flux and density curves are shown above and below, in the upper 
curve the small decrement of the incident wave and the great 
decrement of the reflected wave (shown dotted) being clearly seen. 
The resultant wave is the sum of these at any point. 

It is easily seen by the aid of the general physical theorem with 
which we started that an increase of density in the direction of 
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motion gives rise to a retarding torque, which in a motor should be 
avoided. 

We shall now endeavour to get a clear physical idea of the 
method of generation of wave systems, both in the electric and the 
mechanical case. We shall take the case of a cord or iron core of 
indefinite length, oscillated at one point. In the mechanical case 
we may suppose the cord gripped at one point, and a simple harmonic 
oscillation impressed on it by a crank and connecting rod mechanism 
as shown. In the electromagnetic case a concentrated exciting coil 
is supposed wound round one point of the core, and this is excited 
by a simple harmonic electromotive force (see Fig. 33). 

In Fig. 34 are shown diagrams of five phases, illustrating the 
generation of two travelling waves, mirror images of one another. 


Fig. 33 

by this method of setting up oscillations, whether in the electric 
or mechanical case. 

The upp^r curve shows flux O or displacement y, the second 
magnetic density B or slope y\ and the lower diagram shows the 
distribution of lines of force corresponding to the flux and density 
above them. 

We see that at the origin or point of oscillation there is a cusp 
in the <!> curve, though <[> does not change in value, since all magnetic 
lines are closed, and an abrupt break in the B curve where B changes 
abruptly from positive to negative. Let us confine ourselves to the 
electromagnetic case for the moment. We saw in Chapter II that 
{1//Li) {dBjdx) = A, the current density, and, therefore 

was the total current between x a and x = h. In general, as 
a and h approach one another Bi, approaches B^^, and thus the total 
current gets less and less. 

Now let us take a and h on opposite sides of the discontinuity 
of Fig. 34. As a and h approach one another Bf^-B^ no longer 
approaches zero, but tends to assume a value equal to the total 
length CD of the break. Hence, we conclude that 
Total current at the point of discontinuity = (1//^) CD, or 

The discontinuity in the curve of densities measures the current in 
the exciting coil. 
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In the mechanical case we End— 

The discontimiiiy in the curve of slopes measures the force supplied 
by the oscillator. 

As we saw above at points of discontinuity such as ^ , we may 
suppose that one section of the cord terminates and another begins. 
In that case is the force necessary to balance the reaction of 










—h 

Fig. 34 


the rope on the right of A, and AD that necessary to balance the 
reaction on the left of A, In the electric case i4C is the current 
necessary to excite the disturbance on the right, and AD that 
necessary to excite it on the left. 

Returning to the curves of Fig. 34, we may note a number of 
interesting points — 

1. Starting with Fig. 34(a) we see the lines of force which 

4 — ( 5510 ) 
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form the curve start with a small nucleus surrounding the exciting 
coil. 

In Fig. 34(6) the nucleus has grown almost to its full propor- 
tions, while in Fig. 34(c) the single nucleus we have hitherto been 
dealing with begins to become double, some of the lines of force 
on either side forming a closed circuit which does not enclose the 
exciting coil. In Fig. 3A[d) this action has proceeded much farther, 
while in Fig. 34(c) our original nucleus has almost divided into 
two entirely distinct waves. Coming back to Fig. 34(fl) again, a 
fresh nucleus starts which is now of opposite sign, there being two 
to each complete period, one positive and one negative. 

2. It is instructive to see that when the flux interlinking the 
exciting coil is greatest in Fig. 34(c), the primary current CD is 
least. This current is in quadrature with the flux, and, therefore 
in phase with the electromotive force. 

3. It is also very instructive to note how the direction of the 
lines of force reverses when the flux crosses the zero line, so that 
the portion of the flux curve between two crossings of the zero 
line forms an isolated portion or nucleus of the wave. 

Let us now study a case of a wave motion reflected at a point. 
A point of reflection is a point such that the displacement which is 
represented by a wave is necessarily zero at the point. If we have 
a travelling wave going towards a point it will be reflected at the 
point, and another travelling wave superposed on it of such magni- 
tude that the two are at all instances equal and opposite at the 
point of reflection. The resultant vibration of the cord is a standing 
wave having its node at the point of reflection, and extending from 
the point of reflection where the displacement or flux is zero to the 
point of oscillation but not beyond. 

In the case of a vibratory cord, a point of reflection is formed at 
any point of the cord which is clamped so as to be incapable of 
movement, y being necessarily zero at all times. 

In the electromagnetic case, a point of reflection is formed by a 
short-circuited coil surrounding the iron core, or by a termination 
thereof. 

In Fig. 35 are shown five stages in the generation of a wave 
train by an oscillator fitted with a reflector. For the sake of variety, 
we have shown the generation of a wave with logarithmic decre- 
ment in this case. 

Starting, for instance, with Fig. 3S{a) we see the flux at its 
maximum surrounding the exciting coil. 

In Fig. 35(6) we see that the wave has begun to travel towards 
the right, and some of the lines of force which before surrounded the 
exciting coil are now able to close without doing so. In the portion 
of the core between the reflector and the oscillator, however, the 
density is simply reduced without any change in distribution. 
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In Fig. 35(6') we see that this action has gone farther, the ^eater 
part of the lines now closing without surrounding the exciting coil. 
In Fig. 35(d) the whole of the flux is one side of the exciting coil, 
there being none whatever between oscillator and reflector; while' 
in Fig. 35(e) we see how the nucleus of a new wave grows up sur- 
rounding the exciting coil again, and when it has grown to its full 



dimensions in Fig. 35(a) again, it commences to move off to the 
right, the lines of force of which it is composed cutting the exciting 
coil as they do so. 

Another important point to note in the case of a wave with 
decrement is that its maximuni, which is the point where the 
density is zero, is now no longer midway between the two points 
at which it crosses the zero line. 

The effect of this is to make the density on the rear side of the 
nuclei of which the wave consists greater than that at the front,. 


52 THEORY AND DESIGN OF ELECTRIC MACHINES 


and this generates a drag on the conductors in the direction of 
motion of the wave. The power corresponding to the product of 
this force and the speed of the wave is stored up as magnetic energy 
in the wave and supplied by the decrease of the flux as it proceeds. 

We have hitherto considered wave trains proceeding from an 
oscillator whose oscillations were of constant amplitude, or in the 




electric case we have considered cases where a constant flux or 
electromotive force was applied to the oscillator, and from this 
assumption we have determined the force (or current). 

We shall now consider the case where the force (or current) is 



regarded as fixed, and endeavour to determine the amplitude (or 
flux in the electric case). 

Let us first take the case of an oscillator at A and a reflector at 
B a quarter wavelength away from A , and compare it with the case 
in which no reflector exists. The effect of the reflector as we saw 
above was to reduce the wave train between A and to a stationary 
wave having its node at /?. If we draw curves showing the flux 
density, we note that the flux density at A due to the standing wave 
is always zero (see Fig. 36). If now we draw corresponding curves 
for the case where there is no reflector, we see that the density at 
A due to the wave train on the left is no longer zero, but equal and 
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opposite to that due to the wave train on the right (see Fig. 37). 
Now on the hypothesis of constant current the distance ab, in the 
two figures, must be equal, and, hence, the amplitude of the right- 
hand wave train must be twice as great where there is a reflector 
as where there is none. 

Thus a given force applied to the oscillator (or current flowing 
in the primary coil) gives rise to a wave of displacement (flux) having 
twice the amplitude in the case of a reflected wave of that obtained 
when we have two wave trains, mirror images of one another. In 
other words, it takes twice as much power to generate two wave 
trains as it does to generate one of the same amplitude. 

In the case just considered we may regard the oscillator as 
generating two wave trains in the normal manner, the left-hand 
one of which is reflected at B and, returning on its path, passes the 
original oscillator and becomes superposed on the right-hand train, 
thereby doubling its amplitude. We have here a case in which the 
occurrences on the right-hand side of the oscillator A are affected 
by what occurs in other portions of the cord. In other words, 
the different sections into which the system is divided by the 
oscillator and reflector are no longer independent of one another. 

In fact, the above instance is only a particular case of an impor- 
tant general theorem. 

1/ we know the displacement {flux or E.M.F.) at two points of our 
system, the disturbance between those points is entirely independent 
of what goes on beyond them. If, on the other hand, we assume the 
forces or currents to be known, the various oscillators in the system are 
quite independent, their effects being merely superposed. 

It is this theorem that permits us to build up the flux distribu- 
tion in a slotted stator from a knowledge of that due to one drum- 
wound coil. 



CHAPTER VIII 

THE GENERAL EQUATIONS OF THE ELECTROSTATIC MACHINE 

In order that our investigations may have the requisite degree of 
generality, and their results may be worthy to be called a general 
treatise on ** Electric Mechanism,"' it is absolutely necessary that 
we should consider the theory of the electrostatic machine, the 
more especially as, with the exception of a very meagre discussion 
in Maxwell, I cannot find that these machines have ever received 
theoretical treatment at all. 

Before doing so, however, it is first of all essential that we form 
clear ideas on the nature of electrostatic induction. We have in 
the electrostatic machine two plates carrying conductors revolving 
in close proximity to one another with only a short air-gap inter- 
vening, so it may be thought that electrostatic induction was to be 

Fig. 38 Fig. 39 

explained by the cutting of the electrostatic lines by the revolving 
conductors. This opinion is entirely erroneous, and our first task will 
be to explain as far as necessary the nature of electrostatic induction. 

The fundamental conception with which we have to deal in the 
present chapter is no longer the magnetic line of force, but the 
electrostatic tube of induction. 

We conceive a tube of induction (Fig. 28) as always terminating 
on two oppositely charged conductors, while at the one end a unit 
charge of positive electricity exists, and at the other end a unit 
charge of negative electricity. The number of tubes impinging on 
any conductor, therefore, is a measure of the charge on it. The 
direction of the tube at any point is the direction of the potential 
gradient at the point, i.e. it is the direction in which the difference 
of potentials between two points, near the given point and a given 
distance apart, is greatest. Thus, by plotting out the distribution 
of the electrostatic tubes of force, we may determine the potential 
distribution throughout the field. 

Another method of defining the direction of the tubes of force 
is by saying that they are everywhere perpendicular to the equi- 
potential surfaces. These equi-potential surfaces are surfaces 
drawn in space, such that at every point of them the potential is 
the same. Thus, for instance, in the case of an electrified sphere 
all concentric spheres surrounding it are equi-potential surfaces. 
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Both electrostatic tubes of induction and equi-potentiaJ surfaces 
are fully discussed in the regular treatises on electrostatics, and so 
need not be more fully described here. 

Imagine two condenser plates J and D, say, 10 cm. apart (Fig. 40), 
having a density of D = 100 tubes per sq. cm. throughout their 
area. Let them both be insulated and maintained at a constant 
difference of potential. Let there be a third plate C capable of recip- 
rocating between them touching , 

the plate D by means of the knob 
D, and being connected to earth by 
means of the knob E. We shall 
suppose that when C touches D it 
becomes completely discharged. 

First suppose it connected to 
earth by E, It will now receive a 
charge DA equal to that of the plate 
A. Now suppose it to be moved 
towards the plate D carrying its 
charge with it, mechanical work 
being done by stretching the tubes 
of force, proportional to the distance 
L between the plates. When C 
touches D it is supposed to be com- 
pletely discharged, and all the 
tubes of force which previously 
ended on it now end on D. If the 
positive ends of any number of 
tubes of force rest on it an equal 
number of negative ends must 
also rest on it, since it is now 
uncharged. Thus, the tubes of force may be supposed to pass 
completely through it, as shown in Fig. 40. The movable plate now 
moves back till it touches E again and is put to earth, whereupon 
those tubes of force which extended from its right-hand side to D 
move off to the walls of the room, say, and only those between A 
and C remain. The moving plate C is now charged again as it was 
initially, and we have completed the first cycle of operations. Now 
the work done in a cycle = DA x L, in suitable units, and if there 
are N cycles per second we have — 

Work done per second = DLAN. 

This formula reminds us irresistibly of the common steam-engine 
formula, 

PLAN _ jj p where P = cylinder pressure 


Fig. 40 


33,000 


L = length stroke 
A = area of piston 
N = strokes per minute 
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We must note that our electrostatic formula was deduced on the 
assumption that the potential difference between A and D was 
maintained constant, while the steam-engine formula depends on 
the cylinder pressure remaining constant. 

From a more purely electrical point of view, we may interpret 
the formula DZAN as representing the current flowing away from 
the plate A. For DA is the charge on the reciprocating plate which 
is supposed to be communicated to D in each cycle, while N is the 
number of cycles per second, L being the distance moved through 
per cycle. LN is the distance moved through per second ; therefore. 



Fig. 41 


DLAN is proportional to the charge per second or current. It is 
clear that if the potential of D is to remain constant this current 
must be permitted to flow away by some means. 

Without pursuing the analogy with the steam-engine any farther, 
we may note that electrostatic induction is due to the stretching 
and not the cutting of the tubes of force, and requires motion 
along and not at right angles to them. This is the fundamental 
difference between electrostatic and electromagnetic induction. 
Moreover, in the electrostatic field we have 

Rate of stretching = Induced current 

the potential of the conductor depending on surrounding circum- 
stances, while in the magnetic case we have 

Rate of cutting == Induced E.M.F. 

the current depending on surrounding circumstances. 

As an example of electrostatic induction of current, take the case 
in which a charged body C carrying, say, 2 units of charge moves 
with a speed of 10 cm. per second. Then the two tubes that join C 
to some fixed body A (Fig. 41) are stretched at the rate of 10 cm. per 
second, and the moving charge constitutes a current whose magni- 
tude = charge x velocity = 2 units X 10 cm. per second, and, 
hence, the above equation is justified. It is, of course, a special 
version of Maxwell’s equation of electric displacement adapted to 
the case we wish to consider. According to the electron theory 
all conductor currents are of the nature of moving charges, and, 
hence, this equation is very general. 

Now the local current flowing between two sectors or carriers 
Cl and C 2 (Fig. 42) will be the difference between the currents 
and J 2 flowing into each. If we had for instance, the same 

current would flow into both carriers and the local current, which is 
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the current that flows into one and out of the other, would be 
zero. 

In the limit we have 

Current between two adjacent sectors = 

Noiv since Ci and C 2 are insulated and do not move any current 
which flows in at and out at niust be due to variation of the 
charge of Q and Q considered as a condenser. 

Now the charge of Cj and Cg is the number, D, of tubes of induc- 
tion, opposite ends of which terminate on both Cj and Cg, and we 


D2 



Fig. 42 


have just seen that the current is due to the rate of change of this 
dD 

quantity or Hence, we have 


= -S'* 


The dx is used in the above equation because, for infinitesimal 
intervfils, the difference between and J 2 will be proportional to 
the distance dx. Hence, finally, we have 
dj dD 


dx dt 


a) 


for all cases where there is no motion, and the plate is a perfect 
insulator. • 

The general form which the electrostatic machine assumes in 
practice is that of a revolving plate of insulating or partially con- 
ducting material, usually bearing a number of carriers of metal 
on which the charges are induced. On this revolving plate bear 
certain brushes for the purpose of equalizing the potentials of 
different parts of the plate, collecting the charge, etc. This revolv- 
ing plate is placed in the neighbourhood of certain charged bodies 
or inductors, whereby the charge is induced in it. 

We shall consider first a carrier plate fitted with a number of 
carriers C, C, C, and with brushes 6, 6, 6, resting on each carrier. 
In practice only a few brushes will be used, but, as at present we 
are aiming at complete generality, we must not distinguish some 
carriers as being connected to brushes and others not, but must 
suppose that all are fitted with brushes Chapter X describes similar 
electromagnetic machines. 
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Suppose each carrier to be of unit area, and let be the conductor 
current flowing into any carrier. If, however, the plate is in motion, 
a current will flow between adjacent brushes, due to the actual 
mechanical transportation or convection of charge. If p be the 
charge per sq. cm. and v the speed, this current will be equal to 
vp. Adding this term to the equation we had before, we get 


dj dD 


( 2 ) 


If also we suppose the carrier plate to have a certain finite resistance 
r, we must add a further term, getting 


dx 


dD 

dt 


E 

+ vp -i — 


( 3 ) 


where E is the P.D. between adjacent brushes. This last term is 
important in explaining the action of that type of machine which 
is not provided with carriers. 

We have now to investigate the relation between D and p. D 
is the resultant number of tubes of induction extending in the posi~ 
tive direction from one carrier to the next, while p is the charge on 
the carrier. 

If in Fig. 42 the number of tubes extending between Cj and Cg 
and between Cg and Q were equal, there would be no charge on 
Cj. Hence we see that 

Charge on Cg = p == - Dg* limit, 


dx 


= P 


(4) 


This we shall call the equation of Charging. 

Everything we have hitherto said lias been applicable to the 
case of a single plate only. We shall now suppose that our revolving 
plate is surrounded by two fixed plates, one on either side, all 
fixed carriers which lie opposite one another being connected 
together as shown dotted (Fig. 43). D is now the number of tubes 
crossing any cross-section A A of the macliine in the positive direc- 
tion. Hence, tubes which merely pass from a stator carrier to the 
rotor carrier opposite to it do not count. 

dD 

We stiU have the equation — p, but it is now clear that the 

tubes of induction need no longer pass solely from one carrier on 
the rotor to another. They may now pass from a stator carrier 
to a rotor carrier, and this fact enables the machine to stretch the 
electrostatic lines and to do or absorb electrical work. Equations 
(1) and (2) stiU hold good, and may now be said to apply to the 
stator and rotor respectively. 
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Collecting up our results, therefore, we obtain the following 
equations — 


dD _ 




dH _ 

= A, 

dx 

= P 



dx 


^ dD 

-i- 

h 

dEt _ 

_ d^ 

dx 

dt 


r 

dx 

dt 


dD 

+ 


dE, _ 

dB 

dx 

~dt 

vp + — 

dx 

~ It 


dl 

^dx 


which bear a most striking analogy to the equations of the electro- 
magnetic machine which are shown in parallel columns. The term 

E ... 

— in the electrostatic equations has no analogy in the magnetic 

case, since there is no such thing as '' magnetic conduction/' hence, 



the class of machines in which it is important, viz. the sectorless 
Holtz and Wimshurst machines," have no analogue in the magnetic 
case. Tliey constitute a solution of the problem of direct current 
machines without commutators which, unfortunately, gives a 
voltage as much too high for practical purposes as that given by 
the hoinopolar machine is too low. Since electrostatic induction 
takes place in the direction of motion, and not at right angles 
thereto, it follows that electrostatic hoinopolar machines are also 
impossible. Making these two exceptions, however, we may enunci- 
ate the following fundamentally important proposition — 

" To every multipolar electromagnetic machine there corresponds 
an electrostatic machine, and to every electrostatic machine with 
non-conducting dielectric corresponds an electromagnetic machine." 
Thus we may design electrostatic sjmchronous motors and genera- 
tors, induction motors and generators, repulsion motors, and other 
A.C. commutating machines, and, in fact, a treatise on " Electro- 
static Mechanism " might be written by merely applying the analogy 
which we have developed in the present chapter consistently to 
all the apparatus described in this book. Though the applications 
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of this type of machine are not at present sufficiently numerous to 
justify the time spent in so complete a development, and the writer 
has, therefore, not attempted it, yet it is to be hoped that it may 
soon be carried out, as it is relatively easy, and such an advance 
in theoretical knowledge could not fail to stimulate practical 
application. 



PART II 

CHAPTER IX 

THE CLASSIFICATION OF THE DYNAMO-ELECTRIC MACHINE 

In the following chapters an attempt is made to arrive at a natural 
classification of the electromagnetic machine. One of the principal 
uses of such a classification is to bring out the common points of 
different types which are usually regarded as totally distinct, 
even though they are almost identical from the constructional 
standpoint, and to reduce their differences to proper relative 
proportions. We may preface the detail matter by a few general 
remarks. 

1. No discussion will be attempted of homopolar machines, 
which form a class entirely apart from all others. 

2. While almost all the machines described may be used as 
generator or motor, they will, in practice, be used only as motors, 
since the requirements of a generator are so uniform that there is 
no scope for a large variety of types, while the infinite variety of 
industrial work gives rise to a corresponding variety of types of 
motors. In generators the tendency is to uniformity, and in motors 
to variety, and, hence, our subject might almost as well be called 

The Classification of Electric Motors.'' 

3. For a similar reason, viz. the powerful tendency towards 
standardization, and the necessity for one system of distribution 
catering to a vast variety of applications, together with the urgent 
necessity of economy due to the great length of transmission lines, 
we may dismiss from our minds the likelihood of new and more 
complicated systems of transmission arising, although several such 
are imaginable, and confine our attention to machines operating 
from standard direct-current, single, or polyphase systems. 

4. Of the two distinct constructional forms in use, viz. the type 
having uniformly slotted stator and rotor and a constant air-gap 
all round, and the salient pole type, we shall consider the former as 
universal and ordinary, and the latter as a special case applicable 
to certain types only. 

5. Throughout this chapter, unless a statement to the contrary 
is made, we shall treat our machines as “ ideal," i.e. entirely devoid 
of all los^ es and leakages. 

6. Theories come and go, while the machines we wish to classify 
remain the same. Our methods of classification should be of a 
fundamental nature, and should not owe their validity to the 
acceptance of a particular theory, nor should they be unintelligible 
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to those who have not gone through a particular course of study. 
They should be based either on constructional features, where these 
can be proved to have a general significance and not to be acci- 
dental, or on mechanical considerations in connection with torque, 
power, and energy. These considerations apply to nomenclature 
also, and should render us very conservative in inventing new names 
for old apparatus. 

A well-understood name, even though based on an obsolete 
theory, is usually better than a new namje based on a theory which 
may become obsolete in its turn. 

Having cleared the ground by the above considerations, we may 
proceed to our main subject. ’ 

We shall regard the induction machine or general alternating- 
current transformer,'' as Steinmctz calls it, as fundamental, and 
shall proceed to derive all other types from it. 

Our general dynamo-electric machine, then, consists of two 
concentric magnetic elements, separated by an air-gap, and capable 
of relative rotation. Each of these elements bears a number of 
conductors disposed next the air-gap in slots parallel to the shaft. 
The conductors of one or both elements are interconnected usually in 
such a way as to give rise to a definite number of poles, conductors 
being led off from the stationary element direct to the line, save in 
a few cases where it is short-circuited. 

The rotor may be of three distinct types : [a) short-circuited, 
(6) fitted with collector rings, (c) fitted with commutator. Every 
type of dynamo-electric machine whatsoever, with the exception 
mentioned above, may be built in a form covered by the above 
description, and the differences between different types consist 
merely of differences in the method of connection to the line and of 
connection between rotor and stator. 

We have next to classify these types of connection and show why 
they are required. In order to do this we must first consider our 
electric system as a machine. From tlie mechanical point of view, 
then, the generator is a gearing which transmits the motion of the 
prime mover to the polyphase line, changing the power given out 
by the prime mover from the mechanical form to that of a rotary 
system of electrical stresses revolving at a definite speed, say, of 
25, 50, or 60 cycles (or revolutions) per second. The polyphase line 
we may compare to a mechanical line shaft transmitting the power 
to a distance and the motor to another gearing, retransforming 
the power into a mechanical torque operating at a certain speed. 

What will this speed be ? To determine this, consider the follow- 
ing relation which it is well known exists between the speed and 
primary and secondary frequencies of the induction machine. 
Speed (rev. per sec.) x number of pole pairs — difference between 
primary and secondary frequencies (cycles per sec.), or mechanical 



THE DYNAMO^ELECTRIC MACHINE 63 

speed of rotor equals speed of wave relative to stator, minus speed 
of wave relative to rotor, 

or S = (1) 

where W is twice the polar pitch (cm.). 

S = peripheral speed of rotor (cm. per sec.). 

/i = primary frequency. 

/g = secondary frequency. 

These equations show that we cannot tell the mechanical speed 
of the rotor unless we know the rotor as well as the stator fre- 
quency. Multiplying both sides of this equation by the torque T, 
we get T multiplied by mechanical speed equals T multiplied by 
speed of wave relative to stator minus T multiplied by speed of 
wave relative to rotor, or, mechanical output equals primary 
electrical input minus secondary electrical output . . (2)^ 

This equation shows that besides the mechanical power and the 
electrical input into the primary, there is a certain amount of 
power generated in the secondary proportional to the secondary 
frequency. The above simple considerations bring us to our first 
principle of classification. It has been emphasized above that the 
motor is a device for changing electrical power incoming from the 
line into mechanical power, and, hence, the existence of this secon- 
dary power raises a serious problem — what to do with it. We 
shall classify our machines first according to means adopted for 
disposing of the secondary power. A substantially identical prin- 
ciple for adjustable speed motors may be deduced from the equation 
(1) above. 

This equation shows that the speed can only vary 

1 . If the primary frequency varies, 

2. If the secondary frequency varies, 

3. If the number of poles varies, 

and we may classify adjustable speed motors according to which 
of these means is adopted to vary the speed. 

Before proceeding further we shall develop a mechanical analogy 
between our induction machines and certain types of epicyclic or 
differential gears which is capable of being carried into considerable 
detail, and throws a great deal of light on the real nature of many 
arrangements of machines. This analogy enables us to abstract 
entirely from the electrical features of tlie problem, and consider 
power and torque alone. We shall show also, that if we compare 
the relative speed of the two elements of our machine to the speed 
in revolutions per second of one shaft of a differential gear, and the 
frequencies in the two members to the speed of the other two shafts, 
the above relation between speed and frequencies corresponds to 
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that between the speeds of the three independent shafts of the 
differential gear. Such a gear is shown in Fig. 45. 

If the shafts il, B, and C go at speeds of A rev. per sec., B rev. 
per sec., and C' rev. per sec., respectively, it is well known that 
C' will be the mean of A and B, or C' = + B), 

If, therefore, we gear another shaft C to the shaft C\ so that 
the speed of C is twice that of C', or C' = |C, we shall have 

C =A +B 
B ^C - A 
A =C - B 

Or, in order to introduce a constant corresponding to the '' num- 
ber of pole pairs ” in the electric machine, we may suppose B or 

A geared to another shaft by gearing of 
any desired velocity ratio. 

The point of particular interest to 
us about this gear is the fact that the 
equation regulating the speeds contains 
three potentially independent variables, 
so that it is necessary to know two of 
them before we can determine the 
third. For instance, if we know A we 
cannot find B unless we also know C. 
In the electric case, if we know the 
primary frequency of an induction motor, for instance, we cannot 
tell the speed until we know the secondary frequency also. It will 
be useful to develop the analogy between a differential gear and an 
induction motor somewhat further. Let us put 
Primary frequency = A = speed of driver shaft of differential. 
Mechanical speed — B = speed of driven shaft of differential. 
Secondary frequency = C = speed of intermediate shaft of differ- 
ential. 

We then have B ■= C - A in both cases, if we suppose our induc- 
tion motor has two poles. 

So long as C, the intermediate speed or secondary frequency, 
remains unsettled, we cannot tell what B will be. 

We may make a number of suppositions relating to this which 
are tabulated below — 
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Fig. 45 


Electric Case 


Mechanical Case 


Secondary open-circuited. Shaft C free. 

Machine can deliver no torque, B can deliver no torque, but 
but can run at any speed without can run at any speed without 
opposition, if driven. opposition, if driven. 
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Electric Case 

Secondary short-circuited 
through zero resistance. 

Machine can run at same speed 
as A^ and deliver same amount 
of power as flows into primary. 

Secondary, neither open nor 
short-circuited hit closed through a 
fixed resistance R, there being no 
secondary leakage. 


Torque is proportional to i, the 
secondary current which is equal 
to the secondary E.M.F.. divi- 
ded by the resistance. 

Secondary E.M.F. and, there- 
fore, current is proportional to 
secondary frequency, or, say, 
To = ivC as in the mechanical 
case. 

Thus we get 



exactly the same torque speed 
characteristic as in the mechan- 
ical case. 


Mechanical Case 
C fixed. 

B runs at the same speed as 
A, and delivers same amount of 
power taken in at ^4. 

C, neither fixed nor free, hut 
its power output consumed by a 
brake giving a torque proportional 
to the speed at which it is driven, 
and consuming power, therefore, 
proportional to the square of the 
speed. 

The torque of each of the 
three shafts must be equal, for 
multiply the equation B = C - A 
by the torque required by 
the load, and we get 

T,B - 1\C - ToA 

This equation can only be 
consistent with the conservation 
of energy, if is also the torque 
of the other tw'o shafts. 

In this case 

ToB ~ output of driven shaft. 

ToC -- output of intermediate 
shaft. 

TqA =- input of driver and the 
equation becomes true. 

If we now put 

Torque of intermediate shaft 
-- Tf, — KC in accordance with 
the above assumption, we clearly 
determine the speeds of all three 
shafts, for we now have 

T 

B = -^-A 

This is the torque speed 
characteristic of our gear. 



66 THEORY AND DESIGN OF ELECTRIC MACHINES 


According to this analogy, tlierefore, we may compare any elec- 
tric machine having a simple harmonic wave of flux to a differential 
gear, the primary input corresponding to the input of the driver 
shaft, the mechanical output corresponding to the output of the 
driven shaft, and the secondary output corresponding to the out- 
put of the intermediate shaft. 

Hence, a set consisting of motor and generator may be compared 
to two such differential gears coupled together. 

Now it is well known that no combination of gearing, however 
arranged, can give us a smooth and gradual speed change, the 
uttermost possible being a number of steps. Yet certain electric 





A 



machines do give this gradual speed change, since they embody 
a device which we have not yet discussed, viz. a commutator. 
The commutator may be regarded as the only practical gradually 
adjustable gear in existence (suitable for large powers, at any rate). 

Consider a commutator fitted with a polyphase arrangement of 
brushes, as in hlg. 46. If polyphase currents of frequency cycles 
per sec. are fed in through the terminals A A 2 , A 3 , and the commu- 
tator revolves with spaed S revs, par sec., the slip rings 
which are supposed to be equal in number to the commutator 
segments, one being joined to each, will deliver polyphase currents 
of frequency /g = 5, according to whether the commutator 

revolves with or against the direction of rotation of the inflowing 
current. 

Hence, for the case of a two-pole ” arrangement of the brushes 
on the commutator, we have 

•S = ±(/i-A) 

This is particularly obvious if 0 . If, however, the brushes 
are connected four-pole,’* for instance, as shown in Fig. 47, so that 
the slip ring which is connected to a certain segment, say, goes 
through a complete cycle while the commutator turns through 180® 
instead of 380®, the difference between the commutator and slip- 
ring frequencies will be twice as great as before, or 25 = ± (/^ - /g). 
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In general, if — be the Jiuniber of pole pairs for which the commuta- 
tor brushes are joined 

^ "2 ~ i C/i "A) 

exactly the same equation as we had for the induction machine, 

P 

For a two-pole machine 1, and for a four-pole machine 



In the commutator frequency convertor the whole of the power 
flowing into the commutator flows out of the slip rings, notwith- 
standing any change of frequency, whereas in the electric machine, 
the power flowing into the primary divides into two parts, one part 
proportional to 5 appearing in mechanical form, and the other 
proportional to /g appearing as electrical power in the secondary. 
From considerations of power, this is the outstanding difference 
between the two cases. 

We may now summarize the results we have already obtained. 

1. That motor and generator form together with the transmission 
line a mechanism in the ordinary sense of the word, that is, a means 
of modifying motion and force, or in more general language, of 
changing the flow of energy. 

2. That the electrical and mechanical speed torque character- 
istics of the machine are those of a differential gear, there being a 

F 

definite relation, S X ‘=(/i“/ 2 )» between the stator and rotor 

frequency and the mt'chanical speed, which is identical with that 
in a differential gear. The relation between the mechanical and 
electrical speeds, S, /i, and /g, can only be changed by changing 
the number of poles. 

3. The primary function of the commutator is that of a frequency 
changer, which can change frequencies arbitrarily without change 
of voltage or power. 

P 

4. The same equation, 5 X — /i -/ 2 , is also characteristic of 

the commutator, which is a purely electrical differential gear 
inherently incapable of transmitting a torque. 

Hence, the different types of electrical machine and systems of 
electrical transmission may be compared with a number of differen- 
tial gears, with or without means for varying the number of poles, 
which corresponds to the velocity ratio of mechanical gear and with 
or without commutators, which may be regarded as almost the only 
practical form of gradually adjustable gear in existence. Other 
differences which may be noted to exist are as follows. 
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5. Systems otherwise identical differ in their method of magnetiza- 
tion. 

6. Several revolving fields may be superposed in the same struc- 
ture as in the “ internal cascade machine, the single-phase or 
elliptic-field machine, or the split-pole convertor. Thus the above 
considerations give us three principles of classification — 

{a) According to the disposition we make of the secondary 
power output or output from the “ intermediate shaft of the 
differential gear. A parallel principle leading to approximately 
the same result is according to which of the quantities Pd, /j, or 
is regarded as variable in adjustable speed machines. 

(6) According to the manner in which we employ the commutator 
in our system. 

(c) According to the method of magnetization. In addition to 
this, the machines may be either generators, motors, convertors, 
double-current generators, phase advancers, etc., but this really 
introduces no new feature, as most machines are capable of all 
or most of these functions. If our classification is exhaustive, we 
shall find that when we have assigned our machines a place in each 
of our classes it is completely defined, and nothing further remains 
to be specified, apart from constructional details. 

We shall avoid circumlocution if we define the primary as the 
element into which power flows from the line. 

First Principle — Methods of Disposing of the 
Secondary Power 

The secondary power may be made zero by making the secondary 
frequency zero or as low as practicable. This is done in almost all 
the standard types of machine in wide commercial use. Examples 
of this are the following — • 

1. Ordinary synchronous machines of all kinds where the secon- 
dary frequency is made exactly zero. 

2. Induction machines with short-circuited rotor, where the 
secondary frequency is made very low, and the small amount of 
secondary power generated is dissipated as heat. 

3. Direct-current machines where, according to the above defini- 
tion, the armature must be considered as the primary. From our 
present point of view they only differ from synchronous machines, 
in that the alternating currents which flow in the windings are 
produced from direct current by the commutator instead of being 
supplied by the line. 

4. Repulsion machines (ordinary and inverted) and, in fact, all 
types in which all the windings on one member are short-circuited. 
How the secondary power in elliptic field machines may be reduced 
to zero without confining the machine to synchronous speed will be 
shown below. 
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Secondary Power may be Entirely Wattless, as in the 
single-phase series machine. 

Secondary Power Used in Another Apparatus (cascade 
systems). 

In this case the power flowing out of the secondary is supplied 
to a second machine, which is either independent or mechanically 
coupled to the first. Examples of this are induction machines 
cascaded with other induction machines, synchronous machines, 
or alternating-current commutator machines. 

Secondary Power Transformed to Primary Frequency by 
A Commutator and Returned to the Line. 

Examples of this are certain types of alternating-current commuta- 
tor machines when running at speeds differing from synchronism. 

Second Principle — According to the Manner of 
Using the Commutator 

If we confine ourselves as we are doing to a single machine, the 
only two possible methods of using a commutator are — 

1. On the primary, as in the direct-current machine. 

2. On the secondary, as in the alternating-current commutator 
machines mentioned above. If, however, as may readily be done, 
we extend our survey to groups of machines working in conjunction, 
as in cascade sets, for instance, a large variety of further interesting 
methods of application are revealed. A third way of applying it, 
however, is to confine currents to a definite axis in space, as in the 
repulsion motor, etc. This method only applies to elliptic field 
machines. 

Third Principle — Methods of Magnetization 

Two distinct methods of magnetization may be distinguished — 

1. The primary may be the scat of the magnetizing currents, 
which may be led in direct from the line as in the normal induction 
machine and several others. This may be called high-frequency 
magnetization, and involves the appearance of a considerable 
amount of reactive power proportional to the frequency in the line 
circuit. 

2. The secondary may be the seat of the magnetizing currents, 
which may be led in direct from the line through a frequency- 
changing commutator or supplied by an exciter. This latter method 
may be called low-frequency magnetization, and does not give rise 
to reactive power in the line. In order to understand the various 
methods of magnetization better we shall devote further space to 
the matter later on. 
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PRACTICAL CONSIDERATIONS LIMITING ACTUAL MACHINES 

PROBLEM OF CLASSIFICATION OF FLECTRIC MACHINES 

WITH SOME MECHANICAL ANALOGIES 

Circular or constant intensity field machines. To make up a com- 
plete circular field d^mamo-electric machine we have four elements * 
the line, the stator, the rotor, and the commutator. By making 
various combinations of these, we obtain different types of machine 
having different characteristics and adapted to different purposes. 

Different types of wind- 
ing exist, each capable 
of being adapted for 
connection to dhect 
current, single or poly- 
])hase lines, or to a 
commutator. Each of 
these is capable of 
being built for many 
different polarities. 
Hence when we say, 
'' connect the line to 
the primary,'' we, 
therefore, assume that 
it is provided with an 
appropriate winding. 

The general dynamo- 
electric machine, as 
mentioned above, con- 
sists of two concentric magnetic elements, separated by an air-gap, 
and capable of relative rotation (see Fig. 48) . Each of these elements 
bears a number of conductors disposed n(*xt the air-gap in slots 
parallel to the shaft. The conductors of one or both elements are 
interconnected in such a way as to give rise to a definite number 
of poles, conductors being led off from the stationary element 
direct to the line, save in a few cases where it is short-circuited. 

So far nothing has been said about the interconnection of the 
face conductors. It is seldom realized that the actual types of 
winding employed are in reality adopted in order to adapt the 
machine to take electrical energy in a form which is convenient foi 
transmission. For transmission purposes high voltages are desir- 
able, and, hence, windings permitting a large number of conductors 
per slot are used, notwithstanding the fact that this means a great 
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reduction in the amount of copper which can be got into a slot of 
a given area. 

Again, the number of transmission lines must be kept down to 
2, 3, or 4 at the outside, and, hence, windings must be adapted to 
use direct-current or single, two- or three-phase alternating current. 
It is in order to adapt the machine to these requirements that the 
face conductors are interconnected in the way we actually find, but 
if all that we wish is to study the combination of generator and 
motor as a machine in the manner referred to above, it is unneces- 
sary to complicate the subject by these considerations. We shall, 
therefore, assume that each bar on the generator is connected to a 
•corresponding bar on the motor, either directly or through a com- 
mutator. 

The free ends we shall suppose joined to a common or star point 
by a short-circuiting ring. Four different types of apparatus may 
be built up in this way, which illustrate the different possible 
methods of connecting the djmamo-electric machine. These will be 
described in turn. 

In Fig. 49 is shown the combination of generator and motor, 
which is perhaps the easiest to understand. The conductors on 
one member of both generator and motor are grouped so as to 
produce two distinct magnetic poles, marked N and S in the figure. 
The face conductors on the other members are distributed in slots, 
as shown in Fig. 49, and short-circuited together at one end by a 
ring, while each conductor on the generator is connected to a corres- 
ponding conductor on the motor. The motor and generator, there- 
fore, are identical in construction, and connected together in 
symmetrical manner. 

A fundamental principle of any such generator-motor combina- 
tion must be that the sum of the E.M.P'.'s in each bar from end-ring 
to end-ring shall be zero (Fj -f “ 0). This will be brought about 
if opposite the north pole on the generator we have a south pole on 
the motor, and the two travel together in the same direction at the 
same speed. This forms the simplest possible type of synchronous 
generator and motor combination. 

In the lower part of Fig. 49 is shown the distribution of flux and 
ampere conductors in the core, the dotted lines being intended to 
indicate the lines of force, and the two cui ves showing the generator 
and motor E.M.F.'s The generator E.M.F. is referred to as Ej, 
and the motor E M.F. is referred to as Eg. They are, of couise, 
equal and opposite. They are shown in the diagram as being 
distributed in accordance with a sine curve, and, in order to pro- 
duce this wave-shape the poles used are rounded off in the manner 
shown. There will be a slight difference between and Eg suf- 
ficient to drive the current through the resistance of the bar, and 
this difference will be proportional to the load and vary with the 
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instantaneous value of E^ and E^ as we go round the circumference. 
Thus the current will be in phase with these E.M.F.'s, and will 
travel round the machine at the same rate as the poles. Opposite 



Fig. 49 


the north pole, for instance, the current flows in one direction, and 
opposite the south in the other direction. In the same figure is 
shown a curve of the distribution of rotor ampere conductors, which 
is zero over the space occupied by the material of the pole, and has 
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a constant positive or negative value in the space occupied by the 
coil. 

By fundamental electric laws = vB, where v is the linear 
speed, say, in centimetres per second. By another fundamental 

law, F == — j— ~, where F is the force in dynes acting on the con- 
ductor, I the current in it (amperes) and B the magnetic density 
of the field in which it is placed (lines per sq. cm.). 

Another combination. In Fig. 50 is shown another combination 
illustrating a different principle. This is known as the ** synchronous 
generator induction motor combination.” In all these combinations 
the generator will be supposed to be of the same synchronous type 
as that in Fig. 49. In Fig. 50 the stationary portion of the motor 
remains as before, while the rotor, which previously was of a polar 
form wound for direct current, is replaced by a rotor consisting of 
a number of bars, distributed round the circumference, as shown 
in Fig. 50, and short-circuited at both ends by two end-rings. 

The magnetic flux of the motor is now produced in an entirely 
different way from that of Fig. 49. As before, the E.M.F.'s in each 
bar, including the generator and motor portion, must sum to zero, 
and, hence, the motor flux must be exactly equal and opposite to the 
generator flux, and must revolve with it at exactly the same speed. 

In order to understand correctly how the motor fluxes are pro- 
duced in this case, we shall have to study the subject of magnetiza- 
tion from a somewhat broader point of view. 

Wherever we have magnetic fluxes we have a store of energy, 
and wherever we have varying fluxes we have a flow of energy, 
a maximum of energy being stored when the fluxes are greatest, 
and none when they are zero. If we have an alternating flux, the 
energy surges to and fro, according to the variation of the flux. 
A magnetic flux, in fact, produces an H.M.F. in the circuit which 
excites it, which is opposed to the current on rising flux when energy 
is being absorbed, and assists the current on falling flux, when it is 
being given out. The product of this E.M.F. into the magnetizing 
current at any instant is the power input or output at that instant, 
or the rate of flow of energy. 

If alternating fluxes are to be maintained, therefore, means 
must be supplied to store the energy released during falling flux, 
and to supply the energy required during rising flux. 

The two chief forms of storage of magnetic energy are as the 
electrostatic energy of condensers and the kinetic energy of revolving 
(or oscillating) masses. The law which regulates them in general, of 
course, is that the power output of the inductance must be equal to 
the power input of the storage device at every instant, and vice 
versa, or that the storage device shall absorb the energy at the 
instant at which it is liberated by the flux. 
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The apparatus used to store this surging energy of the magnetic 
fluxes consists usually either of a S5nichronous machine (motor or 
generator) or of some type of alternating-current commutating 
apparatus. 

In order to explain in what manner these apparatus can periodic- 
ally store and give out energy, take first a single-phase synchronous 
generator on a purely induc- 
tive load. 

Three positions of the poles 
relative to the armature are 
shown in Fig. 51. 

It will be seen that during 
rising current the torque is, say, 
negative and the poles are 
being retarded, the machine, 
therefore, giving out energy. At 
maximum current the torque 
is zero, because the flux from a 
given pole cuts as many con- 
ductors in which the current 
flows one way as it docs those 
in whicli it flows the other. 

With falling current the torque 
is reversed, i.e. the machine is 
being accelerated and absorbs 
energy, which, of course, is 
being given out by the falling 
flux in the inductance with 
whicli it is loaded. Other types of synchronous machine exist in 
which both members are excited by alternating current of the same 
or different frequencies. These may also be used to store energy 
in the manner described above. 

In a polyphase inductive load fed from a polyphase synchronous 
machine, the flux does not actually vary but merely rotates. Never- 
theless, it requires reactive power to keep it in rotation, and this 
is supplied by the synchronous machine. As this machine is not 
called upon to store energy, its rotor is not periodically accelerated 
and retarded while feeding such a polyphase inductance. 

Another method whereby the energy of a magnetic flux may 
be stored is by means of alternating-current commutating 
machinery. 

Consider an alternating flux /S cutting a commutator armature 
carrying a current i. If the flux is such that it induces an E.M.F. 
in the armature leading 90° on the current i the torque will be 
negative, i.e. the armature retarded or delivering energy on rising, 
and positive or accelerated and absorbing energy on falling current. 



©©©©©©@@@@©© 
Rising Current 
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Falling Current 
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Max Current 

Fig. 51 
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Thus such an arrangement is also capable of suppling the power 
needed by an alternating flux, *and innumerable different arrange- 
ments based on this principle may be designed. 

These arrangements will be discussed in later sections of this 
work, the present chapter being devoted to general principles. 
We have already discussed an elementary case of single-phase 
magnetization. We shall now discuss the propagation of a wave of 
flux along the gap surface of our electric machine. 

The general law of magnetization, as stated above, is that energy 
flows out of an electric circuit threaded by a falling flux, and into 

a circuit threaded by a rising one. 

Consider a flux sin (mx-pt), 

travelling along the axis in our machine 
accompanied by its magnetizing current 

distribution, A = = mpo cos 

(mx-pt), 

The E.M.F. induced in the conductors is 
El = v^p as explained above. 

It is clear that the waves E^ and A are 
in quadrature with one another. Their 
product is the flow of energy or power. It is clearly negative for 
the rear portion of each half wave where energy is flowing out, and 
positive for the forward portion where it is flowing in. 

Another method of arriving at the same result is the following — 



Energy densit}’^ due to a magnetic density p 

w =- IJII _ ^ sin* (mx-pi) 

"" -('os2 

dW in 

df ^ ^ {mx-pt) =- energy flow. 


Consider a flux wave p travelling along the x axis in the machine 
shown in Fig. 50, accompanied b}^ its magnetizing current distribu- 
tion /o, the E.M.F. induced in the conductors is Eg ~ 
explained above. 

The waves E^ or vp and I^ are shown in quadrature with one 
another for a reason which will appear shortly. Their product is 
the flow of energy or power. 

In the diagram the curves Ej and Eg, and 7^ the magnetizing 
current, are shown. It has already been pointed out that Eg is 
proportional to and in phase with p, the curve of magnetic density, 
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and, therefore, the curve marked in the figure may also represent 
jg to a different scale. 

The density of magnetic energy in the air-gap at any point where 

52 

there is a flux density /S is equal to — , fx being the permeance of 

1 sq. cm. of the gap area. The curve of energetic density obtained 
from this figure is already shown in the same figure, and, of course, 
reaches its maximum when ^ is a maximum, and is zero when jS 
is zero. It is, of course, the same whether jS is positive or negative. 

In the lower curve is shown the rate of change of this energy 
density which gives the inflow and the outflow of the magnetizing 
power. This rate of change is zero wherever the curve of density 
passes through a maximum or minimum point, and is represented 
by a sine curve having half the wavelength of the curve of magnetic 
density. 

This curve shows that power is flowing out of the motor along the 
conductors 1 and 2, 5 and 6, and is flowing into the motor along the 
conductors 3 and 4, 7 and 8, the former conductor being on the 
rear side of the wave, and the latter conductors on the wave front. 

Power is flowing out of the motor when the E.M.F. and the 
magnetizing current I^ are flowing in the same direction. It is 
flowing into the motor when they are flowing in opposite directions, 
the total inflow and outflow of power summed over all the conductors 
being zero. Referring to the upper curve, it will be seen that Iq 
and Eg flowing in the same direction in conductors 1 and 2, 
5 and 6, and in opposite directions in the remaining conductors. 
Hence, if is in quadrature with Eg, as shown, the conditions 
required by the general principle of magnetization are met. This 
proves that the magnetizing current must be in quadrature with 
both the applied and counter E.M.F. of the machine. 

Process o£ magnetization. The process of magnetization is the 
following — 

Power flows out of the rear side of the motor flux wave to the 
generator and tends to accelerate it. Meanwhile, power flows out 
of the generator at another point into the front of the motor wave, 
thus propagating it and producing a retardation which cancels the 
above acceleration. This is the mechanism of magnetization, and 
as the generator may be miles away from the motor its unsatisfac- 
tory and uneconomical nature is quite clear. The magnetizing 
currents have to traverse twice the distance between generator and 
motor in order to move forward one wavelength — perhaps a foot. 
Since the rotor winding is completely short-circuited, the E.M.F.'s 
in each bar must be either zero, or only such as can be consumed by 
the resistance drop in the bar and end-ring. The only way in which 
this E.M.F. can become zero is if the rotor revolves at the same 
speed as the poles of the generator, that is, the same speed as the 
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motor flux, which, therefore, does not cut it and produces no E.M,F, 
in it. 

If the rotor lags behind the revolving flux by a small amount 
known as the '' slip '' 5, a small E.M,F. will be induced in it which 


will produce a current 


SE^ 

R 


in phase with itself. This is shown in 


the lower portion of Fig. 50, in which it will be seen that the rotor 
current is in phase with the curve of flux density, and is a maximum 
at the point of maximum flux density. 

We have already discussed the current which flows into the 
stator on no-load, and serves to produce the magnetic flux. This 
magnetic flux remains practically the same on full load since, as 
we have seen, Eg balance Ej in virtue of the existence 

in the motor of a flux equal to that in the generator, which latter, 
of course, does not vary. Hence, to prevent the rotor currents 
exerting any magnetic action, a further set of currents will flow 
in the stator winding equal and opposite to those in the rotor wind- 
ing, These are known as the stator load currents. Compounding 
with the stator magnetizing current we see that the resultant stator 
current is nearly in opposition to the total rotor current, but lags 
somewhat from that position, due to the influence of the magnetiz- 
ing current. This is shown at the bottom of Fig. 50. It is impossible 
in this type of machine to cause the load current and magnetizing 
current to flow in different circuits, but this may be done in machines 
such as will be described later. 

A description of the nature and function of the commutator has 
been given above. 

In Fig. 53 a third combination is shown, in which the flux of 
both motor and generator is produced by a definite polar winding, 
as in Fig. 49. It is most convenient to suppose in this case that these 
poles are stationary, and that the distributed face conductors are 
in rotation. Each of these conductors must now be supposed con- 
nected to a bar of a commutator, both on the motor and generator, 
which are identical as in Fig. 49, and if each generator bar is still 
to be placed in series with a corresponding motor bar, we must 
suppose a separate brush rests on every segment of both generator 
and motor, each generator brush being connected to a corresponding 
motor brush. Here the magnetization of the motor, as just men- 
tioned, is supplied independently. 

It is still, of course, necessary that we should have Eg equal to 
Ej, but now it is possible for this to be brought about in a different 
manner. In the cases of both the synchronous and the induction 
machines, this condition rendered it necessary for the two fluxes 
to be exactly equal and opposite. Here, however, since the bar 
which is connected to a given brush always lies in a particular 
part of the field whose density is constant, the potential of that 
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brush will no longer be alternating but constant. Thus, if the 
fields are no longer equal, the motor field being, say, weaker than 
the generator field, so that the equation = Eg* takes the form 
of Eg, Vi being the speed of the generator and 

that of the motor, while is the generator density, and Eg the 
motor density. 

As before, there will be a slight difference between and Eg 


; 2 3 4 5 6 7 3 




Fig. 53 


necessary to drive the current against the resistance of the circuit. 
Since we still suppose the distribution of the magnetic density to 
be in accordance with a sine wave, the currents in the different 
line wires joining the brushes will now be different, being also distri- 
buted in a sine wave, thus they will be greater in bars 2 and 3 than 
in bars 1 and 4, and the currents in bars 5, 6, 7, and 8 will be reversed 
in respect to those in bars 1, 2, 3, and 4. 

In actual direct-current machines, types of winding are adopted 
which dispense with the necessity of one brush for each bar, and 
require a number of brushes equal to the number of poles only. 
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But, for our present purpose, these types of winding need not 
detain us. 

In Fig. 54 a fourth method of interconnecting the face conduc- 
tors is shown. In this there are two distinct stator windings, one 




Fig. 54 


for carrying the load current, as discussed in connection with Fig. 50. 
The rotor, however, is no longer short-circuited as in Fig. 50, but 
is constructed with a commutator in the manner shown in Fig. 54. 
The free end of the stator winding is not short-circuited by means 
of an end-ring as in Fig. 50, but connected to the brushes on the 
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commutator of the rotor, the connection being as shown in Fig, 55, 
Hence, any current flowing through the stator bar from L~R, say, 
is conducted into the rotor and flows back again from R — L along 
the rotor bar to the star point. Thus the magnetic effect of the 
stator bar is exactly cancelled by that of the rotor bar, since they 
carry exactly equal and oppositely flowing currents. 

Comparing this with Fig. 50, we see that the equal and opposite 
stator and rotor load currents which are found to exist in the induc- 
tion motor are here brought about in a different way by conductive 
rather than inductive means, but so far no provision whatever has 
been made to produce the magnetic flux necessary to induce a 
C.E.M.F, to balance the generator E.M.F. 

This is produced by a separate winding, shown dotted, whose 
bars are connected in parallel with the line bars. These bars are 
short-circuited by means of an end-ring as before, and, therefore. 



Fig. 55 


there are no corresponding currents in the rotor to neutralize their 
effect, and, consequently, they supply the magnetizing current of 
the machine. If the rotor of this machine runs at synchronous 
speed, as in the case of Fig. 50, the E.M.F. in the rotor bar will be 
zero, as before, and the current and the voltage distribution will 
be absolutely identical with that in the induction motor. But 
owing to the presence of the commutator it is possible by running 
above or below synchronism to add to the voltage in each bar of 
the stator, a voltage in the rotor bar in series with it, which will 
be either in phase or opposite in phase according to whether we 
run above or below synchronism. 

The currents and voltages in this machine are shown in the 
figure below, the voltages being indicated by dotted lines. At zero 
speed the voltages in the rotor bars will be equal and opposite to 
those in the stator bars, since they are connected in opposite direc- 
tions, and hence, any rotor bar together with any stator bar with 
which it is in series will be, as a whole, non-inductive. As the 
machine speeds up, in the same direction as the field, the voltage in 
the rotor bar is reduced. At half synchronous speed the voltage 
will be reduced to half, as shown in the curve. At ^ of synchronous 
speed, it will be reduced to while at exact synchronism it 
vanishes. At 1*5 s 5 mchronous speed it will be equal and opposite 
to its value at half synchronous. 

^( 5510 ) 
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At synchronous speed, therefore, the voltage induced by the flux 
in the stator bar is no longer balanced by any such voltage iir the 
rotor bar. 

For the same reason, as in the case of the direct-current machine, 
the equation ~ no longer involves equality of flux in the 
motor and generator, the equation being now replaced as 

before by x where V 2 is the speed of the flux 

wave relative to the rotor. At standstill, ^^3 — 0, and, if the 
motor is running at k times synchronous 
speed, 7^3 ~ (1 ” Substituting this in the 
above equation we get = k.v^-Bo- Of 
course, V 2 being the speed of the flux wave 
which is determined by the frequency of 
supply it is invariable, and hence, if B 2 is 
weakened, a rise in the speed of the machine 
is necessary, as in the direct-current case 
previousl}^ considered, in order that the 
equation may remain true. In fact, the 
direct-curn'nt machine is simply the limiting 
case of the type of machine now under dis- 
cussion when 7^2 = d. 

It will be of interest now to study the 
amount of pow(T appearing at the commutator 
of this machine. Since the rotor is directly 
in series with the stator, the curr(‘nts in the 
two must nect^ssarily be equal. Hence the 
ratio of the amounts of power ap)pcaring in 
the two members will simply be the ratio of the E.M.k'.’s in these 
members. At synchronism the rotor voltage is zero, and hence, 
the power appearing at the commutator will also be zero. 

At half synchronism the rotor voltage is half the stator voltage, 
and, therefore, the rotor power half the stator power. Since the 
current flows in opposition to the E.M.F. in tlic stator, and in the 
same direction as the E.M.F. in the rotor, the stator power is 
opposite in sign to the rotor power. Below synchronism, therefore, 
power is flowing out of the rotor ; above synchronism the E.M.F. s 
in stator and rotor coincide in direction relative to the current 
(both being in opposition to it), and hence there is an inflow of 
power into the rotor. 

In general, whenever the secondary member (that is, the member 
which is not connected directly to the line) differs from synchronous 
speed, it is necessary to provide for an inflow or outflow of elec- 
trical power from it. In the majority of types, for instance, the 
synchronous, the induction, or direct -current machines, we do not 
depart from synchronous speed. But in other cases, such as the 
present, the disposal of this secondary power forms a serious 
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problem. In this case, below synchronism, the secondary power 
cancels a portion of the power represented by the product of 
stator E.M.F. and current, and is thus returned to the line through 
the agency of the commutator. In other cases, other means of 
disposing of this secondary 
j)ower will be discussed. 

In all the types of machine 
so far discussed the flux is 
of constant intensity and 
revolves at a uniform si)eed, 
but not all machines have 
this type of flux. The homo- 
polar machine, of course, has 
a flux density which is con- 
stant allround the periphery, 
and is not made up of a 
number of successive north 
and south poles. This 
machine excepted, all known 
types of field can be analysed 
into a multiplicity of such 
constant intensity fluxes 
revolving at uniform speeds, 
either relative to each other 
or to one or both of the 
members. 

For instance, one large 
class of machini'S are the 
elliptic flux machines, where 
the resultant flux may be 
considered to consist of two 
opposite rotating fluxes of 
the type described above, 
each having the same num- 
ber of poles. A machine of 
this type is shown in Fig. 57, 
which is similar to Fig. 50, 
save for the nature of the 
impressed wave of Ii.M.F. Fig. 57 

This is no longer a revolving 

polyphase E.M.F., in which each conductor in turn has the same 
E.M.F. induced in it, but consists of a standing wave in which 
certain conductors have a maximum E.M.F. induced and others a 
minimum, or none at all in the single-phase case. 

Clearly, in Fig. 57, a north pole of one set crosses a south pole 
of the other at a point such as A, and here, since they are moving 
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in opposite directions, the E.M.F. induced in the bar will be a 
maximum. A quarter of a wavelength away from this, for instance, 
at BB, the north pole of the two sets will cross one another, and the 
E.M.F. induced in the bar will be zero. Thus, the E.M.F. impressed 
on the motor will be a standing wave, as shown at the bottom of 
the figure. This case should be very carefully distinguished from 
the case shown in Fig. 56, in which a single set of revolving poles 
is assumed to cut a winding wound as a single-phase concentric 




Fig. 58 


coil. Here, owing to the method of connection, a standing wave of 
current only is impressed on the motor, that is to say, the current 
distribution in tlie motor will be the same as that in the generator. 

Clearly, the E.M.F. impressed on the motor, due to the revolving 
field cutting the single phase generator winding, can be balanced 
by a flux in the motor exactly equal and opposite to the generator 
flux, that is, a revolving field exactly resembling the generator 
field. Hence, while in Fig. 57 the motor field cannot be of the 
simple revolving type, but must consist of two oppositely rotating 
fields, in Fig. 56 a revolving field is quite suitable, and hence the 
distinction between the two is very great. Later on it will be 
necessary to develop the full meaning of this difference in detail. 

Still another type of field is that known as the multiple polarity 
field, in which the two fields may still revolve in opposite directions, 
but are of different pole numbers instead of the same. Here it will 
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still be found that the E.M.F/s induced in certain bars are greater 
than those induced in others. Consider the case of two and four 
poles revolving in opposite directions, the four-pole moving to the 
left at half the speed of the two-pole, which travels towards the 
right. This is shown in Fig. 58. We have here to draw attention 
to a very important characteristic of such combination, the conse- 
quence of which will be developed fully later on. In Fig. 58(a) we 
show the first position of the two- and four-pole combination* It 
will be seen that poles and Sg are 
opposite N, and iVg and ^4 are 
opposite pole 5. 

In Fig. 58(b) we suppose that the 
two poles are moved through two- 
thirds of the circumference towards 
the right, and that the four poles 
have moved over one-third of the 
circumference towards the left. It 
will be seen that as a result of this 
motion the relative position of the 
poles is exactly the same as before, 
namely, N, and Sg opposite pole N , 
and A^3 and 54 opposite pole S, In 
Fig. 58(c) the poles N and S are 
supposed to have moved through a further two-thirds of the cir- 
cumference to the right, while the four poles have moved through 
one-third towards the left. And it will be seen that the relative 
position of the poles is still the same as before. Thus, with a two- 
and four-pole combination moving at speeds inversely proportional 
to the number of poles, the relative position of the poles at a 
particular instant is exactly repeated at two further instances before 
the poles return to their original position. The reason for this is 
perhaps seen more clearly from Fig. 58(d), in which we suppose two 
vectors starting from A moving in opposite directions, one of them 
revolving clockwise at a particular speed, and the other counter- 
clockwise at twice that speed. 

It is clear that when the clockwise revolving vector has passed 
through 120'" the counter-clockwise revolving vector will have 
passed through 240°, and they will, therefore, again coincide at 
the point B, Moreover, when the clockwise revolving vector has 
passed through 240° the counter-clockwise vector will have passed 
through 480° = 360° + 120° measured in the counter-clockwise 
direction. Hence the two vectors coincide a third time at the 
point C. 

To sum up, of all the possible permutations, only four distinct 
types of machine emerge — those briefly described above, all of 
which may be derived from one another by simple mechanical 
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processes of inversion, etc. Thus, starting from the direct-current 
machine we may (1) replace the commutator by a polyphase set of 
collector rings, and we have a synchronous machine ; (2) replace 
ihe field winding by a squirrel cage, and we have the induction 
type ; (3) invert, making the secondary the rotor, replace the 
squirrel cage by a commutator carrying a polyphase set of short- 
circuited brushes, and reconnect the brushes in the manner described 
above, and we have the polyphase commutator type. These con- 
structional modifications have one of two objects — 

[а) Adaptation to different kinds of current, as when we change 
a direct-current to a polyphase macliinc. 

(б) To obtain characteristics adapted to some particular variety 
of industrial work, as when we change the induction to the commuta- 
tor type. It should be recognized, however, that in spite of all 
variations, there is but one d\mamo-electric machine retaining its 
main features unchanged throughout. It is interesting to note that 
machines with scries characteristics invariably have commutators. 

Convertors. Various types of convertors exist calling for a place 
in our classification. The function of a convertor is essentially to 
produce a change in frequency, and, hence, when it consists only of 
a single machine it is invariably of the commutator type. Such an 
apparatus (in the ideal case) is not called upon to develop torque, 
and, hence, no secondary power exists. Certain types of frequency 
convertor are fitted with field windings whose sole jnirpose is to 
produce a flux. In this case the secondar\" power is wattless or 
reactive, the only possible case of reactive secondary power in a 
circular field machine. Convertors to operate on constant voltage 
must necessarily be shunt machines 
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ELLIPTIC FIELD MACHINES 

When wc come to elliptic lield machines an entirely new set of 
possibilities presents itself. The secondary power in such a machine 
may be reduced to zero, tliough neither the secondary E.M.F. nor 
current is zero. Moreover, in certain cases it may become entirely 
wattless, a case whicli cannot occur in circular field machines. An 
elliptic field machine must necessarily have a commutator, since 
any machine having a short-circuited or separately-excited sec- 
ondary must necessarily give rise to a circular field. [Note : The 
case of continuous dissipation of power, as in the single-phasa 
induction motor operating below synchronism, is considered to be 
excluded by the assumption that we are dealing with " ideal ” 
machines.) 

Owing to the presence of this commutator, the secondary power, 
when it exists, appears at line frequency, and there is, therefore, 
no difficulty in returning it to the line or deriving it therefrom. In 
dealing with circular field machines, w(‘ found it useful to draw a 
distinction between the cases in which the commutator was on the 
primary or on the secondary, and we shall still find it useful to draw 
the same distinction. It enablc's us to divide our machines into two 
classes, containing jiairs of machines which may be shown to be 
exactly reciprocal to one anothcT. For instance, dealing with 
single-phase series type motois, w^e may di\’id(' them into a number 
of pairs. 

Diagrams of these machines are shown in Figs. 59, 60, 61, 62, 
63, and 64. The last machine, wdiich I have provisionedly called 
the compensated inverted repulsion motor, is showm in Fig. 64. 
It is quite as practical a type as any of thc^ others, and may even 
have some advantages. I.et us now' consider in wdiat manner the 
secondary powTr is disjiosed of in some of tlu‘se pairs of machines. 

In the repulsion motors, ordinary and inverted, the secondary 
circuits are completely short-circuited, and, hence, the secondary 
pow'er zero. In the neutralized seri(‘s and compensated repulsion 
motors, as also in the last pair, the secondary pow'er is used entirely 
for magnetizing and is, therefore, w'attless. If the magnetization is 
of the low frequency type, as in the compensated repulsion motor, 
the .secondary power [Note : It should j)erhaps be mentioned that 
by “ secondary })ow'er w'e mean the actual powTr measurable by 
a wattmeter, and not any fictitious quantity such as some theories 
accustom us to consider) vanishes completely at a particular speed 
(synchronism). The distinction which w'e have drawn between 

87 
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machines having the commutator on the primary and on the 
secondary merely symbolizes other important differences. Machines 
with commutator on the primary are ** pulsating field machines ** 
having a field distribution of the well-known type characteristic 
of the neutralized series motor, viz. having a definite axis fixed in 
space. Such machines may conveniently be built with salient 
poles. Machines with commutator on the secondary are revolving 
field machines,” in which the field reyolves elliptically at all speeds, 
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becoming circular, as a rule, at synchronism. Such machines require 
an induction motor type of stator with uniform air-gap all around. 
There are, moreover, important differences between the commuta- 
tion of the two types. In the ” revolving field type,” since the 
flux revolves with the armature at synchronism, the commutating 
conditions are identical at this speed with those in direct-current 
machines. In the pulsating field type, of course, no such condi- 
tions exist, hence the above-mentioned distinction symbolizes a 
large number of practical differences independent of any theory. 
Moreover, the same distinction has been shown to be significant 
with reference to all standard types of machine also. In order to 
discuss the elliptic field machines more fully, it is necessary to enter 
upon their theory to a certain extent. The writer has accustomed 
himself to think in terms of a certain theory which is described in 
a treatise entitled Single-phase Commutator Motors} published by 

1 Constable. 
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him in 1913. Although this method of studying elliptic field motors 
is not at present very widely known, it presents considerable advan- 
tages, and it will accordingly be made use of here. The purpose 
in the following discussion, however, is purely that of explaining 
the two reciprocal classes of single-phase series type motor which 
have been mentioned above and, as it adds nothing further to our 
results, may be omitted by the reader who is unfamiliar with the 
methods used, and who is willing to take for granted the reciprocity 
of the two classes. 

Power calculations in elliptic field machines. The secondary 
power is now the product of an elliptically distributed E.M.F., 
and an independent elliptically distributed current which may 
have quite different axes from that of the E.M.F. The multiplica- 
tion of such ellipses has been discussed in the writer’s Single-phase 
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Commutator Motors, Appendix, pages 108-109, where two products, 
the sine ” and the '' cosine ” product, are defined as follows : 
Suppose we wish to multiply any two vector ellipses, we must 
resolve each into a pair of conjugate diameters which will be in 
quadrature with one another. These are shown n Fig. 65 as ah 
and a*h', and they must be so chosen that a is in phase with a\ 
and h with h\ If a is the angle between a and a', and p that between 
b and b\ we define the cosine product of the two ellipses as aa' 
cos a + bb' cos p. If one ellipse represents a current distribution 
and the other an E.M.F. distribution, then the “ cosine ” product 
represents the maximum power flowing due to the two, and J (aa' 
cos a + bb' cos /3) is the mean power. In the case in which both 
ellipses reduce to circles, we have a —b, a' , a ~ p, so that 
the mean power will be a' cos a, which is the usual expression. 
Since a is in quadrature with 6', and b with a\ we have not con- 
sidered the products of these terms, as they will give rise to purely 
wattless or reactive terms. It is quite clear that the above expression 
may be reduced to zero in many ways without either of the factors 
being zero, and, hence, the secondary power of our elliptic field 
machines may be zero or purely wattless, without either the 
secondary current or E.M.F. being zero. Hence, such machines are 
not restricted to synchronous speed in the absence of some means 
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of disposing of the secondary power, as are machines of the circular 
field type. We shall now discuss some of the principal cases in 
which such a product may be zero without either of the factors 
vanishing. 

1. Ellipses similar and of similar phase and at right angles to 

one another (see Fig. 66). In this case a = ^ 90°, and the product 

is wattless since neither aV nor a'b is at right angles. 

2. Each ellipse reduces to a straight line, both being at right 
angles (see Fig. 67). In this case the product is accurately zero, 
not wattless, and this is the only case in which it is accurately zero, 
except with a circular field at synchronism 

aa' cos a by cos ft 

In this case the two ellipses rotate in opposite directions. We 
shall not come across any instance of this. Let us now consider 
what distributions of current and E.M.F. occur in some of the best 
known types of single-phase motor having series characteristics. 
Consider first the case in which the commutator is on the 
primary. This case includes two well-known types, the neutral- 
ized series motor and the inverted repulsion motor. Both of 
these involve a stator element which is, or permissibly may be, 
short-circuited. 

(а) The Inverted Repulsion Motor, In the stator or secondary 
element the current flows entirely in the short-circuited coil, and 
will be represented by a straight line ellipse parallel to the axis 
of that coil. Since the coil is short-circuited the flux cannot inter- 
link it, and must be, therefore, of the pulsating '' type repre- 
sented by a straight line ellipse perpendicular to the axis of the 
coil. The same ellipse may also represent the E.M.F. to a suitable 
scale if we displace the phase by 90^^. Hence in this case, the two 
ellipses of E.M.F. and current reduce to two straight lines at right 
angles, and the '' cosine product is, therefore, accurately zero 
(see Fig. 68). The ampere-tunis necessary to excite the flux are., 
of course, supplied by the primary. 

(б) The Neutralized Series Motor also contains a short-circuited 
element on its stator or secondary, viz. the neutralizing coil. For 
the same reasons as stated above, the current 1^ in the neutralizing 
coil and the flux and E.M.F. will be represented by two straight 
line ellipses at right angles (see Fig. 69). In the present machine, 
however, the magnetizing ampere-turns necessary to excite the 
flux are on the secondary, being supplied by the field winding. The 
field currents will be represented by another straight line ellipse //, 
parallel to a and the resultant stator current by 7. Thus, since 7 
and E are no longer at right angles their product will not be accur- 
ately zero, but since they are still in quadrature, it will be wattless. 
We shall now turn to the machines of the rotating field type 
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which are reciprocal to the two just discussed, viz. the ordinary and 
compensated repulsion motors. 

3. The Repulsion Motor, In the rotor or secondary element the 
current flows entirely in the short-circuited circuit, and will be 
represented by a straight line ellipse parallel to the axis of that 
circuit. The E.M.F. across any short-circuited circuit is obviously 
zero, and the E.M.F. ellipse therefore reduces to a straight line 
perpendicular to the first, though, of course, it no longer follows 
that the flux is of the same form. Thus the rotor E.M.F. and current 
ellipses of the ordinary repulsion motor are identical with the 
stator E.M.F. and current ellipses of the inverted repulsion motor 
(see Fig. 70). 

4. The Compensated RcpuUion Motor also contains a short-cir- 
cuited element on its rotcr or secondary. For the same reasons as 
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in the ordinary repulsion motor, the current in the short circuit I 
and the E.M.F. will be represented by two straight line ellipses at 
right angles (see Fig. 71). In this machine, however, the magnetiz- 
ing ampere-tums necessary to excite the flux are on the secondary, 
being supplied by the circuit through the field brushes. The field 
currents will be represented by another straight line ellipse If 
parallel to E, and the resultant stator current by 7. Thus, since 
I and E are no longer at right angles, their product will no longer 
be accurately zero, but since they are still in quadrature it will be 
wattless (reducing to zero at synchronism, however, since in this 
machine low frequency magnetization is made use of). 

In the above discussion only the secondary E.M.F. and current 
distributions are considered, but it is easy to show that primary 
E.M.F. and current distributions are reciprocal also. In order to 
bring this out in its clearest form we paraphrase the discussion in 
Single-phase Commutator Motors, pages 51, 52, 53, in two parallel 
columns on page 92. 

Shunt tsTPe machines. There is by no means so large a variety 
of shunt type as of series motors having different modes of opera- 
tion though substantially the same characteristics. Although the 
number of constructional modifications which may be suggested is, 
of course, endless, all practicable types of motor reduce, in the end, 
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to what is essentially one machine. This is due to the following 
facts. 

Consider the ordinary shunt motor operated on alternating cur- 
rent. If the armature current is approximately in phase with the 


Tfte Repulsion Motor 
Rotor EMF, 

Since the rotor is short-cir- 
cuited along the axis OP there 
can be no E.M.F. along that 
axis, and the rotor E.M.F. 
ellipse is, therefore, a straight 
line along OR perpendicular to 
OP, 

Flux Distrihution 

Such a rotor E.M.F. distribu- 
tion can only be produced at 
speed jK" by a flux ellipse whose 
axis lies along OP and OR, that 
along OR being of length a, say, 
that along OP being Ka, where 
K = speed synchronism. In 
this case the transformer 
E.M.F. and E.M.F. of rotation 
along the short-circuited axis 
OP will cancel, leaving a straight 
line distribution of rotor E.M.F. 

Stator E.M.F. 

The stator E.M.F. due to this 
flux distribution will also be 
represented to a suitable scale by 
exactly the same ellipse as the 
flux, 


Terminal E.M.F, 

This ellipse must touch a line 
perpendicular to OQ, and at a 
distance OE from the origin 
equal to the maximum terminal 
E.M.F. 


The Inverted Repulsion 
Motor Stator E.M.F. 

Since the stator is short-cir- 
cuited along the axis OP there 
can be no E.M.F. along that 
axis, and the stator E.M.F. 
ellipse is, therefore, a straight 
line along OR perpendicular to 
OP. 

Flux Distrihution 

Such a stator E.M.F. distribu- 
tion can only be produced by 
an exactly similar flux distribu- 
tion, which may be represented 
to an appropriate scale by 
exactly the same straight line 
ellipse. 


Rotor E.M.F. 

This purely single-phase flux 
ellipse induces in the rotor an 
E.M.F. ellipse whose axis lies 
along OP and OR, that along 
OR being of length a say, and 
that along OP being Ka. 

Terminal E.M.F. 

This ellipse must touch a line 
perpendicular to OQ, and at a 
distance OE from the origin 
equal to the maximum terminal 
E.M.F. 
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line E.M.F., which it should be, of course, for operation on good 
power factor, it will be in quadrature with the flux, which lags 
90° behind the line E.M.F. In order, therefore, to keep the flux 
and current in phase, we need to supply the field with an E.M.F. 
leading 90° on the armature or line E.M.F. 

There is but one way to generate such an E.M.F. if we are to 
retain a purely single-phase motor, and that is by means of a pair 
of brushes arranged on the armature at right angles to the load 
brushes or those which carry the main current. The practical 



machine in which this principle is carried out in its simplest form 
is usually called the Atkinson commutator induction motor. It 
consists of a distributed single-phase winding on the stator, a pair 
of short-circuited brushes co-axial with the stator winding, and 
another pair at right angles thereto, also short-circuited. 

The E.M.F. of rotation induced in this latter pair of brushes by 
the primary flux leads 90° on the line E.M.F. and is, therefore, 
capable of producing the field we require. 

This commutator armature with its two pairs of short-circuited 
brushes may be replaced by a plain squirrel-cage armature giving 
us the ordinary single- phase induction motor. Such a machine is 
of the " rotating field type, and is. therefore, capable of low- 
frequency magnetization, otherwise known as compensation, by a 
well-known method. Such a machine is the single-phase repre- 
sentative of the polyphase or circular field machines discussed above, 
and, in fact, a polyphase commutator machine of which one phase 
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has been disconnected will, if of the shunt type, continue to operate 
on single phase just as an induction motor will. Our principles of 
classification do not necessitate any distinction being drawn between 
single-phase and polyphase machines so long as the fields of both 
remain circular. The principal utility of these single-phase commu- 
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tator shunt machines is as adjustable speed machines, and two 
methods exist for varying the speed from synchronous — 

1. By introducing power into the appropriate rotor circuit (see 
Fig. 76) by means of a transformer, in exactly the same way as in 
the case of three-phase motors. Our principles as mentioned above 
do not necessitate a distinction being drawn between the single 
and the three-phase case. 

2. A method peculiar to the single-phase motor, consisting in 
weakening the field perpendicular to the stator axis by means of 
reactance or an auxiliary coil placed in series with the field brushes. 
In this case, the rotor power is no longer zero, but wattless, being 
that consumed by the reactance or by the auxiliary coil. This 
method of weakening the field is shown in Figs. 74 and 75. 
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VARIATION OF POLE NUMBER AND 
SUMMARY OF CLASSIFICATION 

But besides these classifications, every type may be built for vari- 
able pole numbers. One method of changing the number of poles 
is by changing the connections of the conductors, the effect being to 
alter the number of bands of current while the phase difference be- 
tween adjacent bands remains the same ; so that, for instance, instead 
of a small number of wide bands of current, the machine presents a 
large number of correspondingly narrower bands. A second method, 



ooooooooooooooooo 

Fig. 77 


RShmhhMII 


OOOOOOOOOOOOOOOOO 
Fig. 78 

on the contrary, provides for varying the phase difference between 
adjacent bands of current, the number and width of the bands 
lemaining unaltered. These two methods are more fully explained 
in Chapter XXI, page 185. 

These methods, particularly the second, can be applied to many 
other types of dynamo-electric machines, as well as to the induction 
motor. Fig. 77 shows, diagrammatically, an induction motor, with 
a ring winding having eight tappings by which an 8-phase supply 
can be connected to it, so as to produce either 2 poles or 4 poles. 
Fig. 78 represents an ordinary induction motor having a fixed 
number of poles, i.e. 4 poles. Its winding has the same tappings, 
but they are cross-connected, so that the motor has but four ter- 
minals for connection to a 2-phase supply. The change that has 
been made, therefore, in changing from a constant pole number to 
a variable pole number type, is to omit the cross-connections and 
to vary the pole number of the motor by varying the phase differ- 
ence between the eight terminals. The cross-connections being no 
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longer necessary, the winding need not fulfil the conditions that 
they impose, and, the best number of phases in the supply is a 
prime number which in none of its connections to the motor will 
admit of cross-connections being inserted. 

If the motor of Fig. 77 is provided with a wound rotor tapped 
off to a number of slip-rings in a suitable manner, and these slip- 
rings be fed with direct current, the motor operates as a synchronous 



Fig. 80 


motor. Instead of supplying to the slip-rings E.M.F.*s differing in 
phase, constant E.M.F.'s of magnitudes proportional to a number 
of equidistant ordinates of a sine curve are supplied. 

Or alternatively, the supply to the rotor may be obtained from 
a variable pole generator of the type described below. 

It is well known that the ordinary induction motor can be con- 
verted into a commutator motor by the addition of a commutator 
to its rotor winding with brushes upon it joined to the mains 
directly or through transformers, and that this addition makes phase 
compensation and self-excitation possible. In precisely the same 
way the induction motor, just described, can have a commutator 
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and brushes added to it and operate as a variable pole commutator 
machine. Fig. 79, for instance, shows a shunt commutator machine 
so constructed, the brushes being connected to the mains through 
transformers, while Fig. 80 shows a substantially identical machine 
provided with cross-connections which convert it into a fixed pole- 
number shunt commutator machine. If collector rings are attached 
to tappings on the armature winding of Fig. 79, chosen according 
to the principles explained elsewhere, a frequency convertor is 
obtained, which, as will appear below, may for a particular setting 
of brushes operate as a rotary convertor. A switching operation 
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must, of course, be performed on those collector rings whenever the 
number of poles is changed. Fig. 81 illustrates in the same diagram- 
matic manner a variable pole series commutator machine with 
star-connected stator winding, the rotor winding being connected 
into the star point. Fig. 82 shows a shunt conduction commutator 
motor, of which the neutralizing winding is shown in full lines 
and the field winding dotted. There must be no connection between 
adjacent sections of the neutralizing winding, but, on the contrary, 
it is star-connected, the rotor taking the place of the star point, 
and this must be borne in mind when designing the neutralizing 
winding, as not every type of winding is capable of being arranged 
to give the required distribution of ampere-conductors when 
arranged in star. There is a conductive type of machine corres- 
ponding to each inductive type, and this holds good of variable 
pole machines. Fig. 83 is a diagram of the ordinary form of phase 
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advancer, and Fig. 84 shows the connections of a phase advancer 
adapted for use on different numbers of poles, for instance, for use 
in connection with any of the induction motors hitherto described. 

Any of these motors will, if its rotor is mechanically driven, 
generate current, and so constitute a variable pole generator. The 
motor of Fig. 82, for instance, if mechanically driven, forms a 
variable pole generator. That the machine will excite itself when 
mechanically driven has been fully shown. 

In Figs. 85 and 86 is shown a ring-wound shunt conduction 
motor, substantially identical with Fig. 82. Only three sections of 
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the neutralizing winding are shown (dotted) for tlic sake of clear- 
ness. It should be noted that in a neutralized machine the relative 
position of brushes and neutralizing winding must be kept fixed, 
and, therefore, instead of moving the brushes we must move the 
points of connection of the field winding. In many cases, however, 
a neutralizing winding is unnecessary. 

In the arrangement shown in these figures, 13-phase alternating 
current will be supplied from the brushes, and in the limiting case 
to be dealt with fully below direct current can be taken from the 
brushes, giving, in effect, a 13-wire system. Or supply might be 
taken from any less number of the brushes. 

Of course, the differences of potential between the brushes of 
such a direct-current machine are not equal, but the potentials of 
a number of brushes spaced over a pole-pair or 360 electrical degrees 
are proportional to equally spaced ordinates of a complete sine 
curve. In other words, the potential of each brush is directly 
proportional to the sine of the angle in electrical degrees by which 
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the brush is displaced from a zero-potential point on the 
commutator. 

As will appear below, the pole number will be variable by 
mechanically moving the brushes over the commutator, with the 
exception that, in a machine with a neutralizing winding, the 




Fig. 85 



Fig. 86 


brushes having to be kept fixed, some form of switching device 
must be employed to alter correspondingly the tapping points on 
the field winding instead. 

As an example, if each brush and the field tapping to which it is 
connected are displaced by half the circumference, the distribution 
is 2 pole, and the machine will generate direct current. If this 
displacement is slightly varied the supply becomes alternating of 
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frequency depending on the exact angle of displacement. The 
corresponding displacement for a 4-pole distribution is a quarter 
the circumference, and so forth. 

The arrangement shown in Figs. 85 and 86 may be driven, and 
will give a 13-phase supply from its brushes to supply, say, a 13- 
phase induction motor. The unique feature is then obtained that 
the speed of the motor is variable as desired by merely shifting the 
brushes or the field tapping points of the generator. 

If in such a ring winding, in fact, the ampere-conductors per slot 
are set up as ordinates of a curve, and likewise the densities per 
tooth as ordinates of another curve, the two curves will be in 
quadrature, and the ampere-conductors per slot at each point will 
be proportional to the difference in tooth densities on either side 
of the slot. These curves are shown at the bottom of Fig. 85. 

Considering a ring-wound machine of the same type as shown in 
Fig. 86, in which each armature section is connected to a ring-wound 
field section, and taking the case when the machine operates on a 
definite pole number. Consider the E.M.F.’s in any section of the 
machine included between two neighbouring brushes. This section 
includes a section of the armature winding and of the field winding. 
From elementary principles it follows that the sum of the E.M.F.'s 
round such a section must be zero. The E.M.F.’s around this 
section are three in jiumber. First of all there is the voltage drop, 
due to the current {Ir). This drop is in phase with the field current. 
Secondly, there is the voltage induced by the flux cutting the stator 
winding {ILp where p — 2tt x frequency). This voltage is in 
quadrature with the field current. Thirdly, there is the voltage 
induced by the flux cutting the rotor winding. This is proportional 
to the field current, and may be represented by I Ms, where s is 
the speed of the machine and M is the coefficient of mutual induc- 
tion. The phase of this voltage induced in the rotor may be adjusted 
as desired by moving the position of the points of connection or 
tappings of the field winding relatively to the armature brushes as 
mentioned above. For this is the characteristic feature of this 
general type of machine. Suppose that the voltage in the rotor 
be in advance of the field current by an angle a, then the three 
voltages in question are represented in Fig. 87, where ON is the 
current drop equal to Ir, OP is the voltage induced in the stator 
windings equal to ILp. OR is equal to the E.M.F. induced in 
rotor windings equal to I Ms, and the angle NOR is a. As stated 
above, the sum of these three E.M.F.'s must be zero. 

By resolving horizontally and vertically, this condition gives us 
the two following equations — 

Ir = IMs cos a 
ILp = IMs sin a 
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As we have above assumed the number of poles fixed, the fre- 
quency and, therefore, p will take up such a value as to satisfy the 
second equation, and the saturation will take up such a value as 
to satisfy the first equation, because both M and L are similar 
functions of the saturation, being very nearly inversely propor- 
tional to it, and it, therefore, cancels out from the second equation. 

It will be easily seen, for example, that if a has the value 0° or 
180°, the frequency will be equal to zero, and in the latter case the 
machine will, therefore, excite with direct current. 

It may be interesting to consider other possibilities. If a is equal 
to 90°, cos a will be zero, and the rotor voltage could never balance, 
the current drop. Hence the machine would not excite. In a similar 
manner, if a is negative or greater than 180°, the rotor voltage 
could never balance the E.M.F. induced in the stator windings, 
and again the machine could not excite, e xcept by a reversal of the 
direction of rotation of the flux, in which case, the angle is again 
less than ISO"". Hence the condition for self-excitation is that a 
lies between 90° and 180°, but obviously the value of a depends on 
the number of poles, a being halved when the number of poles is 
halved and vice versa. Therefore, if the machine cannot excite 
on one pole number, it will excite on another which will satisfy 
the above conditions. In conclusion it follows that, in the machine 
shown in Fig. 86, the pole number corresponding to a particular 
position of the points of connection of the field winding will be such 
as to permit of the angle at which the voltage induced in the rotor 
in any section is in advance of the phase of the current in the field 
section to which it is connected to lie between 90° and 180°. Also, 
in the limiting case in which it is exactly 180°, the machine will 
excite with direct current. There is a finite number of these limiting 
cases, one corresponding to ever}'' integral number of pairs of poles. 

Except in this limiting case, alternating currents will be pro- 
duced, and the current in any field section will lag by a certain 
angle behind the E.M.F. in the section to which it is connected. 
For a high frequency it may lag nearly 90 . Assuming a lag of 
90°, which, of course, is a limiting case which can never actually 
happen in practice, then there is no current drop. It follows that 
the E.M.F. 's induced in the stator and rotor must balance one 
another. Hence the displacement of rotor section relatively to the 
stator section to which it is connected will now be 0 or 180°, or an 
integral number of pole pitches. For any position of the brushes 
the frequency and wavelength will so adjust themselves that the 
number of pole pairs may be integral, and the angle of lag between 
armature E.M.F. and the field current less than 90°. 

Thus, if the windings of the machine are well distributed a gradual 
motion of the tappings produces a gradual change of frequency 
until, when the distance between field and armature sections 
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approaches 180°, there will be a change in pole number and a similar 
cycle recurs. In some cases several pole numbers may co-exist, 
forming harmonics of the lowest or 2-pole arrangement. 

Summary 

We may now summarize the results of our discussion, and make 
some final suggestions as to the best methods of classification — 

1. The classification to which we have been led by the above 
discussion first of all subdivides our machines into 

[a) Circular field or constant intensity field machines, including 
all direct -current and balanced polyphase machines, all the standard 
types in fact (constant or variable pole-number). 

{b) Elliptic or variable intensity field machines, including single- 
phase and unbalanced polyphase apparatus (constant or variable 
pole-number). 

(c) Multiple polarity apparatus, such as the internal cascade 
machine and the split-pole convertor, whose operation depends on 
the presence of harmonics in the main field. No detailed discussion 
of this class is attempted (constant or variable pole-number). 

[d) We may regard homopolar machines as a fourth class. 

2. It is shown from general mechanical considerations that 
electric power is developed in both the primary and secondary 
element of the general induction machine which is taken as typical, 
and that before an operable machine can be produced, some method 
of disposing of this secondary power must be decided on. Various 
methods by which it may be reduced to zero, as is done in all 
standard machines, are discussed. Other methods of disposing of 
it are by its utilization on a separate apparatus (cascade sets), by 
commutator frequency transformation and returning to the line 
(some commutator machines), or by rendering it purely reactive. 
This can be done in elliptic field machines only. 

3. A second important difference depends on the use to be made 
of the commutator which may be absent, on the primary, or on the 
secondary. Except in direct-current machines, the commutator is 
only useful for obtaining adjustable speed. 

4. A third difference, not so important as the above two, depends 
on the method of magnetization. Two different methods of mag- 
netization are distinguished, viz. high frequency magnetization 
leading to the appearance of considerable reactive power on the 
line, as in the ordinary induction motor, and low frequency,'' as 
in the synchronous and compensated types. 

5. La.stly, many types may be connected either series or shunt. 

6. A table is constructed showing all possible combinations of 
these five sets of alternatives, and it is shown that they cover all 
known types of “ constant intensity field " machines, and that 
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when the place of any apparatu<» in the table is assigned it can only 
be constructed in one way. 

7. Coming to the elliptic field machines, we find that the secondary 
power can be reduced to zero or a purely wattless form in many 
ways without either secondary current or E.M.F. being zero. 

8. Our second principle of classification, according to whether 
the commutator is on the primary or secondary, leads us to distin- 
guish elliptic field series type machines into two classes : pulsating 
field machines— the neutralized series motor and the inverted repul- 
sion motor, and “ elliptically rotating field machines — the ordinary 
and compensated repulsion motor, etc. It is shown that a certain 
reciprocity or duality exists between these types whereby stator 
E.M.F. and current distribution on the one type is exactly the same 
as rotor E.M.F. and current on the other. The two types are 
distinguished by different constructional features, salient poles in 
the one type and uniform air-gap in the other, and by differences 
in commutation. 

9. Shunt type machines when purely single phase are invariably 
of the rotating field type, as there is only one way of producing the 
requisite shunt field. 

It is no part of the object of this present work to give a detailed 
description of well-known apparatus, and, accordingly, nothing 
further will be said about the standard types. 

The large class of single-phase commutator motors referred to 
above has alread}' been discussed by the writer in a volume under 
that title, and nothing further need, therefore, be said about these. 
On the other hand, comparatively little has been published either 
on internal cascade machines or on variable pole machines, and 
Parts III and IV will, consequently, be devoted to these. It seems 
desirable as well to devote some further attention to the methods 
and apparatus used for low-frequency magnetization (or compen- 
sation as it is usually called), and also to the methods of employing 
polyphase commutator machines to utilize the secondary power 
delivered by induction machines at speeds different from synchron- 
ism. Part V is devoted to this. 

Finally, a table (given on page 104) may be constructed by 
reference to which a characterization of any d 5 mamo-electric 
machine may be carried out. 

The importance of conservatism in nomenclature has already been 
pointed out, and, in fact, it is undesirable to give any names (especi- 
ally complicated ones) to possible types of machine until they 
assume commercial importance. 

It may be desirable, perhaps, in some cases to be able to charac- 
terize a type in the most compact manner possible, and for this 
purpose the very convenient Dewey decimal system (already 
adopted in such learned and authoritative works as Whitehead and 
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Type oi 

Field 

Constant 

or 

Variable 

Pole Number 

Disposition 

of 

Secondary 

Power 

Commuta- 

tor 

Magnetiza- 

tion 

Series 

or 

Shunt 

Constant' 

Intensity 

Constant >... 

Pole number } ' 

Zero (-01) 

None(-OOl) 

High fre- 
quency 
(•0001) 

Series 

(•00001) 

Cyclic 

Intensity ’ 

Multiple ) /rt. 

Pole number J ' 

Homopolar (4) 

Variable ) . 

Pole number ^ 

Wattless (-02) 

In cascade (-03) 

Returned to hue ) 
by transformer } 

On prim.iry 
(•002) 

On second- 
ary (*003) 

I^w fre- 
quency 
(•0002) 

Shunt 

(•00002) 


Russell's Principia Maihemaiica) seems suitable. The entries in 
the above table are, therefore, each accompanied by its appropriate 
number on the Dewey system. Thus, on this system, 

IT 1221 would be the direct-current series motor, and 
2T1211 the inverted repulsion motor. Some possible combina- 
tions of numbering will be found self-contradictory. 

^ This means constant under particular conditions of operation. It does 
not exclude variations in field strength when conditions of operation change 
— for instance, when the load changes in a series motor. 




PART III 

CHAPTER XIII 

COMBINATIONS OF INDUCTION MACHINES 

The cascade” or tandem connection of electrical machines. We 

now come to a class of machines usually known as the cascade- 
connected type. It represents a different solution of the problem 
of how to dispose of the secondary power of the general dynamo- 
electric machine, or. to adopt our mechanical analogy, of the power 
given out by the third shaft of our differential gear. 

The best-known type of cascade-connected machine is a cascade- 
connected pair of induction motors, and we shall accordingly discuss 
these first. 

In a cascade-connected pair of induction motors the primary of 
one motor is connected to the line, and the secondary of the same 
motor is connected to the primary of another. The secondary of 
this second machine may be short-circuited directly or through 
resistance, or it may be connected to a third machine, and so on. 

By this means the electrical power flowing from the secondary 
of the first machine is converted into mechanical power by the 
second, and the problem arises as to what disposition is to be made 
of the mechanical power thus rendered available. This problem is 
usually solved by coupling the first and second motor together, 
so that they run at the same speed. They may also be coupled by 
gearing having a fixed velocity ratio. If the two machines are 
uncoupled both will be capable of running efficiently under vari- 
able speed conditions, but there will be a fixed relation between the 
speeds of the two machines. By coupling the two machines together 
we limit the set to a speed or speeds satisfying this fixed relation. 
We must now investigate this point further in the case where the 
two machines are both electrically and mechanically coupled. 

We have for the primary machine 

and, for the secondary 

Since the machines are mechanically coupled, S' = 5. 

Since the}^ are electrically coupled // == i/g. 

Here the sign indicates that the field of the second motor may 
revolve either the same way as, or opposite to, the first. 

105 
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Neglecting the slip of the second motor, we have 

A'^o. 

Making these substitutions we get 

or eliminating /g and putting WJ^ = Sq 

c__Zi_ c 
W,± 

Sq, of course, is the synchronous speed of the hrst motor. 

If == W2, S = or infinity, according as we take the plus 
or minus sign in the expression above. 

The number of poles p is proportional to — 

Expressing 5 in terms of p we get 

5 

Pi ±p2 

Hence we obtain our final rule. 

A pair of cascade-connected motors runs at a speed corresponding 
to the sum or difference of their numbers of poles. 

When two machines are connected to run at a speed corresponding 
to the difference in their numbers of poles they are said to be in 
differential cascade. 

Taking the case wliere — Tf 2> it is easy to see apart from all 
calculations that when the machine runs at half speed the secondary 
frequency is half the line frequency. If we apply half the line 
frequency to the second motor it will run at half the speed corres- 
ponding to the full line frequency. As this is the speed of the first 
motor they may be coupled, and will then be in equilibrium. 

Let us construct a mechanical analogue to this set by means 
of a pair of differential gears as shown in Chapter IX. In this 
chapter we saw how our induction motor might be compared to a 
differential gear, in which the intermediate shaft was braked by a 
brake giving a torque proportional to the sj)eed of rotation of the 
intermediate shaft. 

Our present arrangement, then, must be compared to a pair of 
such gears in “ series,'’ or cascade, in which shaft B of the first 
gear is connected to the corresponding shaft Bi of the second to 
correspond to the mechanical coupling, and shaft C is connected 
to shaft A ' to correspond to the electric coupling. 

We saw above that in each of these gears we had 

B = C-A 
B' =^C-A' 
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In virtue of the two couplings and the braking of shaft C', we 
have also 

C' =0 
B' =B 
A' = C 

Substituting 

^-C =^B 

or -C = C-y4, C = ^A 

this gives 

B=:C-A ^lA-A =-lA 

Thus we conclude that in a pair of gears, such as are shown in 
Fig. 87, the shafts B and B' go at half the speed of A, 

This may easily be seen without calculation as follows — 

Since C' is fixed, A' and B' must have speeds that are equal and 
opposite, therefore B and C must be equal and opposite. Since 
also B is equal to the difference between C and A , these conditions 
can only be satisfied by having B and C each equal to ^A . 

Let us consider what happens when the first machine — that 
connected to the line— runs in the neighbourhood of synchronous 
speed, say, with a very small slip. 

We must remember at this point that the second motor has a 
certain amount of primary resistance. When the first motor runs 
with a very small slip, the secondary motor is subjected to a very 
low voltage and a very low frequency. This voltage will be almost 
entirely consumed by the primary resistance, the voltage induced 
in the second secondary being extremely low. 

In this case, therefore, the second motor rotates idly at the 
higher speed, and the secondary of the first motor is in effect short- 
circuited through the primary of the second. 

Thus we arrive at the conclusion— 

A pair of cab^cade motors can run at the normal speed of the primary 
motor as li'ell as at the cascade speed. 

Another form of cascade machine electrically identical, but 
mechanically different, from that last described, is the following — 

Instead of connecting the rotor of the first to the stator of the 
second machine, we may connect the rotor of the first to the rotor 
of the second, in this way eliminating the necessity for collector 
rings. This is shown in Fig. 89. 

The question now arises. In which direction should the flux of 
the second motor rotate ? It is clear that if the primary is stationary 
and short-circuited, the flux must revolve in the direction opposite 
to that of the shaft, since it must be almost stationary with respect 
to the (fixed) stator. Hence, while in our previous type (primary 
rotor connected to secondary stator) the secondary flux goes in the 



108 THEORY AND DESIGN OF ELECTRIC MACHINES 


same direction as the shaft, in our present type the flux goes in the 
opposite direction to the shaft. 

We may, however, set the secondary stator in rotation as well as 
the rotor, in which case the flux may go in the same direction as 
the shaft, and we get an example of a type of cascade machine, 
having three elements all going at different speeds. 

An instance of such a cascade machine would be the following, 



Qmkc 



Fig. 88 



Fig. 89 


in which an inverted direct-current convertor is used to feed an 
induction motor — 

The induction motor primary is mounted on the shaft of the 
convertor, and its flux runs the same way as the convertor armature. 

The squirrel-cage armature of the induction motor, therefore, 
runs at a speed which is the sum of the speeds of the convertor, 
and the induction motor flux relative to the primary. Such an 
arrangement supplies a means of producing a high speed in the 
squirrel-cage rotor, while the direct-current motor continues to run 
at a low one. Inverted, it forms the turbo-convertor described 
below. 
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The above brief description is merely inserted here to give some 
idea of the type of cascade machine having three relatively rotating 
parts. Another convenient example will be the following — 

Consider a synchronous generator revolving field type of which 
the field and armature are shown at A^B^ (Fig. 150), connected to 
an induction motor of which the primary and secondary are shown 
at CD, Let both the field and armature of the alternator be capable 
of revolution, the armature carrying with it the primary of the 
induction motor. The connection between armature and primary, 
of course, is such that the motor flux goes the opposite way to the 
primary itself. The speed will then adjust itself, so that the motor 
flux is approximately stationary with respect to the (fixed) stator 
and its squirrel-cage winding. 

Suppose both the windings B and C have the same number of 
poles. The frequency in B is the same as that in C. The relative 
speed of C and D and, likewise, the relative speed of A and B 
are each the same multiple of tliis frequency, and must, therefore, 
be equal. 

Thus we conclude — 

If D is stationary, B and C will go at half the speed of .4, or 
B^l{A + D), 

This relation, however, is exactly that of the speeds of the three 
shafts of a differential gear. 

Hence the above arrangement may be regarded as an electrical 
differential gear. 

We may note that in the more ordinary type of cascade set, the 
same relation is obeyed by the frequencies in the three members. 

We have 

A “ 2 (/i ) /a) 

where /g is the secondary or intermediate frequency, /, the line 
frequency, and /g that of the secondary of the second motor. 

Thus the two types are reciprocal as regards speed and frequency. 

Induction motors cascaded with synchronous machines. It is not 
difficult to see that the chief difference between the induction and 
synchronous machine lies in the method of magnetization, as has 
been discussed at length above. 

We may, therefore, substitute a synchronous machine for the 
second induction machine of our cascade set. 

The only difference we need make in our arrangements is to wind 
what was before the secondary of our second machine as a contin- 
uous current magnet. 

In the present arrangement the characteristics will be somewhat 
different from those discussed in the last chapter. In the first place 
there will be no starting torque, and the speed will be rigidly limited 
to the synchronous speed deduced above. 
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In addition to this, such a set possesses, as a rule, two sources 
of magnetizing power — the line and the field magnets of the syn- 
chronous machine, and, hence, hunting is not impossible, although 
it has not been found to give rise to serious trouble in practical 
machines. 

Such a set, therefore, finds its principal applications as a genera- 
tor or convertor rather than as a motor. 

We shall discuss here two of its applications — 

1. As frequency convertor. 

2. As motor convertor.'' 

Since in a synchronous set the speed and secondary frequency 
is quite independent of the load, it follows that such a set will give 
a fixed ratio of conversion, independent of the load. 

The chief points, therefore, for our consideration are — 

1 . What will be the voltage regulation of such an apparatus ? 

2. What must be the relative proportions of the two machines ? 

Dealing with the second question first. We must note that our 

machine is now a convertor, and neither takes in nor gives out 
mechanical power, while the induction element necessarily gives 
a positive or negative torque at all speeds differing from synchron- 
ism. It follows, therefore, that the synchronous element gives a 
nearly equal and opposite torque, since the resultant of the two 
must be merely enough to overcome the mechanical friction. 

Since the two machines are mechanically coupled together their 
speeds are also equal, and, hence, their horse*power outputs are 
equal. It will be clear that the arguments we have used are equally 
true, whether the number of poles on the two machines \s the same 
or not. 

If we suppose that the induction element is operating below 
synchronism it is a motor, and drives the synchronous element as 
a generator. The following will be the relations between the powers 
of the two elements — 


Induction Machine 

Primary power input 

Synchronous Machine 

Mechanical power input + 
secondary electrical power 
conducted in from induction 
machine 


Mechanical power output + 
secondary electrical power 
output 

Electrical power generated 
-f electrical power flowing 
through to terminals from 
induction machine 


But our set may also run above the synchronous speed of the 
induction machine, if there are different numbers of poles in the 
two elements and it is connected in differential cascade. 
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In this case the induction machine will be a generator and will 
receive mechanical power from the synchronous machine, furnish- 
ing to it in return an amount of electrical power equal to the total 
primary power + the mechanical power it receives from the 
secondary. 

Let us consider, by way of example, a set arranged for the pur- 
pose of frequency conversion. In this set the electrical power is 
supplied to the primary of the induction machine, and the electrical 
power flowing out of the secondary is led into the synchronous 
machine, which acts as a booster,'" and from which it passes to 
the line. 

We have now to consider the relation of primary and secondary 
frequency for various numbers of poles. 

Starting, as in the last chapter, with the formula 

we get 

W 

A ^ iv^ eliminating S 

or putting 

W.=i- and W, =- ^ 

Pi Pz 

f ^ f h — 

Substituting again for in the original formula, we get 
W W 

^ ^ ^ 

These are the fundamental formulae regulating the speed, and 
the numbers of poles required for a given change of frequency. 

Let us illustrate the above formulae by the rather awkward case 
of transformation from 60 to 25 cycles. 

In accordance with the formula 

/2 -/ipj + 

/g = 25 and = 60 
25 ^ 10 
^ 24 

we may most conveniently take 10 poles for our synchronous 
machine, and 14 for the induction. We then have 10 + 14 = 24. 

Now suppose the set is differentially connected, and the primary 
still supplied with 60 cycles. 


and if 
since 
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We now have 

10 

/*2 = 60 X = 150 cycles 

The set will now, therefore, transform from 60 to 150 cycles instead 
of to 25. 

Our most important conclusion with respect to this type is — 

Whatever the speed of the set, and whatever the relative number of 
poles on it, each portion generates only on ' half of the total power, and 
the sum of the amounts generated by each half appears at the secondary 
terminals. 

Such a set may conveniently be started by temporarily short- 
circuiting the secondary of the induction machine. 

The “ motor convertor.’’ The most prominent example of the 
type discussed in this chapter in the practical world is the “ motor 
convertor,'’ in which the synchronous machine in the type just 
discussed takes the form of a synchronous convertor of the ordinary 
type. 

Of course, in order to render this possible the synchronous machine 
must be of the rotating armature type, since it is to the armature 
that the commutator is attached, and its field stationary, the con- 
nections being otherwise the same. 

The conclusions we arrived at previously as regards the relative 
output of the two machines still hold good, the only difference 
being that the synchronous machine, in addition to its other func- 
tions, converts the whole power into direct current. 

This involves a somewhat greater amount of copper on the arma- 
ture, since, while in the frequency-changer both armatures can be 
connected in series on the motor convertor, a closed circuit armature 
is necessary, giving rise to local inequalities of current distribution 
and consequent heating. 



CHAPTER XIV 


GENERAL PRINCIPLES OF THE INTERNAL 
CASCADE MACHINE 

Passing briefly in review the general principles of the cascade 
motor it has been pointed out that, if the primary winding of an 
induction motor be connected to the secondar}^ of another, the same 
machines being coupled together mechanically, they will run at a 
speed corresponding to the sum of the numbers of poles in the 
two machines for a particular direction of relative rotation of the 
fields, and at a speed corresponding to the difference between these 
numbers for another direction of relative rotation. 

The objection to the use of two distinct machines in a cascade 
set is the great expense involved and the poor characteristics of the 
set. In order to obviate this it has been proposed by several inven- 
tors to combine the two cascade motors into one machine, the 
difficulty in accomplishing this being due to the fact that, unless 
proper precautions are taken, there will be mutual induction 
l)etween the two machines. The only practical method of avoiding 
this is to wind the two machines for dissimilar numbers of poles, 
a method which was first put forward by Mr. F. Lydall. A motor 
built on this principle will have tw'o distinct sets of windings, two on 
the stator and two on the rotor. Such machines have been built 
and experimented with by Mr. L. J. Hunt, but have serious dis- 
advantages, due to the high leakage and resistance of the different 
windings and also, one may add, to the difficulties of ventila- 
tion The essentia] improvement introduced by Hunt is to show 
how such a motor may be built with only one winding on each 
member. 

Relative numbers of poles in the two fields. Certain limitations 
are introduced by the fact that we have two distinct fields operating 
in the same magnetic structure, because not every combination of 
numbers of poles is capable of operating correctly under these 
conditions. Hunt has stated two conditions which limit the possible 
pole combinations — 

(a) The numbers of poles in the two fields must be so chosen 
that their windings are mutually non-inductive. 

(b) The two fields when superposed must not produce an unbal- 
anced radial pull on the rotor. 

Passing over the first condition, let us consider what pole combina- 
tions are necessary n order to avoid an unbalanced radial pull on 
the rotor. Perhaps the clearest statement that Hunt has given of 
a rule to satisfy this condition is in his Patent 16 170/1909, page 5^ 
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line 8 : For satisfactory working and symmetrical distribution of 
the forces, the two numbers of poles for the rotor winding must be 
such that when these numbers are divided by their greatest common 
factor, the one dividend must be odd and the other even, whilst 
the common factor itself must be greater than 2/' 

On page 408 of his paper in Vol. 52 of the Journal of the Institution 
of Electrical Engineers, he states that, to satisfy the condition of 
magnetic balance, the greatest common factor between the two 
numbers of poles must be a number greater than 2. Any two num- 
bers of poles must have a common factor of 2, since they are neces- 
sarily even. By the Hunt rule they are also to have a common factor 
other than 2, and, hence, it is clear arithmetically that their highest 
common factor must be a multiple of 2. More concisely stated this 
simply means that the two numbers of pairs of poles shall have 
a common factor. The effect of this is that the circumference is 
divided into two or more identical zones or sections, so that any 
values of magnetic density, current, etc., which occur at any one 
point, occur also at a diametrically opposite point or at 3, 4, 5, etc., 
equally spaced points, according as the common factor between 
the numbers of pairs of poles is 2, 3, 4, 5, or any other number. 

The effect of this is, of course, to ensure magnetic balance, since 
identically the same magnetic pull as occurs at any one point will 
occur at two or more equally spaced points. We shall see below 
that this condition, while correct and sufficient, is by no means 
necessary. In the first place it is clear that, if the necessary condi- 
tion of magnetic balance is that the same magnetic density must 
occur at two or more equally spaced points round the circumference 
(the condition to which Hunt's rule leads us), then this condition 
must' be satisfied not only by cascade machines, but by every 
other type of machine if it is to be magnetically balanced. But 
the briefest study will show that it is not satisfied, for instance, by 
a 2-pole induction motor or any other 2-pole machine, since there is 
no point in such a machine which has at every instant the same 
magnetic density as any given point. Hence it is clear that Hunt's 
rule cannot be perfectly general. 

The explanation of this apparent difficulty is as follows — 

The magnetic attraction at any point on the circumference is 
proportional not to the magnetic density but to its square. Hence, 
not merely points having equal density, but those having equal and 
opposite densities, will give rise to the same magnetic attraction. 
In the case of the 2-pole machine diameterically opposite points 
have equal and opposite magnetic densities, and, hence, the squares 
of these two densities are equal and the magnetic pull at diametric- 
ally opposite points is the same. The most general condition is, 
therefore, that at every instant any value of the square of the 
magnetic density which appears at any point shall also appear at 
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one or more other points equally distributed round the circum- 
ference with respect to the first. 

For convenience in application it is necessary to translate this 
generalized rule into a relation between numbers of poles, and we 
find that we may distinguish two distinct ranges of cascade motors 
which will be magnetically balanced — 

[a) The Hunt type, in which the numbers of pairs of poles have a 
common factor. 

[h) A hew type, in which the numbers of pairs of poles are prime 
to one another and both odd. 

In fact, in all machines having odd numbers of pairs of poles, 
diametrically opposite points have equal and opposite magnetic 
densities. Hence, if two fields both having an odd number of pairs 
(;f poles are superposed, and the values of the densities due to 
each at any given point are X and Y, say, so that the resultant 
density at that point is X + then at a diametrically opposite 
point the densities due to each field will be - and - Y, and the 
resultant density - (A" + Y). The squares of the densities at the 
two diametrically opposite points will thus be equal. Thus we find 
it is possible to generalize Hunt’s rule for magnetic balance, and 
thereby to disclose an entirely new range of cascade machines, 
many of which have very valuable properties. 

Viewing the question of magnetic balance from a somewhat 
different vStand])oint it appears as follows — 

Let the wave of flux density of one pole number be sin x - pt) 

, 77 X number of poles 

where ; - — ; 

circumference 

p -- 277 X rotor frequency. 

That due to the other ^ 

and let x be measured from an origin fixed relative to the rotor. 
Resultant flux density ft - ft^ sin (;«i x - pi) -[ ft.^ sin (m^ x - pt), 
may be taken negative to account for the case where the two 
fluxes travel opposite ways with respect to the rotor. 

Magnetic pull is proportional to ft'^ 

ft'^ ~ fti^ sin- (W| X - pt) H ft^ sin^ (wg ^ - pi) 

2 /?! /?2 sin (WjL X ~ pt) sin [m^ x - pt) 
riiis may be resolved into a series of sine waves. 

Pi \ 1 1 ““ cos 2(wq x~pt) I 
p 2 \ \ ^ - cos 2(^2 X- pt)\ 

"f" Pi P2 [cos (nti - m2) X + cos I {nil + ^^2) x- 2 pt]\. 

This expression consists (besides a constant term uniform round 
the periphery) of {a) a wave leaving the number of poles of the one 



116 THEORY AND DESIGN OF ELECTRIC MACHINES 


flux, {b) a wave having the number of j)oles of the second flux, 
(c) a wave having the sum of the number of poles of the two and 
doubled frequency, {d) a wave having the difference of the number 
of poles of the two fluxes and stationary with respect to the rotor. 

This series of waves (with the constant term) represents the mag- 
netic pull at all points round the circumference. 

Where the sine wave is positive the pull is inward, say, towards 
the circumference. Where it is negative it is outward. 

Plot a sine wave on a circular base representing the circumference. 

Two cases arise — 

1. If there is a “ two-pole ” wave, the pull on, say, the upper 
half of the circumference is towards the circumference that is down- 



ward in the figure and tliat on the lower half of the circumference 
is away from the circumference, that is still downward in the figure. 
That is, both halves of tlie wave })roduce a pull having the same 
direction in space, and lu'iice tlu‘ magnetic pull is unbalanced. 

2. If the wave has more than two poles, Ing. (/;), tlu‘n the zones 
in which the pull is towards or away from th(‘ circumference are 
symmetrically distributed so that there is no unbalanced magnetic 
pull. 

Hence, we get the final rule for magnetic balance, embracing 
both the earlier ones and indicating fresh possibilities. In a machine 
having fluxes of luv diffcreiii pole-numbers, ike pole numbers must 
differ by more than tuv to secure magnetic balance. 

The cascade machine has hitherto been considered to be essenti- 
ally a low speed type. This arises from the facts that the number of 
poles in the cascade motor must be the sum of the number of poles 
of two distinct machines, and that both numbers of pairs of poles 
are sufficiently high to permit of there being a common factor 
between them. The new range of machines does not necessitate 
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there being any common factor between the two numbers of pairs 
of poles. Hence, it permits of the production of machines of a 
higher speed than has hitlierto been possible. Described below in 
detail is a combination having 2 and 6 poles which gives a cascade 
speed corresponding to 8 poles, i.e. 50 per cent higher than the 
highest cascade speed obtainable from machines built under Hunt’s 
rule. 

We now have to consider whether any limitation in the pole 
combinations is required in order to enable the windings to be 
mutually non-inductive. Where a winding of the type described 
by Hunt is used as a stator winding, it is necessary that the numbers 
of pairs of poles when divided by their greatest common factor 
shall be odd in one case and even in the other. But it is possible 
to design types of stator winding, other than that described by 
Mr. Hunt, to which this limitation does not apply, and examples 
of these will be found below. Obviously, since in the new types of 
mechanically balanced machines both numbers of pairs of poles 
must be odd, the condition imposed by Mr. Hunt’s stator winding 
would not be met, and it is necessary to have recourse to other 
methods, which will be found described below. 

In the general case, where two distinct stator windings are used, 
it may readily be shown that almost any two stator windings con- 
taining no closed circuits will be mutually non-inductive, there 
being only a few exceptions, practically confined to cases where the 
number of poles in one case is a direct multiple of that in the other. 
Thus, by using two distinct windings on the primary member, 
neither of which contains any closed circuits, we can produce an 
internal cascade motor capable of operating on practically any 
combination of poles, with the j)ossible exception of poles which are 
exact multiples of one another. Therefore, in studying the rotor 
windings as we shall do below, we need not be handicapped by the 
thought that pole combinations which give rise to a possible rotor 
winding cannot be used because an appropriate stator winding 
cannot be found for them. 

Roior Windinf^s, It will be generally agreed that the rotor 
winding is both that part of the internal cascade machine which is 
most difficult to understand, and also the part which differentiates 
it from every other class of ap])aratus. An attempt has, therefore, 
been made to consider it from an entirely novel and very funda- 
mental standpoint, in a manner quite independent of any other 
method. This has the advantage of making clear some very inter- 
esting features of these windings. It is shown below that a winding 
adapted to any given cascade speed can operate with any balanced 
combination of fields which gives rise to the given cascade speed. 
For instance, a rotor adapted to run with a 20-pole cascade speed 
can operate with either a combination of fields giving 8 and 12 poles, 
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or a combination of fields giving 16 and 4 poles. Now, considered 
as a variable speed motor, perhaps the most striking feature of the 
internal cascade machine is that when the slip-rings are short- 
circuited the motor rises to the speed corresponding to the number 
of poles for which the primary is wound. Thus, a machine having 
a cascade speed corresponding to 12 poles and a primary wound 
for 8 poles will, when the slip-rings are short-circuited, rise from 
the 12-pole speed to the 8-pole speed. If the primary is arranged 
for 4 poles, however, it will rise from the 12-pole speed to the 4-pole 
speed. The same characteristic is retained in the case just men- 
tioned. For instance, if the stator winding is arranged to give 
either 4, 8, 12 or 16 poles, the motor will rise from its 20-pole 
cascade speed to 16-pole speed, to 12-pole speed, to 8-pole speed, 
or to 4-pole speed, according to which of these numbers of poles 
the stator winding is arranged for. Hence, instead of the three- 
speed cascade motor as hitherto developed it is found possible by 
this means to obtain a five-speed cascade motor. Similarly, a 
cascade motor arranged to give a cascade speed corresponding to 
28 poles can be arranged with the same rotor winding to operate 
on 4, 8, 12, 16, 20 and 24 poles, rising to any one of these speeds, 
on short-circuiting the slii)-rings, according to which of them the 
stator winding is arranged for. 



CHAPTER XV 

PRINCIPLE OF THE SECONDARY WINDING 


It has been mentioned that the essential part of the cascade motor 
is its rotor winding, and it is accordingly essential that this should 
be clearly understood. One of the clearest ways of regarding the 
subject seems to be the following. Many people are familiar with 
the acoustic phenomenon known as beats,” and most electrical 
engineers are acquainted both with the method of synchronizing 
an alternator by means of the alteration in the flickering of a lamp 
as we approach synchronism, and with the explanation thereof. 



The compound winding of the cascade rotor is an application of 
this phenomenon of ” beats ” in another field. ” Peats ” in music, 
or the flickering of the synchronizing lamp, are due to the following 
cause. Let there be two E.M.F. waves of different frequency which 
are plotted in Fig. 91, in which the ordinates represent E.M.F., and 
the abscissae time. Starting with both waves approximately in 
phase (passing through zero together), after a certain number of 
periods, due to the difference of periodic time, the two waves 
become opposite in phase and the amplitude of the resultant wave 
(Fig. 91 (^) ), which was first of all the sum of the amplitudes of the 
two component wav^es, now becomes their difference. After a fur- 
ther number of periods the waves are in phase again, and the 
resultant is again the sum of their amplitudes. The period of this 
cycle, or ” beat,” is the difference between the periods of the two 
component waves. 

As an application of this phenomenon will be described below, it 
is desirable to dwell upon it further. 

Another method of studying the subject which is often adopted 
is that of the clock diagram, whereby each wave is represented 
by a revolving vector whose projection on a vertical axis, say, 
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represents its value at any moment in one complete revolution. 
Since the periods of the two waves are unequal, the rates of revo- 
lution of the two vectors are unequal. 

Fig. 92^? shows the two vectors, the resultant being the vector 
sum of the two (projected on the vertical as usual). Clearly the 


A 




resultant is a maximum when the two vectors have the same 
direction, and a minimum when they ha\T opposite directions. 
The relative speed of the two vectors is clearly also the difference 
of their actual speeds, and, hence, the frequency of the beat will be 
the difference between the frequencies of rotation of the two vec- 
tors. Thus, when the two vectors have accomplished a relative 

movement of ISO"", which is clearly a 
half-period of relative motion, the re- 
sultant curve has changed from maxi- 
mum to minimum. 

Now let us see how^ the above remarks 
apj>ly to the cascade motor. C'onsider 
first a plain drum armature or rotor with 
6 slots (Fig. 92^) arranged for three- 
phase currents lepresented as vectors in 
Fig. 93. Let us set out the ampere- 
conductors per slot in the form of a 
vector diagram. In slot 1 the ampere- 
conductors are in phase A , and may be 
represented by a vertical vector of 
suitable length. Similarly in slots 3 and 5 the ampere-conductors are 
in phases B and C respectively, and may be represented by vectors 
of the same length, since there is the same number of conductors 
in each slot, making 120'' and 240® respectively with the first. In 
slot 4 we have the return conductors of slot 1. Hence the ampere- 
conductors of .slot 4 are equal and opposite to those of slot 1, and, 
similarly, those of slots 6 and 2 are equal and opposite to those of 
3 and 5. 


A 
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Examining the diagram obtained by this process, we see that the 
vector for each slot is of equal magnitude and set out from a common 
origin, and that on making the circuit of the rotor from slot to slot 
the vectors corresponding to slot 1 may be regarded as rotating 
and moving through equal angles for equal distances travelled 
through, as measured round the circumference. With only 6 slots 
the vector proceeds by steps, but clearly in an ideal machine we 
should have an infinite number of slots each carrying currents 
differing in phase by a very small angle proportional to the distance 
from slot to slot. In this case, as we travel uniformly round the 
rotor, the ampere-conductor vector in our diagram would also 
rotate uniformly. 

So far we have only considered a 2-pole rotor. Now suppose we 
have 12 slots and a 4-pole rotor (Fig. 94). The vector diagram 



remains exactly the same as before, but the revolving vector makes 
a complete revolution in travelling from slot 1 to slot 7, or two 
complete revolutions travelling round the whole circumference. 
Each vector, therefore, represents the ampere-conductors in two 
slots, such as 1 and 7, 2 and 8, etc., instead of in one (see Fig. 95). 
In general it is clear that for n pairs of poles the vector makes n 
complete revolutions while wt go once round the rotor. Comparing 
therefore the same rotor wound for, say, 2 and 4 poles, we see 
that with the 4-pole winding for a given distance, say one-twelfth, 
travelled round the circumference, there is double the angular 
displacement of the rotating vector compared with that on 2 poles. 
In other words, on 4 poles the rotating vector revolves at twice its 
2-pole speed (see Fig. 96). 

This fact enables us to distinguish a rotating vector drawn in 
this way from an apparently similar one representing the rotating 
flux or ampere-turns due to such a rotor on a time basis. Such a 
rotating vector revolves only half as fast in the 4-pole case as in 
the 2-pole, the speed being inversely projx)rtional to the number of 
poles, while the speed of the vector drawn in the above-mentioned 
manner is directly proportional thereto. In all matters of this 
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kind the utmost clearness as to fundamentals is essential, and by 
proceeding to deduce results without making sure of fundamentals 
serious errors may be committed. Therefore no apology is needed 
for carefully distinguishing the present diagram from a time dia- 
gram. 

Such a diagram, when a continuous curve, is the laws of the 
vector as a function of ^ or 0 measured circumferentially. 

A convenient practical method of drawing a diagram of the 
above type is as follows — 

Draw a circle of radius equal to the length of the rotating vector ; 
divide the circumference into any suitable number of divisions, and 


/ O 



Fig. 96 Fig. 97 


number these divisions 1 to ?/. Determine the angular displacement 
corresponding to any one division. This will be 

(360" X number if pairs of poles) 

Number of divisions 

Starting from any point mark off angular distances a, 2a . . . na 
(which will be a multiple of 360") along the circumference of the 
circle representing the revolving vector. Mark the points so 
obtained \, 2 ... n, corresponding to the number of divisions of 
the circumference. For instance, with = 12 and 2 pairs of poles, 
a ~ 60", and we get the result shown in Fig. 97, in which it is 
clearly unnecessary to repeat the angle in marking each division. 

Having explained how we may draw a vector diagram in the 
form of a rotating vector to represent the ampere-conductors of a 
polyphase winding on an ideal machine having a very large num- 
ber of slots and phases, we may proceed to apply this diagram to 
the cascade motor. 

Returning to the 6-slot rotor of Fig. 92, let us now suppose that, 
in addition to the 2-pole winding we considered before, the rotor is 
fitted with a 4-pole winding as shown in the outer circle of Fig. 98, 
the six bars composing it being imagined joined in star at one end 
of the armature and to the terminals at the other. The vector 
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diagrams corresponding to these two windings are shown in Fig. 99. 
If we consider any particular slot, say slot 2 for instance, the resul- 
tant ampere-conductors in it are the vector sum of those due to the 
2-pole winding and to the 4-pole winding. That is to say, we have 
to add the vectors from Figs. 99 {a) and {h) which correspond to the 
same point on the circumference, i.e. the 
vectors marked 2 in the above diagrams, 
whose resultant is shown in Fig. 99 (r). 

The general rule, therefore, for finding 
the resultant vector of ampere-conductors 
for any number of windings on the same 
member is to take the resultant of all the 
vectors of the original windings corres- 
ponding to the same point on the 
armature. 

Let us apply this to the case where 
the ampere-conductors in both windings 
are represented by uniformly revolving 
vectors, which for the sake of clearness 
we may suppose to revolve, one at twice the rate of the other, in 
opposite directions. By choosing a particular ratio of magnitude, 
i.e. the 4-pole vector equal to 1*732 times the 2-pole vector, we 
get a case corresponding to one of the cases discussed by 
Mr. Hunt, which will accordingly permit us to compare our method 
with his. 

Fig. 100 shows a diagram proportioned and arranged in this 
manner, the inner or 2-pole vector rotating clockwise with half the 





fbi/r-pdle winding 
Fig. 99 



speed of the outer. The numbers on the inner circle show that 
the circumference of the rotor has been divided into 24 equal parts 
independently of the number of slots (if any). The same numbers 
appear on the outer circle angularly displaced by an amount twice 
as great. A particular phase appears twice at points diametrically 
opposite on the rotor, so that it is clear that the vector makes 
two complete revolutions in the same time that the inner vector 
makes one. The circumference is divided into a definite number 
of parts to enable us to identify the vectors on the two circles which 
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correspond to the same point on the rotor. The number of divisions 
is chosen merely to give a sufficient number of points to enable us 
to draw a smooth resultant curve, and not with any reference to 
the number of slots. 

It will be seen that we have now arrived at a diagram identical 
in principle with Fig. 92a, by which we illustrated the beats '' of 
a synchronizing lamp, except that in the former the different posi- 
tions of the rotating vector correspond to different instants of time 
instead of to different points on the circumference of a rotor. Fig. 92a 
is a time diagram and Fig. 100 a '' space diagram, otherwise 
they are identical in principle. 

By means of the two rotating vectors of Fig. 100 let us plot 
out the resultant curve of ampere-conductors round the rotor, due 


5 



to 2-pole and 4-pole windings rotating in opposite directions. This 
is done by first forming the vector sum of the two component 
vectors corresponding to point 1, marking its extremity as the 
resultant at point 1 ; next forming the resultant of the two vectors 
corresponding to point 2, marking its extremity as the resultant 
at point 2 * and so on round the circumference. In this way we 
plot out point by point a curve having three symmetrical lobes, 
which gives us the resultant ampere-conductors both in magnitude 
and in phase at any point round the circumference. This curve is 
shown in Fig. 101 and, as it is of the utmost interest and importance, 
we shall devote some space to studying it and its relation to other 
methods of regarding the subject. 

Consider, for instance. Hunt s investigation given in his paper 
above referred to. In this paper he considers 4-pole and 2-pole 
windings rotating in opposite directions, as we have done (for 
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the present investigation has been modelled to give results as 
comparable as possible with his). He chooses a definite number of 
slots (12) and winds into these slots two distinct windings, so con- 
nected and of such pitch that the ampere-conductors per slot of 
the 4-pole winding are 1-732 times those of the 2-pole winding. 
These two windings are connected in series in such a manner that 



the K.M.S. currents in all conductors are equal in magnitude, and 
a symbol is attached to each conductor indicating its phase. 

A diagram of these two windings in series is given in Fig 102. By 
a suitable arrangement of the relative position of the two windings. 
Hunt then succeeds in showing that in certain slots there are bars 
carrying equal and opposite currents which he then cancels. This 
process, it is clear, is one of finding the resultant ampere-conductors 
of two distinct component windings at a particular slot. That is to 
say, Hunt's process and the one illustrated above are the same in 
principle. 

Nothing could be more conclusive or more graphic than Hunt's 
process where it is applicable, but the existence of so many different 
variables, for instance, (1) number of slots, (2) conductors per slot 
on the first winding, (3) conductors per slot on the second winding, 
(4) pitch of first winding, (5) pitch of second winding, (6) relative 
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displacement between the two windings, (7) number of phases, (8) 
connection of windings (star, mesh, etc.), makes it a process very 
limited and difficult to apply. On the other hand, the vector 
method of drawing the resultant eliminates nearly all of these 
variables, and enables us to study cases where the use of Hunt’s 




method is impossible, or is at least extremely difficult of applica- 
tion. 

We shall now, for comparison with Fig. 101, draw a diagram of 
ampere-conductors represented as vectors for the case of an arma- 
ture having 12 slots and carrying the winding developed by Hunt. 
Hunt’s method of indicating the phases of his currents differs so 
widely from the vector method that it is necessary first of all to 
prepare a little dictionary of symbols, whereby we may translate 
his symbolism into vector diagrams, as given in the table at the 
top of the next page. 
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Symbol 

Magnitude 

Phase 


[5 

1*0 

0° 

B ^ 


1*0 

60° 

C k 


1-0 

120° 

A O 

1-0 

180° 

B O 

1-0 

240° 

c o 

1-0 

300° 


That is to say, where Hunt marks a bar as in the left-hand 
column, the phase of the bar is that shown in the right-hand column. 



With the aid of this table we may draw the vector diagram 
corresponding to each of Hunt’s component windings. First of all 
we note, as Hunt points out, that the phase difference between top 
and bottom conductors in the 4-pole winding is always 60°. Hence 
the resultant ampere-conductors per bar will be T73 times those 
in any one conductor. We also note that the phase difference 
between conductors in adjacent slots is always 60°. In the 2-pole 
winding adjacent slots have the same currents in them in pairs as 
2 and 3, 4 and 5, etc. 

From these data we may draw Fig. 103, containing two concen- 
tric circles of radii in the ratio of T73 : 1, their circumferences being 
numbered in the manner shown. By producing the resultant of 
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vectors to points on the two circles similarly numbered, and join- 
ing the extremities of these vectors, we get Fig. 103 which corre- 
sponds to Fig. 101, except that the vectors change from one value 
to the next in steps instead of gradually. In Fig. 101 this polygon 




Fig. 104 


is shown dotted and superposed on the 3-lobed figure derived from 
the previous calculation. It will be seen that this polygon repre- 
sents an approximation as close as can be obtained with only 
12 slots. In a practical case there would be more slots, say not 

le.ss than 48, which would give 
a still closer approximation. 

Hunt has shown so con- 
clusively the identity of his 
two component windings with 
his resultant winding that it is 
unnecessary for us to compare 
again this latter with our ideal 
3-lc)bed figure. Already, how- 
ever, we begin to see what is 
the essential characteristic of 
the cascade rotor, viz. that 
certain parts of the armature 
have a greater number of 
ampere-conductors per slot than 
others. 

In addition to the winding 
we have just analysed, which is the one chiefly employed in practice, 
Hunt has described, chiefly in his patents, several other windings. 
It will be instructive to draw corresponding ampere-conductor 
diagrams for these windings also. 

Referring, therefore, to Hunt’s British Patent No. 15 711/1906 
and his Figs. 1, 2, and 3 (reproduced in Fig. 104 here), let us 
endeavour to translate the resultant diagram (Fig. 104 (c) ) into 
a vector diagram in the same manner as before. 
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The same table as previously used will serve to translate Hunt's 
symbols into vectors. 

In the polygon (triangle) obtained in Fig. 105 we clearly have an 

approximation to a 3-lobed 
figure such as that of 
Fig. 101. 

Another curious winding 
is shown in Hunt's Figs. 4, 
5, and 6 (reproduced here in 
Fig. 106, {a) and {h) repre- 
senting the components, and 
(r) the resultant winding. 

Another 3-lobed figure of 
a rather imperfect type is 
shown in Fig. 107, derived 
from Fig. 106 (c). 

It should now be obvious 
from the examples we have 
discussed that any winding 
which yields a vector diagram approximating sufficiently closely 
to our original lobed figure can be used as a cascade secondary. 
For instance, (r) in Fig. 106 may be much improved by the addition 



Fig. 107 




Fig. 108 


of some further conductors, thereby making it practically equal 
to Fig. 103. Diagrams of this improved winding and its vector 
diagram are shown in Fig. 108. 

Fig. 108 is a vector diagram and diagram of connections for a 
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winding having 36 slots connected as shown, which has merely 
been built up empirically so as to give a vector polygon as close as 
possible to the ideal curve, which it approaches very closely. No 
attention has been paid to determining whether such a winding 
can be arrived at by superposing two other windings, and the 
principal object of explaining it is to make it clear that this is not 
in any sense a necessary condition, and that the sole condition to 
be met is that it shall conform as closely as possible to the ideal 
curve. From the diagram of connections it will be seen how the 
fundamental characteristic of the cascade rotor winding, i.e. that 
of having a periodic variation corresponding to the beats '' or 
ampere-conductors per slot, is shown, since the number of conduc- 
tors per slot varies from 1 to 3. 

We have thus shown how actual windings may be constructed 
in various ways to give a distribution of ampere-conductors per 



slot approximating to that of the 3-lobed curve derived from two 
uniformly rotating vectors, one of which revolves through double 
the angle traversed by the other for equal displacements along the 
periphery of the rotor. 

Two questions at once suggest themselves. It has been pointed 
out above that cascade motors may be built for many other ratios 
of numbers of poles than 2:1. What curves will arise in these 
cases, and how can we fit windings to 1;liein, and what determines 
the number of maxima or lobes ? Let us now consider these ques- 
tions, taking the second one first. 

It is clear in the first place that the maxima can only occur when 
the two revolving vectors coincide in direction. Consider again the 
case where one vector is revolving twice as fast as the other and in 
the opposite direction, and assume that at a certain point in the 
periphery the two vectors coincide in direction and the resultant 
curve, therefore, has a maximum. This is shown in Fig. 109 {a). 
Now consider Fig. 109 (d), where the slower, say the 2-pole, vector 
has moved through 120°. Since the faster vector, say the 4-pole, 
goes twice as fast it will have moved through 240° in the opposite 
direction, and will, therefore, have arrived at the same point. 
Hence we have another maximum. Similarly, when the slower 
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vector has moved through 240° (Fig. 109 (c) ), the faster vector will 
have moved through 480° (360° + 120°) in the opposite direction, 
and they will again coincide in direction, giving a third maximum. 
Finally, when the slower one has moved through 360° the faster 
one will have traversed 720°, and we return to the position from 
which we started. This explains why, in the case of a 2 : 1 speed 
ratio, we have a 3-lobed curve. 

Let us now endeavour to express this in the form of a general 
rule, taking first the case of vectors revolving in opposite direc- 
tions. When one of the vectors has traversed an angle 0 assume 
that the other has traversed an angle 6 x hfa, where bja is the 
ratio of the numbers of pairs of poles of the two fields reduced to 
their lowest terms by dividing by any common factor. Then, if 
when 6—0 the two vectors coincide, they will again coincide when 
0 = 360° -{Ox bja) 


. ax 360° 

U = — _ or 


360° 


i.e. when ^ i , // / \ 

a b 1 -( (bJa) 

This will be called the characteristic angle. 

Thus the angle between successive maxima is 

a X 360° 

(a + b) 


The number of maxima will be the smallest number by which 
this angle can be multiplied to make it a multiple of 360°. 

This number will be {a b), since a and b have no common 
factor. 

Thus our final rule is — 

The numbers of maxima in the curve of resultant ampere-conductors 
is the sum of the numbers of pairs of poles in the two oppositely revolving 
component fields ^ after any common factor has been divided out, 

A few numerical examples may make this rule clearer. 

In the case we have just considered (Hunt's case) bja =~ 2/1, 


0 = = 120°, and there will be (2 + 1) ~ 3 maxima. 

(ii -j- 1) 

Take the case of 4 and 6 poles or multiples thereof, which will 
also be balanced as has been shown above. Here bja == 3/2, 


0 = 


2 X 360° 


^ 144°, and the number of maxima is (2 + 3) — 5. 


Here we notice for the first time a fact that it will be necessary 
for us to investigate fully, viz. that curves having the same number 
of maxima can correspond to different pole combinations. For 
instance, take the case of 2 and 8 poles or multiples thereof, another 
balanced combination. Here 


360° 
(4 + 1) 


6/«=4/l. 0 = 


= 72' 
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and the number of maxima is again 5. Before investigating this, 
however, we must deal briefly with the case where both fields 
revolve in the same direction. 

If both vectors rotate in the same direction but at different 
rates, starting from a position of coincidence, they will again coin- 
cide when the faster has turned through the same angle as the 
slower plus some multiple of 360°, that is, when the difference 
between the two angles is a multiple of 360°. 

Expressing the above statement as a formula we get 


Oh 

0-— = 360°, 0 = 

a 


a X 360° 
[a-b) 


Take the case of 2 and 6 poles, also shown to be balanced. Here 
hfa = 3/1, 0 = 360°/2 = 180°, and the number of maxima for 

the same reason as before is (a-b) — 2. The negative sign refers 
only to direction of rotation, and may be neglected. Thus, for 
vectors rotating the same way our final rule is — 

The number of maxima in the curve of resultant ampere-conductors 
is the difference between the numbers of pairs of poles in the two 
similarly revolving component fields, after any common factor has 
been divided out. 

As regards the magnitude of these maxima, it is clear that this 
will be equal to the arithmetical sum of the magnitudes of the two 
component vectors, and the minimum value to their arithmetical 
difference. Hence, if they are equal the minimum value will be 
zero. 

Several instances occur in the course of the present investigation 
where it is necessary to work out the difference of two equal vectors, 
E.M.F.’s or currents for instance, having a given phase difference. 
For two equal vectors, the well-knowm formula for the third side of 
a triangle having two sides a, b, and an included angle of 6 ; viz. 
^2 ^ b^-2 ab cos 0 =- reduces to c ~ 2a sin 10. For instance, 
the E.M.F.’s in the two bars forming one turn of any coil differ in 
phase by an angle equal to (180" X coil pitch)/(pole pitch) = a, 
say, and the resultant E.M.F. per turn is — 2E (per bar) x sin 
(90° X coil pitch)/(pole pitch), the latter quantity being frequently 
called the chord factor. 

Again, if two turns are connected in series reversed, as in the 
case of turns round adjacent N and S poles of a machine, then the 
E.M.F.’s in the two turns will differ in phase by y = 180° X (pitch 
of corresponding bars of the two turns)/(pole pitch), and the resultant 
E.M.F. of the two turns will be Eg — 2/ii sin = 4E (per bar) 
sin Ja sin Jy. The same formula enables us to calculate the star 
currents in the windings, each of which forms the resultant of 
two mesh currents, and is used in several places in the present 
paper. 
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Ratio of the Fluxes 

In several of the windings, notably the Hunt star-mesh winding, 
each phase consists of two coils joined in series and in opposition. 
This is clearly shown in Fig. 110, in which the three circuits in the 
Hunt winding are shown by different kinds of line. It will be worth 
while, therefore, for us to study how to determine the ratio of the 
fluxes in such a circuit. We have just seen that the E.M.F., what- 
ever the number of poles is, 

Fg = 4/i (per bar) sin \a sin (per circuit), 

where a = (180° x coil pitch)/(pole pitch), and y ~ (180° X pitch 
of corresponding bars)/(pole pitch). 

Corresponding bars, for instance, might be those marked 30° and 
240° in the top layer of Fig. 21. 



Fig. no 


It is clear that a and y will be different for the two distinct num- 
bers of poles of the cascade machine, and that the sum of the E.M.F.'s 
due to the two fluxes must be zero. Hence, if are the maximum 
densities due to the two fluxes, we have 

Max. E.M.F. per bar = for the first flux. 

Max. E.M.F. per bar = for the second flux. 

and Fg being the speeds of the fluxes relative to the rotor. The 
equation determining BJB 2 will be 

Fi^i sin sin sin Jug sin Ij/g 

This ignores the breadth coefficient of the coils, which we shall have 
to discuss directly. 

In some windings, for instance that shown in Fig. 102, we have 
Coil pitch = pitch of corresponding bars in the two coils. 

In this case a = y, and the formula becomes 

Fi^i sin^ = FgRg sin ^a2 
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Taking this formula first, let us ^pply it to certain instances — 


Case 

No. of 
Slots 

Pitch 
of Coll 

Poles 

Ol 

Sin la 

V 

(Sin la)* 

<5 

Sm (l80-|) 

1 

1 

12 

1 4 

2 

90° 

0-707 

2 

0-5 

30 

0-965 


12 

1—4 

4 

180° 

1-0 

1 

1 

60 

0-866 

2 

20 

1—4 

4 

108° 

0*81 

3 

0-655 

36 

0-95 


20 

1 4 

6 

162° 

0-99 

2 

0-98 

54 

0-88 

3 

20 

1-4 

2 

54° 

0-455 

4 

0 207 

18 

099 


20 

1—4 

8 

216° 

0 96 

1 

0 92 

72 

0-81 

4 

16 

1—4 

2 

67 6° 

0-557 

3 

0-301 

22\ 

0-98 


16 

1 4 

6 

203° 

0-98 

1 

0-96 

m 

0-83 


Case 1. X 2 X 0-5 = X 1 X 1 i 3^=32. 

This is Hunt’s case, for one of his windings. 

Case 2. x 3 x 0*655 = X 2 X 0*98 ; B^ = 0*99^2- 

Case 3. B^ x 4 x *207 ^2 X 1 X 0*92 ; B^ = VllB^. 

Cases (2) and (3) are the cases discussed below, in which identic- 
ally the same winding is operated on two different combinations of 
poles, enabling us to get 4, 8, 12, and 16 poles with a 20-pole cascade 
speed. The calculation just made shows that the ratio BJB 2 is 
about the same on both pole combinations. 

Case 4. B^ x 0*301 x 3 = i ?2 X 0*96 X I ; B^ = 1*06^2. 

This is an example of the new type of magnetically balanced 
machine described below. 

These results will be somewhat modified by the influence of 

breadth factor ” when the coils in series extend over several slots 
instead of one only. We assumed above E (per bar) = VB, In 
the Hunt winding, for instance (Fig. 102), it will be noted that each 
section, between the star point and the point where the winding 
reverses, i.e. the point where the coil joined to a collector ring 
is tapped in, consists of two turns in neighbouring slots spaced 
apart therefore by one-twelfth of the circumference, or 30° of phase 
on 2 poles and 60° on 4 poles. The E.M.F.’s in it will, therefore, 
differ in phase by these amounts. Calling these angles of angular 
spacing and our final foimula becomes 

V^B^ sin iuj sin |(180 - d^) — V^B^ sin \{a^ sin \[a.^ sin J(180 - 

In the table above, the values of these quantities are calculated. 
Applying these to the various cases considered, we get — 

Case 1. iSj = 0-895B2- Hunt states on page 413 of his paper : 

The flux per pole of the 2-pole field is equal to 1*73 times the 
4-pole flux.” This gives us B^ = 0-86652. i-e. the value to which 
we approximate as the number of slots gets larger. Hence our 
results are in practical agreement with those of Hunt. 

Case 2. From the previous calculation corrected, B^ = 0*91 SSj,* 
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Case 3. From the previous calculation corrected, = 0'915Bj. 

The result of this correction is to show that the ratio of the 
densities is identical in the cases where the same winding is operated 
on two distinct combinations of poles. 

Case 4. This gives B, = O-QBj. 

It is perhaps desirable to point out that the ratio of the diameters 
of the two circles on which the ideal curve of ampere-conductors is 
based is merely a measure of the ratio of ampere-conductors per slot 
in two component windings, and not of the fluxes or magnetic 
densities. These calculations, in fact, will be sufficient to show 
clearly the principle on which the determination of the relative 
densities must be based. Every winding will consist of a number 
of exactly similar closed circuits. Calculate the E.M.F. in one such 
circuit due to the flux of one number of poles. Then calculate it as 
due to the flux of the other, and equate the two. This will give an 
equation determining the relative densities or fluxes per pole. 



CHAPTER XVI 

CONSTRUCTION OF SECONDARY WINDINGS 

One of the most important features of the cascade motor is the 
possibility of changing from cascade speed to any of the basic 
speeds, and several methods of carrying this out may be explained. 
The two salient characteristics of the cascade rotor are — 

1. Both the fields on which it operates rotate with respect to it 
at speeds much greater than that of slip. 

2. The ampere-conductors per slot are different at different 
points of the circumference. 

Since in practice it is not convenient to make the slots of different 
sizes, they must be of a size to accommodate the maximum ampere- 
con luctors required, and this involves some of them being only 
partially filled. It is well known that, if a cascade set of two 
machines be brought up to the synchronous speed of the primary 
machine, it will continue to operate and carry load at that 
speed, the second machine, which now receives only slip frequency, 
merely acting as an impedance, with some self-induction, in the 
secondary of the first In the case of the internal cascade motor, 
in which the currents corresponding to the second motor circulate 
in the windings of the first, and this second motor has no actual 
independent existence this possibility receives its full development 
because at slip frequency the secondary E.M.F. is chiefly consumed 
by resistance. There is, therefore, little occasion for any secondary 
flux to be generated, and, consequently, the secondary machine 
does not act appreciably as an impedance in the secondary of the 
primary machine. Of course, since all the slots are not filled, such 
a winding will not give the same torque as one of normal type. 
The problem, therefore, is to cause the motor to change from cascade 
speed to one of the basic speeds, and it will not do this unless some 
further means are adopted, WTiat we require, in order to do this, 
is some means of stopping the rotation of the fluxes with respect 
to the rotor. One effective means of doing this is to apply another 
winding quite independent of the cascade winding which, when it 
is short-circuited through slip-rings, will stop the rotations of the 
fluxes with respect to the secondary member. Winding (4) (Fig. 127) 
illustrates this method. Another method is to introduce further 
connections into the existing cascade winding, thereby producing 
further closed circuits which will no longer be equal in number to 
the sum of the numbers of pairs of poles of both fields. Winding (5) 
(Fig. 128) is an example of this. 

In certain cases, as, for instance, in Hunt's star-mesh winding 

137 
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good results may be obtained by what is in effect a combination of 
both these methods, while in others it is necessary to use them 
separately. One convenient way of combining the two methods 
which is sometimes applicable, is to close each phase of the cascade 
winding through a phase of the auxiliary winding, instead of short- 
circuiting it. We have already described the Hunt star-mesh 
(Fig. 110). To apply to this winding the two distinct methods 
described above, in this manner, we should connect the upper 
bars in slots 3, 7. and 11 to the junction points of sections 2 and 
4, 6 and 8, 10 and 12, and short-circuit the lower bars of these three 
sections, thereby bringing about the closing of the required circuits 
with only three slip-rings. Let us consider the nature of the winding 



Fig. Ill 


so produced (Fig. Ill), and similarly for any increased number of 
phases. 

The diagram showing the circuits in skeleton form (Fig. Ill) 
indicates that there are 6 circuits, each of the star members of the 
winding being common to two of these circuits. With 4 poles the 
mesh-connected or even-numbered coils will differ in phase by 12()'\ 
and with 2 poles by 60''. The current in the star-connected coils, 
being the resultant of that in the two-mesh-connected coils between 
which it lies, will in the case of 4 poles be equal to that in the mesh- 
connected coils, and in the case of 2 poles will be 1*732 times as 
great. Fig. Ill shows a 12-slot winding fully drawn out similar 
to Hunt’s Fig. 7, one complete circuit of the six which exist when 
the slip-rings are short-circuited being shown in heavy lines. In 
Fig. 110, for the sake of comparison, the same winding is shown as 
operating on cascade, the three circuits of which it is essentially 
composed being shown by three different types of line. It will be 
seen that every star coil is common to two circuits. 

We have hitherto dealt chiefly with windings having three phases, 
largely in order to enable us to compare our results with those of 
Hunt. We shall now describe a number of windings adapted for, say, 
5 phases, both for the sake of variety and because windings having 
a higher number of pheises lead to a very important generalization 
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already alluded to above, whereby we are enabled to obtain a 
greater number of speeds in the cascade motor. In connection with 
these 5-phase windings, the most appropriate method of obtaining 
the basic numbers of poles will be described. Diagrams will also 
be given of the vector polygon for each winding, showing how nearly 
this polygon approximates to the ideal curve. 

We have seen that any winding having the appropriate number 
of phases is compatible with the existence of two fluxes of the 
numbers of poles given by the rule above stated, and that one of 
the chief characteristics in 
such a winding must be the 
variation of the ampere- 
conductors per slot from 
point to point round the 
circumference, the number 
of maxima and minima 
being equal to the number 
of phases. We have already 
seen that the number of 
phases required is equal to 
the sum of the numbers of 
pairs of poles in the two 
fields. A single-phase wind- 
ing for {m -f n) pairs of 
poles is a winding having 
the requisite character- 
istics, i.e. consisting of 

(m + n) sections capable of being the seat of a balanced system of 
{m + >t)-phase currents, and aKo having (m + ^0 maxima and 
minima. Every phase will be repeated twice to comply with Hunt's 
rule for magnetic balance. Such a single-phase winding is shown in 
Fig. 106 (c). 

Clearly the phase difference between adjacent sections on {m -f n) 



Fig. 112 


360 

pairs of poles will be X (??« -f n) = 180° (since when 

repeated twice there will be 2{m + n) sections), which proves the 
winding to be single-phase. The phases of the cascade winding may 
be connected in many ways, either in star or mesh, or short-circuited 
independently on themselves. A convenient standard arrangement 
which may be used for many windings is connected in star, and if 
alt mate terminals are joined to each single-phase terminal (as 
Tj and To, Fig. 112) they form a parallel type single-phase winding 
with {m -f n) local circuits, in which the single-phase currents will 
flow from each terminal through the star to the next. This is 
shown by the odd-numbered coils of Fig. 112, as connected to rings 
1 and 2. Such a single-phase winding forms a convenient starting 
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point in developing various types of cascade winding. We shall 
illustrate these for the case of 4 and 6 pairs of poles throughout, 
but it will be clear that the same principles are applicable to any 
other combination of poles modified for cascade work. 

It will now be desirable to describe a number of windings adapted 
for cascade working, and also how they may be modified to enable 
them to operate on any of the basic number of poles. 

Winding (1). Of the various types of winding described in the 
present paper the following is one of the most interesting and 





(0 

Fig. 113 

important, and we shall, therefore, devote considerable space to it. 
It is shown in Fig. 113(a) and described in detail below. The 
distribution of ampere-conductors produced by it is superposed on 
the ideal curve of Fig. 114 {a and ft), showing that the approxima- 
tion is quite as close as in any of the machines as described and 
built by Hunt. In this connection, as a preliminary step, a some- 
what clearer and simpler form of connection diagram is desirable. 
Hunt usually denotes a single section (which may in practice consist 
of one or several coils in series) in a 2-layer drum winding by two 
small circles, one in the top and one in the bottom layers, joined 
by a curved line. It serves considerably to clarify the diagram, in 
the author's opinion, if we merely join these circles by a straight 
line as short as convenient, and distinguish the lower layer by 
using a blackened instead of a plain circle (see Fig. 115). The 
symbols formed in this way may be numbered successively round 
the circumference in order to show their relative position in the 
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winding, and interconnected to form a key diagram (see Fig. 116), 
of which {a) is identical with Fig. 110, and [b) with Fig. 113 (a). 
Consider any point where three sections are joined together, say, 
12, 1, and 2 (Fig. 116). Suppose in the first place that the same 
currents flow in the same directions in 12 and 2. Then, from the 
connection of the circuits, it is clear that their arithmetical sum will 
flow in section 1 . If, however, these currents are displaced in phase 
by an angle 0, then their resultant or vector sum will flow in sec- 
tion 1. The resultant (not difference) of two unit currents making 



an angle 0 is 2 sin |(180 - 0). Calling the currents in 12 and 2 tlie 
mesh currents, and that in 1 the star current, we have 

star current = 2 sin ^(180 - 0) x mesh current. 

Applying this to the case in which sections 12 and 2 are 120° out 
of phase, we get the familiar result 

star current = 2 sin 60° X mesh current. 

The winding shown in Figs. 116 (b) or 24 [a) is made up of units 
consisting of two coils in series reversed, 10 units of this character 
being connected in mesh instead of in star. Numbering the turns 
in the different slots from 1 to 20, we note that all the even-num- 
bered coils are connected in mesh, alternate ones being mutually 
reversed, thus the turn lying in slots 1 and 4 is connected in series 
with that lying in slots 3 and 6 by a connection between the lower 
conductors of slots 4 and 6, which has the effect of causing mutual 


CONSTRUCTION OF SECONDARY WINDINGS 143 


reversal of the two turns. The turn in slots 3 and 6 is again con- 
nected in series with that in slots 5 and 8 by a connection between 
the upper conductors of slots 3 and 5, and so on. In this way all 
the even-numbered coils are connected. Of the odd-numbered 
coils, only those whose number, deducting 1, is divisible by four are 
connected to the two even-numbered 
coils between each of which such coils lie. 

The upper bar of such odd-numbered 
coils is connected to the junction of the 
two lower bars of the two coils between 
which it lies. 

The winding of Fig. 113(a) as arranged 
to fill 20 slots, contains five closed 
circuits as shown in Fig. 116(6). For 
instance, the five circuits contain sections 
1,2, 4, 5; 5, 6, 8, 9; 9, 10,12,13; 13, 14, 

16, 17 ; 17, 18, 20, 1. These five circuits are evidently distributed 
evenly round the circumference, and each carries one phase of a 
balanced 5-phase system of currents. A 5-phase system is capable 
of two orders among its phases, viz. 0°, 72°, 144°, 216°, 288°, and 
0°, 144°, 288°, 72°, 216°, and these two orders give rise to two 
distinct cases, both of which we must study. Five of the sections 
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Fig. 115 




— the star sections — arc each common to two of the closed circuits, 
and if we consider that the positive direction of circulation of all 
the currents round the closed circuits is clockwise, the current of 
one section will be flowing inward when that of the next (say, 72° 
displaced) is flowing outward. The difference between a vector at 
0° and another equal to it at 72° will be 2 sin 36° = 1*17. If the 
vectors had been at an angle of 144° we should have had 2 sin 72° 
== 1*9 ; or if they had been at 120°, 2 sin 60° = 1-732. This shows 
that if the phase difference between adjacent circuits is 72° (the 
2- and 8-pole cases) the star current will be 1-17 times the mesh 
current, while if it be 144° (the 4- and 6-pole cases) it will be 1-9 
times the mesh current. In Hunt’s case the ratio is 1-732. 
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Drawing out the 20-slot winding for each of the two cases as 
in Fig. 113 (6), choose five equally spaced bars, say, the top bars 
in slots 5, 9, 13, 17, 1, and mark them with angles, say, 0°, 72°, 
144°, 216°, 288°. The connections of the winding now enable us to 
mark the angles corresponding to all the other bars. For instance, 
the top bar in slot 3 and the bottom bar in slot 8 must be opposite 
in phase to the top bar in slot 5, and similarly for other bars bearing 
the same relation to the remaining bars already marked. The 
bottom bar in slot 6 must also be opposite in phase to the top bar 
in slot 3, and similarly for corresponding bars. We have now 
marked all but the star bars. From the way these are connected, 
it is clear that the bottom bar in slot 9 is intermediate in phase 
between the bottom bars in slots 8 and 10, since it carries the sum 
of two equal currents flowing in these two bars. We accordingly 
mark it 126° = J(72° + 180°), and similarly for corresponding bars. 
The top bar in slot 2 must be opposite in phase to this, and so on 
similarly. 

In Fig. 113 [a) an angle of 144° has been substituted for 72°, the 
marking being otherwise carried out in the same way. 

Having prepared the marked diagrams, we next draw two circles 
of relative radii corresponding to the currents in the mesh and star 
bars respectively, calculated as above from the phases of the sec- 
tions, and divide both into as many parts as may be necessary to 
give us all the angles we require (20 in this case). Take the ** mesh 
circle (the inner one as a rule) ; at the point corresponding to the 
angle with which a bar is marked insert the slot number of that bar. 
For instance, if a bar in slot 1 is marked 0° we mark the number 
1 opposite the point on the circle we have chosen to represent 0°. 
Having marked all the slot numbers carrying mesh bars in this way, 
we do the same on the other circle for the star bars. We then draw 
the vector sum of all vectors drawn from the centre to either of 
the circles and marked with the same slot number, and mark its 
extremity with that slot number, which is the resultant value of 
the ampere-conductors per slot. In this way we construct one 
point corresponding to each slot. Joining these points in order, 
we get Figs. 114a and 1146, the former representing the order 0°, 
144°, 288°, and the latter the order 0°, 72°, 144°. 

We have described in detail how the ideal curve is drawn ; there- 
fore it is only necessary now to point out how the radii of the 
oppositely revolving vectors of this curve may be obtained from 
the polygonal diagram corresponding to a finite number of slots. 
To do this draw circles tangential to the polygon both internally 
and externally. The maximum of the nearest ideal curve will be 
slightly greater than the radius of the outer circle, and the mini- 
mum slightly less than that of the inner — how much can only be 
estimated. We have already seen that the maximum value of the 
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ideal curve was equal to the arithmetical sum of the oppositely 
revolving vectors and its minimum to their arithmetical difference, 
so they can be calculated from these data. It may be worth men- 
tioning also that the side of the polygon between two angles marked 
with two neighbouring slot numbers represents in magnitude and 
phase the magnetomotive force acting in the tooth between the two 
given slots. As will be seen, the approximation on 2 and 8 pairs 
of poles (Fig. 114^) is quite as close as on 4 and 6 pairs of poles 
(Fig. 114^^), which proves from another standpoint that the same 
winding can operate with both pair of fields. 

In Fig. 113 (c) the phases of the currents in all conductors with a 
winding short-circuited in a suitable manner such as that described 
above, operating on 8 poles, are shown. These phases are arrived 
at by attributing to conductors spaced apart by one-tenth of the 
circumference phases differing by 144°, when the connections of 
the winding enable us to determine the phases of all the other 
conductors. Averaging the phase of the two conductors in each 
slot, we find that they differ uniformly by 108°, and, hence, the 
winding is quite satisfactory as an 8-pole winding. 

Winding (2). In order to complete the description of the' secondary 
windings it will now be desirable to describe a winding adapted for 
the case of 2 and 6 poles, which depends on the new rule worked 
out above as regards magnetic balance. 

Working out the number of phases corresponding to this case 
from the rule given above, we find that the winding must be adapted 
for four phases. It has been pointed out that any of the windings 
described above may be adapted for any other number of phases, 
and, hence, the 5-phase windings previously described may be 
reduced to 4-phase windings by omitting one-fifth of their con- 
ductors. For instance, windings described for five phases in 40 
slots may also be arranged for four phases in 32 slots, the pitch of 
the coils, etc., remaining the same. Just as in the winding for 
40 slots, each of the five phases was repeated twice and the winding 
was, therefore, adapted for 4 and 6 pairs of poles, so in a 32-slot 
winding each of the four phases would be repeated twice, and the 
winding would be adapted for 2 and 6 pairs of poles. But in the 
cases we are now studying this is not necessary, as a winding for 
1 and 3 pairs of poles is magnetically balanced, unlike a winding 
for 2 and 3 pairs of poles. Hence, one half of the 32-slot winding 
can be omitted, and an adequate 4-phase winding could be wound 
for 16 slots only. 

On working out the diagram of ampere-conductors for this wind- 
ing it will be found quite as close to the ideal curve as that of any 
of the other windings. It is shown superposed on the ideal curve 
in Fig. 117. 

Winding 3. Take a winding having 60 slots containing numbers 
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of conductors varying from 1 to 3, having the phase shown in the 
annexed table, and all carrying equal currents. Qnly one-half of 
this winding need be considered (slots 1 to 30) since the remainder 
merely repeats it for the sake of magnetic balance. Connecting in 
series all conductors having opposite phases, such as O'" and 180°, 
it will be found that this winding is in the main a single-phase 
concentric winding arranged for five pairs of poles (see Fig. 118) 
(the sum of two and three pairs of poles) all the poles of which 
may be short-circuited on themselves (although diametrically 
opposite coils may be placed in series) so that they may carry 
currents in the different phases required by the given combination 
of pole numbers. If the resultant ampere-conductors of this wind- 
ing be set out as a vector diagram (Fig. 119) it will be seen that a 
5-lobed curve is generated, which is very close indeed to the ideal 
curve already drawn (Fig. 114a). All these phases may be indepen- 
dently short-circuited or preferably connected in star, alternate ones 
being connected to each single-phase terminal, as described above 
in connection with Fig. 112, when they form a 10-pole single-phase 


PHASE OF CONDUCTORS 


Slot 

Top 

Middle 

Botto: 

1 

31 

0 

0 

36 

2 

32 

0 

0 

— 

3 

33 

288 

— 

— 

4 

34 

252 

— 

— 

5 

35 

180 

180 

— 

6 

36 

180 

180 

144 

7 

37 

144 

144 

180 

8 

38 

144 

144 

180 

9 

39 

72 

— 

— 

10 

40 

336 

— 



11 

41 

324 

324 

— 

12 

42 

324 

324 

288 

13 

43 

288 

288 

324 

14 

44 

288 

288 



15 

45 

216 



— 

16 

46 

180 

— 



17 

47 

108 

108 

— 

18 

48 

108 

108 

72 

19 

49 

72 

72 

108 

20 

50 

72 

72 



21 

51 

0 





22 

52 

324 





23 

53 

252 

252 



24 

54 

252 

252 

216 

25 

55 

216 

216 

252 

26 

56 

216 

216 



27 

57 

144 





28 

58 

108 





29 

59 

36 

36 


30 

60 

36 

0 

— 



148 THEORY AND DESIGN OF ELECTRIC MACHINES 

winding of the type mentioned above. The two single-phase 
terminals will be short-circuited when the winding is being used 
as a cascade, and, as mentioned above, the diagram only shows 
one-half of it occupying 30 slots, since the other half is exactly 
similar. It will be desirable, before terminating the description of 
this winding, to explain how it can be adapted to act on either of 
the basic numbers of poles. It is clear from the table that there 
is room in the slots for another almost exactly similar winding which, 
since the original winding is practically a single-phase concentric 
winding for 10 poles, makes altogether a 2-phase 10-pole concentric 
winding. Such a winding has 20 sections, each of which is short- 
circuited on itself. Now the phase difference between 20 equally 
spaced sections on 12 poles, say, will be (360 X 6)/20 = 108°, and 



currents having this phase difference will circulate in adjacent sec- 
tions if these are independently short-circuited. 

In many types of standard polyphase rotor the phase difference 
between adjacent sections is 120°, and, hence, a phase difference 
of 108° is clearly not too great. The same argument applies even 
more strongly to the case of 8 poles. Clearly the 10 parallels of the 
second phase winding cannot be permanently joined up, as they 
would prevent the operation of the machine on cascade speed. 
Diametrically opposite coils of the second star-connected winding 
may, however, be permanently connected in parallel, for instance, 
terminals Tg to T^ (Fig. 112), where the even-numbered coils repre- 
sent the extra winding, and five slip-rings are used to make the 
other parallel connections when required. Fig. 119 shows the 
vector polygon corresponding to this winding. It will be seen that 
it is remarkably close to the ideal curve shown for the case of five 
phases in Fig. WAa. This winding is clearly a generalization to 
five phases of the winding shown in Fig. 108. 

Winding 4. Another convenient winding for the same purpose is 
a two-coil-per-slot drum winding having 40 slots (see Fig. 120). 
A winding having a pitch one to four is wound in these slots, two 
full and two blank coming alternately, if we consider the upper 
conductors only. The winding is divided into 10 units, each unit 
being made up as follows. The turn consisting of the upper conductor 
of slot 1 , and the lower of slot 4 is connected in series reversed with 
the turn consisting of the upper conductor of slot 4, and the lower 
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of slot 7 by a connection between the lower conductors of slots 4 
and 7. Ten circuits similar to this are formed, having their initial con- 
ductors in slots 1, 5, 9, 13, 17, 21, 25, 29, 33, and 37. These 10 cir- 
cuits are connected in star, for instance, alternate ones being joined 
to the two single-phase terminals, and Tg in the diagram, these 
being short-circuited when the winding is used on cascade. To enable 
this winding to operate on its basic numbers of poles of 8 and 12, 
the first method described above may be used, viz. that of a second 
winding in the empty slots, in order to prevent rotation of the two 
fields with respect to the rotor. This can clearly be done, the wind- 
ing being joined in star similar to the cascade winding, diametrically 
opposite coils being connected permanently together and five slip- 
rings being used to short-circuit the five circuits thereby obtained, 
as in Fig. 112. 

Fig. 120 shows this winding, the circles denoting the individual 
conductors, the straight lines the connections between them, and 
the figures inscribed in the circles the phases of the currents in each 
conductor. The conductors joined up by the connections shown 
represent the cascade winding, and those not joined by connections 
the extra winding for stopping the rotation of the fields with respect 
to the rotor. Clearly, since the cascade winding is unaltered, whether 
we are running at the cascade speed or any other speed, the relative 
phases of the currents in it will not vary. 

The phases of the currents in the different conductors may be 
obtained as follows — 

The 10 units of which the winding is composed carry 5-phase 
currents, as has been pointed out, diametrically opposite units being 
in phase. Hence, if we mark the conductors in the slots 1, 5, etc., 
mentioned above with phase 0°, 144°, 288°, 216°, and 72°, in order, 
the connections of the circuit will enable us to obtain the phases 
of all the other conductors. For instance, if the top conductor in 
slot 1 has phase 0°, the lower conductor in slot 4 must have phase 
180°, the lower conductor in slot 7 must have phase 0°, while the 
upper conductor in slot 4 must also have phase 180°. As regards 
the extra winding, the phases of this will be intermediate between 
those of the cascade winding. Its initial conductors will lie in slots 
3, 7, 11, etc., and these should, therefore, be marked with phase 
72°, 252°, and so on, when the same process as before enables us 
to get the phases of the other conductors. Having done this we may 
mark below each slot, which, of course, contains two conductors, 
the average phase of the two, and it will be found that the average 
phase of the conductors per slot will vary uniformly round the 
circumference, the phase difference between adjacent slots being 
(360 X 4)/40 == 36°, and thus the winding is a uniform 8-pole 
winding. This process may also be repeated on 12 poles, giving an 
exactly similar result, ' 
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The best way to prevent the rotation of the fields with respect 
to this winding is to insert entirely distinct windings in the empty 
slots, this second winding being connected up and short-circuited 
precisely like the first, when the machine is running on its basic 
pole speeds. 

Winding 5. This winding is a variation of winding (4), having' 
double the number of conductors, and is formed by connecting the 
following pairs in series to form a unit in a manner similar to that 
previously described. The turn consisting of the upper conductor 
of slot 1 and the lower of slot 4 is connected directly in series with 
that consisting of the upper of slot 2 and the lower of slot 5. The 



Fig. 122 

lower of slot 4 is connected to the lower of slot 7, and the turn con- 
sisting of the lower of slot 7 and the u])per of slot 4 is connected 
directly in series with that consisting of the lower of slot 6 and the 
upper of slot 3. There will thus be eight condiictors in series instead 
of four, and all the slots arc now filled b}^ a winding consisting of 
pairs of coils alternately reversed as described above. In this case 
the number of conductors does not vary from slot to slot, the varia- 
tion of ampere-conductors being due to the varying phase difference 
between the upper and lower conductors in any slot, the currents 
in the conductors in some slots being nearly in phase and in others 
widely out of phase. 

Assuming that conductors differing in position by one-tenth of 
the circumference are 144'" out of phase, as before, the connections 
of the winding enable us to fill in the phases of all the other con- 
ductors, and we can readily draw the vector diagram of resultant 
ampere-conductors, which will be found to be very close to the ideal 
curve. It may be connected in exactly the same way as winding (4), 
but is shown in Fig. 121 with both terminals of every set of 8 
conductors joined to a common point. 

Since with this winding all the slots are full, obviously a second 
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windix)g caiywot be tised to get the basic speeds, and the second 
method described above must be employed, namely, that of pro- 
ducing short circuits between parts of the cascade winding. Each 
unit of this winding consists of two turns in series connected in 
opposition to another pair of turns in series, the whole four turns 



then being short-circuited. Introducing a short circuit between the 
first pair of turns and the second pair of turns, i.e. joining Si, 

5*3, S4, to the common star-point, or even to one another, we have 
what is required, and when this has been done every pair of turns 
on the winding is short-circuited independently. By connecting 



opposite sections together permanently, this also involves 5 slip- 
rings. There will now be, as in winding (4) 20 sections each indepen- 
dently short-circuited, and, for the same reason as already men- 
tioned, this is sufficient to make a satisfactory 8- or 12-pole winding. 
The diagrammatic scheme of the winding is shown in Fig. 123. 

Fig. 122 shows the phases of the conductors in all the slots 
when the winding is operating on 8 poles, whilst Fig. 124 shows the 
vector diagram corresponding to this winding for the case of three 
phases. The winding for the 3-phase case is shown in Fig. 125, 


CHAPTER XVII 

STATOR WINDINGS 

It is necessary now for the sake of completeness to describe stator 
windings corresponding to, and capable of use with, the rotor 
windings already described. In the case of a machine having a 
single pair of fields, that is. having only two distinct numbers of 
poles, it is always possible to use two distinct windings. 

It may be shown without difficulty that any number of sections 
equally spaced round the circumference of a machine will have 
induced in them a balanced system of polyphase E.M.F.'s on any 
number of pairs of poles, which is not a multiple of the number of 
sections. Hence, if all these sections are connected in series, the 
sum of the E.M.F.'s will be zero. Thus, to obtain two mutually 
non-inductive windings for different numbers of poles, all that is 
necessary in general is to arrange them, say, in star, devoid of 
parallel circuits, and then, with a few exceptions, practically confined 
to cases where one number of poles is a direct multiple of the other, 
they will be quite mutually non-inductive. 

The advantage of a single winding is, of course, very great, and 
it is desirable, therefore, to describe how such a single winding may 
be used in several of the cases described above. In particular, 
where it is desired to use two or more pairs of basic numbers of 
poles requiring primary windings having three or more speeds, it 
would often be very inconvenient to use distinct windings for all 
these numbers of poles. 

Let us confine ourselves firstly to the Hunt type of magnetically 
balanced machine, in which the primary and secondary numbers of 
pairs of poles, when divided by their greatest common factor, give 
in one case an even, and in the other an odd, number as quotient. 
Consider four sections arranged equidistantly round the circum- 
ference, which we may refer to as a, h, c, and d (see Fig. 126), and 
consider the phase differences between them on different numbers 
of poles. These are shown in the table below. 


No. of Poles 

Section 

a 

b 

c 

d 

4 

0 

180 

0 

180 

8 

0 

0 

0 

0 

12 

0 

180 

0 

180 

16 

0 

0 

0 

0 
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We have here chosen the numbers of poles corresponding to the 
rotor winding having 5 phases, which has been fully described above, 
as by describing this winding we complete the description of the 
cascade machine having these characteristics. Connect the four 
sections a, b, c d, as follows — 

A in series with b and d in series with c. The pairs ab and dc 
are now connected in parallel to form a closed circuit, in which 
the beginning of section a is connected to the beginning of section 
d, and the end of section b to the end of section c. Four terminals 
are now brought out from the junction points of 
each pair of sections. Such a closed circuit we 
may call a Hunt unit, and it has the following 
properties, which may be verified by reference to 
the table on previous page. With 8 and 16 poles, 
sections a and b are in phase and likewise sections 
c and d, hence the E.M.F.’s in a and b are added 
arithmetically, and their sums are exactly equal 
to the sum of those in c and d. With 4 and 12 Fig. 126 
poles, a and b will be opposite in phase and 
likewise c and d, and, consequently, the E.M.F.'s round the closed 
circuit will be zero. Let us number the terminals as follows — 

Terminal 1 between sections a and d, 

„ 2 „ a and 6. 

,, 3 „ .,6 and r. 

,, 4 „ „ c and d. 

If now we connect terminals 1 and 3 in series with the line, and 
a resistance across terminals c and d, the primary currents for 8 
and 16 poles will flow between 1 and 3, and for the secondary cur- 
rents between 2 and 4. If we wish to make 4 and 12 the numbers 
of primary poles, we must cause the primary currents to flow 
between terminals 2 and 4. Tracing the circuits between 2 and 4 
we note that b and c form one branch and a and d the other, these 
being connected in series and opposition. It will be seen from the 
table that sections b and c are opposite in phase on 4 and 12 poles, 
and, hence, their E.M.F.’s will be added if these two sections are 
connected in opposition. For the same reason as described previ- 
ously. secondary currents capable of producing an 8- and 16-pole 
field will not circulate round the closed circuit, but can only flow 
between terminals 1 and 3. 

Hence, if we can build up a winding adapted for, say, 8, 12, and 
16 poles (neglecting the case of 14 poles which will be seldom 
required) out of these units we shall have a winding which will 
answer the required purpose. To do this we require a winding 
containing at least 24 sections, giving rise to six Hunt units (see 
Fig. 127). In such a winding, between sections a and b of any given 
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unit, that is, any two neighbouring sections, there will be sections 
belonging to five other units, making six in all. We may call 
these units one to six, numbering them in order from section a of 




unit 1 to section d of the same unit. Unit 1 is thus the unit con- 
taining section 1. 

To connect these six units for 16 poles we may connect units 1 
and 4, 2 and 5, 3 and 6 in series, and these three sets in mesh. To 
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obtain 8 poles connect units 1 and 4, 2 and 5, 3 and 6 in parallel and 
connect these pairs in star. To obtain 12 poles connect units 1, 3, 
and 5 in series, and 2, 4, and 6 in series. Connect units 2, 4, and 6 
between one line and the central point of an auto-transformer 
connected across the other two lines. Connect units 1, 3, and 5 
across tappings on the same auto-transformer adapted to give a 
voltage 0*866 times the line voltage. Care must, of course, be 
taken, as has been done in Fig. 128, to see that the 
North and South poles of each phase on all numbers 
of poles are in correct sequence. 

We now come to the new type of magnetically 
balanced machine in which both the numbers of pairs 
of poles are odd, and we shall describe the case of 2 
and 6 poles, as this is one of the most important 
practically. In the case of 2 and 6 poles, opposite 
sections will be opposite in phase, on both the primary 
and secondary numbers of poles (we here assume that 
the primary number of poles is 6), and, therefore, the Hunt winding 
is inapplicable, but it is possible to make the sum of the secondary 
E.M.F.'s equal to zero round the local circuits by methods other 
than those used by Hunt. 

To form one branch of the circuit, let us take three instead of 
two equally spaced sections in series. On 6 poles all these three 
sections will be in phase, and the three E.M.F.'s will consequently 
be added arithmetical!}’ (see Fig. 129). On 2 poles they will have 
phases 0°, 120°, and 240°, and the sum of their E.M.F.'s 
will, therefore, be zero, as shown in Fig. 130. 

Circuits, therefore, made up of any number of 
branches, each consisting of three equally spaced sec- 
tions, will have zero E.M.F. round them on 2 poles, and 
Fig. 130 can be used as branches of a primary circuit on 6 poles. 

In order to obtain a winding which can act satis- 
factorily as a secondary on 2 poles, it is necessary to have three 
such circuits in parallel, and this may at first sight give rise to 
difficulty. 

A satisfactory winding may, however, be constructed as follows, 
54 sections, each of which may conveniently occupy one slot, being 
required. In the table (page 157) are shown the phases of these 54 
sections both on 2 poles and on 6 poles, each phase of the 6-pole 
winding being constructed from 18 of these sections, 6 sections in 
each branch of a three parallel winding. Each of these 6 sections 
forms a complete 6-pole winding in itself, being connected in the 
order shown in Fig. 131 , in which is also shown the primary terminals 
A and J5, and the secondary terminals Cj, Cg, C3, and Dj, Dg, D^. 
Between the junction point A, and Cj, C2, Q, each branch consists 
of two diametrically opposite sections in series connected in 
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opposition so that their voltages add on both the 2-pole and 6-pole 
circuits. The three branches are exactly equally spaced round the 
circumference, so that Cj, Cg, Q are precisely equi-potential on 
6 poles. On 2 poles, however, the three branches form a balanced 
3-phase circuit, which fulfils the condition that the sum of the 
currents measured towards a junction point such as A shall be 

zero. The sections between Cj, C^, C3, and 
D2, 2)3, and between /)j, Dgi D^, and 
B are arranged among themselves in a 
precisely similar way. 

Now consider the sections in any one 
branch ; sections 54 and 27 reversed 
give phase 0° on 2 poles ; sections 19 
and 46 reversed give nearly phase 120'', 
in fact, 126|° ; sections 38 and 1 1 reversed 
give nearly 240", in fact, 253|". By the 
use of overlapping sections, several 
sections being wound into one slot, 
these slight variations in phase angle 
can be avoided. But, as will be seen 
directly, this complication would not be 
justified. If we take the sum of three 
equal vectors having the exact phase 
angles mentioned above (see Fig. 132), 
it will not be precisely zero, but will 
nevertheless be only about 6 per cent of 
the E M.F. across any branch, say, from 
A to B, 

Consider how a cascade motor having 
this primary winding will operate when 
Cj, Cg, Cg, Dj, D^ are short-circuited. 
Since they are exactly equi-potential points with respect to the 6-pole 
E.M.F.'s, no effect will be produced on the 6-pole primary currents. 
Each of the three local secondary circuits is exactly balanced within 
itself, and no currents from the one need be closed through any of 
the others. Hence, both as a primary and as a secondary winding, it 
is quite as effective as any of the windings described by Hunt. 
During the starting period only, when Cj, Cg, Cg, Dj, /^g, D^ are open, 
there will be a residual 3-phase E.M.F. of about 6 per cent the 
magnitude of that in the circuit between A and B, thus causing an 
induced current to flow round the closed circuit between A and 
B, having a resistance three times that of the local circuits between 
A and Cj, Cg. C3. This residual current, therefore, will be fully 
effective in producing starting torque. When we commence to 
close the rheostats further, a much larger current will begin to flow 
through the circuit so established, and a powerful starting torque 


A 



B 
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is produced until, when they are completely short-circuited, the 
motor operates as above. The effect of this residual current is not 
serious, and may be further diminished by connecting only corre- 
sponding branches together, forming thereby three star points 
instead of one, and connecting an additional rheostat in circuit with 
them. 

Were it not for the desirability of giving resistance starting in 
many cases, a much simpler type of cascade winding for a 2- and 
6-pole motor might be employed, making use of only 18 sections, 
i.e. 6 per phase, each containing three parallels, and each branch of 




Fig. 133 


the parallels consisting of two diametrically opposite sections con- 
nected in series and opposition. With 2 poles the three parallels 
in any one phase form a balanced 3-phase circuit short-circuited 
on itself, while with 6 poles it is one phase of a normal 3-phase 
winding. Its precise arrangement is shown in Fig. 133. For many 
two-speed motors, which do not require heavy starting torque, this 
winding may be preferable to the former one. 

Alternate sections in series are relatively reversed, as shown in 
Fig. 129, so that, although sections 54 and 27, for instance, are shown 
in the table as having phases 0° and 180'', the E.M.F.'s in these 
sections are arithmetically added owing to the manner of connection. 


Section 

Phase 

Sec- 

tion 

Phase 

Sec- 

tion 

Phase 

Two Poles 

Six Poles 

Two Poles 

^ Six Poles 

1 

Two Poles 

Six Poles 

Terminal A 



A 



A 



54 

0® 

0® 

18 

120® 

0® 

1 36 

240® 

0® 

27 

180® 

180® 

45 

300® 

180® 

! 9 

! 60® 

180® 

Terminal Ci 



Ci 



Cs 



19 

126|® 

20® 

37 

246f® 

20® 

1 

6|® 

20® 

46 

306|® 

200® 

10 

66|® 

200® 

28 

186|® 

200® 
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38 

253J® 

40® 

2 

131® 

40® 

20 

133J® 

40® 

11 

73i® 

220® 

29 

193i® 

220® 

47 

3131® 

220® 

Terminal B 



B 



B 





CHAPTER XVIII 


BRIEF DESCRIPTION OF VARIOUS CASCADE MACHINES 

Many different types of internal cascade machines have already 
been described. In such machines the secondary winding is not 
connected to the line, and when the machine is intended to run at 
the cascade speed only, the secondary winding may be permanently 
short-circuited. The primary winding carrying the line currents, 
which is also arranged to carry circulating currents of low frequency, 
is commonly connected in two or more parallels. This primary 
winding produces what may be called the primary flux, having a 
number of poles which may be called the primary pole number. 

Such a machine in the case where the pole numbers are in the 
ratio of 2 : 1, and where there are two parallels in the stator wind- 
ing, may be adapted to synchronous working for the purpose of 
improving its power factor in the following manner — 

A suitable portion of the windings of one phase, containing half 
the conductors of that phase, may be connected to corresponding 
portions of the other phases in a star-point ; the remainder of the 
windings in that phase may be connected to the remaining con- 
ductors in the other phases in a second star-point. A constant 
potential difference may be maintained between the two star- 
points thus formed, by means of a separate exciter, direct-coupled 
to the main machine or driven in any other suitable manner. A 
direct current, therefore, flows in at one of the star-points, circu- 
lates round the windings, and returns through the other star-point, 
producing what may be called the secondary field having half (or 
sometimes double) the primary number of poles. When a cascade- 
wound secondary member is placed inside a primary excited in 
this manner, it will run synchronously at its cascade speed and 
have all the properties of a synchronous motor, while, in addition, 
it may be used as a synchronous generator. 

Such a machine is started as an induction motor by well-known 
means, and the synchronizing switch is closed when the machine 
reaches synchronous speed as nearly as may be judged, whereupon 
it will become synchronized and operate as already described. 

Fig. 134 shows a synchronous cascade type of motor such as is 
already known, in which the necessity for the use of a separate 
exciter is avoided. 

A second winding B, similar to that of a direct-current armature 
and attached to a commutator, is fitted to the rotor in addition to 
the permanently short-circuited cascade secondary winding A, 
already referred to. 
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In Fig. 134, the two distinct windings on the cascade secondary 
members are shown by the reference letters A tod B, while the 
two star-connected portions of the primary winding, each contain- 
ing half the conductors, are referred to as C and D. The commuta- 
tor is indicated at E, and the brushes at FF. It will be seen that 
the commutator is connected between the two star-points of the 
windings C and D, 

The operation of Fig. 134 will be described, for the sake of brevity, 
as if the primary flux were arranged for 4 poles and the secondary 
for 2 poles. 

In order to prevent any induction from the flux due to the 
primary currents, which we may call for brevity the 4-pole flux, 



the pitch of the coils of this second winding may be conveniently 
taken at twice the polar pitch corresponding to 4 poles. This renders 
it impossible for the 4-pole flux to produce any E.M.F. in the coils 
of the auxiliary winding attached to the commutator. 

The brushes resting on this commutator may be connected, as 
just mentioned, between the two star-points already referred to, 
and will serve, when the machine has reached synchronous speed, to 
maintain the constant potential difference between them which is 
required to enable the machine to continue to operate synchronously. 
The machine is started as previously mentioned, as an induction 
motor, the circulating currents flowing in the primary winding at 
standstill being of full frequency, their frequency being steadily 
reduced until it becomes zero at synchronism. 

The cascade secondary winding produces, as is well known, a 
second field in addition to that impressed on it by the currents 
flowing into the primary from the line, which we have called 
the primary, or 4-pole, field. This second field we shall call the 
secondary, or 2-pole, field, and the circulating currents above 
jeferred to are produced by the 2-pole field cutting the windings on 
the primary member, their frequency being that of the slip between 
the secondary flux and the conductors on the primary member. 
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This field will also cut the auxiliary exciting winding, and will 
produce across the brushes EM.F. 's of exactly the same frequency 
as the circulating currents which it produces in the primary winding, 
that is, of full line frequency at starting decreasing to zero at 
synchronism. Hence, if these brushes are permanently connected 
between the star-points of the primary winding, the current flow- 
ing through them will be of the same frequency as the circulating 
currents on which the operation of starting depends, and, hence, 
will simply aid in this operation and will not produce any harmful 
effect. In this way the arrangement described differs entirely from 
the use of a separate exciter, since an exciter produces continuous 
current at all speeds, whereas an auxiliary winding 
such as above described produces currents of slip 
frequency at all speeds which only becomes continuous 
current at synchronism. Resistances may be inter- 
posed between the commutator and the primary 
winding for starting purposes. 

Another essential difference between such a machine, 
and a machine having a separate exciter, arises from 
the fact that the flux to which the voltage occurring 
on the commutator is due, which has been called the 
2-pole flux, is determined in magnitude and phase by the main 
secondary cascade winding A, and, hence, cannot be adjusted at 
will in order to vary the voltage across the commutator, in the 
same way in which the voltage across the commutator of an exciter 
can be adjusted by varying its field strength. 

With a normal arrangement of brushes on the commutator E, 
therefore, the voltage across it is fixed, and, therefore, the current 
flowing into the star-points of the primary winding can be adjusted 
only by means of resistance. Since a fine adjustment of the syn- 
chronous motor excitation is almost always required in practice, 
a certain amount of such resistance will usually have to be left in 
circuit during the whole period of operation of the motor, and this 
in certain cases may be inconvenient. In order to render it unneces- 
sary, the positive and negative brushes resting on the commutator 
E may be made capable of mutual adjustment, as shown in Fig. 
133, for the case of a 4-pole secondary flux. 

In Fig. 135 let NN be the positive brushes resting on the commuta- 
tor E, while 55 are the negative brushes. By moving the brushes 
55 relative to NN, the voltage between N and 5 may be adjusted in 
a manner which does not require the use of resistance. It should 
be noticed that the auxiliary winding B will, as a rule, be arranged 
to give a very low voltage. 

It is clear that the commutator E must be proportioned in such 
a way as to commutate currents of fuU line frequency at the moment 
of starting, and, hence, the voltage per segment will be low. and a 



N 

Fig. 135 
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commutator so proportioned will permit of the adjustment of brush 
position after synchronism has been reached. 

Although in Fig. 134 the commutator is shown directly connected 
across the star-point of the primary winding, it may be desirable 
to open the circuit during the starting period in certain cases, for 
instance, for the purpose of improving the starting torque. 

But the S 3 mchronous motor has certain grave disadvantages of 
which the necessity for synchronizing is only one. Another is the 
fact that the field ampere-tums are invariable from no-load to 
full-load. If, therefore, a high overload capacity is aimed at, a 
very heavy field excitation is required roughly in proportion to 
the overload required, and this field excitation remains constant 
at all loads, even though it may never be required. This results 
in additional heating besides additional cost of construction. 

In the ordinary induction motor, on the other hand, the secondary 
ampere-turns (which correspond to the field ampere-turns in a 
synchronous motor) are approximately proportional to the load, 
and, therefore, it is possible to have the very heavy secondary 
ampere-turns which are necessary at overloads without having the 
same excessive ampere-tums on normal and light loads. This 
gives the induction machine a great advantage. It is, therefore, 
desirable to maintain this characteristic in a self-exciting or unity 
power factor machine by arranging it as an induction rather than 
as a synchronous type. 

In order to do this it is necessary to arrange for a polyphase 
exciting winding instead of the direct-current (single-phase) type 
already known. The machine, in fact, becomes identical with the 
already 'known cascade induction motor, save that means are pro- 
vided to insert a voltage in the local circuits of the primary winding 
for the purpose of raising the power factor. 

It has already been pointed out that for other ratios of pole 
numbers than 2:1, other numbers of parallels may be required in 
the stator winding. For instance, windings have been described 
for pole numbers having ratios of 3 : 1 which have three parallels, 
and which can, therefore, be arranged to give three star-points 
instead of two. In order to deal with such combinations, we only 
require to place a three-phase arrangement of brushes upon the 
commutator of the auxiliary winding instead of a direct-current 
(single-phase) arrangement, and, in general, the brushes on this 
commutator may be arranged to give a number of phases equal to 
the number of parallels. 

The operation of a machine with a polyphase arrangement of 
brushes is similar to that of a machine fitted with certain types of 
phase advancer, that is, it will be capable of operating on unity 
power factor, and may even be caused to reach synchronous speed 
by suitably moving the brushes. 
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Another method of utilizing an auxiliary winding with commuta- 
tor to obtain high power factors, is to make the commutator itself 
the star-pomt of the primary winding. For instance, a winding 
such as that just referred to arranged for a primary pole number of 
six, and a secondary number of two, and having three parallels, has, 
in all, nine sections joined to the star-point, three for each phase. 
If, therefore, we place on the commutator a 9-phase arrangement of 
brushes and connect one of the sections to each, we thereby make the 



commutator the star-point, and tlie results already referred to as 
regards high power factor may be obtained. In Fig. 136, for 
instance, the stator is fitted with a winding of 18 sections symbolized 
in the same way as in Chapter XVI, diametrically opposite sections 
such as 1 and 10 being connected in series reversed, that is, the end 
of section 1 being connected to the end of section 10, 

Of these pairs, the beginnings of sections 1, 7, and 13 are joined 
together to form phase A connected to the line, while the begin- 
nings of 3, 9, and 15 are connected together to form phase JB, and 
of 5, 11, and 17 to form phase C. The beginnings of sections 2, 4, 
6, 8, 10, 12, 14, 16, and 18 are connected in consecutive order to 
the 9-phase brushes on the commutator, the direction of rotation 
round the commutator being chosen with reference to that of the 
secondary flux. Thus the sections belonging to one primary phase, 
for instance, 10, 16, and 4, will be connected to brushes 120° apart 
on the commutator. As already pointed out. the pitch of the 
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auxiliary winding will be equal to twice the polar pitch of the 
primary flux, that is, to one-third of the circumference in the case 
now being considered, since the primary produces a 6-pole flux. 

With a winding having this pitch, and, say, two conductors per 
slot, with brushes spaced and connected in the manner just described, 
it will be found on tracing the flow of primary currents through the 
winding that the two conductors in each slot carry equal and 
opposite currents, and, hence, the primary currents which flow 
through the commutator when it is used as a star-point are incapable 
of producing any field. 

For instance, in Fig. 137, three coils are shown, each one con- 
nected to a commutator segment on which a brush connected to 
one of the three parallels in one primary phase rests. Hence the 



primary currents carried by these three brushes will be exactly 
equal. 

Tracing the current from each brush, we find that at any given 
instant it flows up the left-hand side of the coil and down by the 
right-hand side. Since each coil spans one-third of the circum- 
ference, the left-hand side of one of these coils lies in the same slot 
as the right-hand side of another, and, hence, since the currents 
carried by the three brushes are equal, the ampere-turns due to 
these currents in the slots will cancel. 

As already pointed out, the 2-pole field produced by the secondary 
winding of the cascade motor can induce an E.M.F. in the auxiliary 
winding. By suitably moving the brushgear round the commuta- 
tor, an E.M.F. may be applied to each local circuit of phase and 
magnitude suitable to effect phase compensation in the same 
manner as for an induction motor of the ordinary type. 

Fig. 138 shows how a similar construction may be applied to a 
machine having 4 and 2 poles, which may be regarded as typifying 
machines whose pole numbers are in the ratio of 2:1. Such a 
machine will have 12 brushes upon the commutator and 12 sections 
in the primary winding (for a 4/2 pole motor). 

Consecutive sections alternately reversed are connected in consecu- 
tive order to the brushes on the commutator, as shown in Fig. 4 * 
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That is, the end of section 1 to brush 1 , the end of section 3 to brush 3, 
and so on. 

Sections 1, 4, 7, and 10 are connected together to one of the line 
wires A. Sections 3, 6, 9, and 12 are connected to a second of the 
line wires B, while sections 5, 8, 11, and 2 are connected to the third 
line wire C. 

Another plan which in many cases might be regarded as prefer- 
able is to have only six brushes on the commutator instead of 12. 



Fig, 138 


connected to sections 1, 3, 5, 7, 9, and 11, while sections 2, 4, 6, 8, 
10, and 12 are short-circuited in a common star-point. 

It should be pointed out that while the number of brush sets 
is greater when the commutator is made the star-point in the manner 
already described than when synchronous working is employed, yet 
the total current to be carried by the commutator for a given type 
of winding, and, therefore, the brush area, is not increased ; thus, 
to take a simple example, instead of using 4 brush spindles with 
3 brushes on each spindle, we employ 12 brush spindles with 1 brush 
on each spindle, the result being a commutator of larger diameter 
and shorter length than that of a separate exciter. 

By adjusting the position of the brushes round the commutator, 
the phase of the E.M.F. inserted in the local circuits of the primary 
winding may be varied, one position of the brushes giving the best 
results from the point of view of phase improvement, while a 
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position electrically in quadrature with it produces a change in 
the no-load speed. 

Resistances may be inserted in this as in previous machines, in 
series with the brushes for purposes of starting. 

In certain cases it may be desirable to employ two windings on 
the primary member, one connected to the line and a second to 
the commutator. In such a case, of course, the winding connected 
to the commutator would have a small number of phases, such as 
three, requiring three brush sets only. In such a case the two ends 



of each phase will be brought to terminals independently, one end 
of each phase being connected to the commutator brushes, while the 
other is connected to a 3-phase starter of standard form for pur- 
poses of starting, and short-circuited after the starting operation is 
completed. 

Alternatively, the arrangement of Fig. 137 may be employed 
for raising the power factor, starting resistances being connected 
in series with the brushes. In the same way, of course, a separ- 
ate exciting winding for a synchronous motor may obviously be 
employed. 

Fig. 139 illustrates a type of motor adapted for gradual speed 
variation, and in which two stator windings are made use of. In 
Fig. 139 the commutator is fitted with two sets of three brushes, 
each shown in the figure diS AAA and BBB, these being arranged 
so that the set AAA may be moved clockwise, round the commuta- 
tor, and the set BBB counter-clockwise, the two sets being 
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arranged in different planes, so that they do not interfere with one 
another. 

PPP indicates the primary winding of the motor, which is a 
simple star winding containing no parallels and connected direct 
to the line. TTT indicates a second winding on the same member 
arranged for a different number of poles. For the sake of definite- 
ness, we may assume that the primary winding is arranged for 
6 poles, and the auxiliary commutator winding and the remaining 
winding TTT on the primary member for 2 poles. 

The winding TTT may be wound as a standard 2-pole, 3-phase 
winding, both terminals of each phase being brought out and con- 



Fig. 140 


nected the one end of each phase to the brushes AAA n'spectively, 
and the other end of each phase to brushes UBB respectively. 

Clearly, if the brush sets A and B lie on the same bar, each of 
the phases TTT of the 2-pole winding will be independently short- 
circuited, while, as the brushes A and B are separated, a voltage 
derived from the auxiliary commutator winding may be inserted 
in the brushes in the circuit of each phase TTT, By suitably adjust- 
ing the position of the brushes, this voltage may be given any phase 
or magnitude desired. Since this circuit T'TT represents the 
secondary of the second machine of the cascade set, such an E.M.F. 
may be used to regulate the speed of the machine as well as its 
power factor, the regulation, of course, being of a perfectly gradual 
nature. ' Such a method of regulation is particularly well adapted 
to give a fine adj ustment of speed of a large fan for use in mines, or 
for other purposes. 

In Figs. 140 and 141 is shown a method of economizing copper 
in certain types of winding attached to a commutator. 
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In Fig. 141 the commutator is shown attached to a winding 
entirely separate from, but placed in the same slots as the main 
secon^ry winding of the cascade machine. If the said secondary 
winding of the cascade machine is of the star-mesh type, such a 
commutator winding may be connected into the star-point of the 
secondary winding, whereupon it operates rather as the winding 
of a rotary-convertor than as that of an independent machine. 

Such a winding may be constructed precisely as described previ- 
ously. Taking the case of a machine arranged to give two pole 
numbers in the ratio of 2 : 3, say, a machine having six primary 
and four secondary poles. The star-mesh secondary winding of 



Fig. 141 


such a machine will, as shown previously, have live phases. In 
connecting the commutator winding into the star-point of such a 
secondary winding, two directions of phase rotation are possible. 
In the first, the phase rotation of the currents flowing through the 
tappings of the commutator winding is opposite to its direction of 
rotation in space, as in Fig, 140 say, and provided the commutator 
winding is arranged to co-operate with the secondary pole num- 
ber, for instance, being wound with a pitch of one-third of the 
circumference, the frequency of the currents flowing through the 
commutator will be that of the secondary field relative to the 
stator, that is, the frequency of slip. 

If the direction of phase rotation of the currents which flow 
through the tappings is the same as that of the mechanical rotation, 
then it follows that, provided the commutator winding is arranged 
to co-operate with the primary pole number, having a pitch equal 
to half the circumference say, the currents appearing on the commu- 
tator will have the same frequency as that of the primary field 
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with respect to the stator, that, is, the frequency of the line. It 
has already been pointed out that by giving the commutator wind- 
ing a pitch equal to that of an even number of primary poles, induc- 
tion between the commutator winding and the secondary field is 
prevented. Hence, by adopting one or other of the directions of 
phase rotation referred to above in combination with the appropri- 
ate pitch, it is possible to obtain on the commutator frequencies 
corresponding to either the primary or secondary flux. 

By connecting the commutator winding as a rotary-convertor 
, winding in this way, a certain economy of copper may be obtained, 
as already pointed out, since the currents in such a winding partially 
cancel out. The insertion of extra turns, however, in the circuit of 
the star-mesh secondary winding produces an alteration in the 
ratio of the primary to the secondary flux densities, which must 
be taken into account in designing such windings. 

The effect of inserting in the circuits of the cascade secondary 
winding, turns having a pitch different from that of the winding 
and, perhaps, covering an even number of pole pitches of either the 
primary of the secondary flux, is to insert further E.M.F.'s in that 
circuit whose magnitude and phase may readily be calculated on 
known principles, and from this calculation the exact effect on the 
ratio of the flux densities may be ascertained. 

Such a winding as that shown in Fig. 139, in which the primary 
frequency appears on the commutator, renders possible the inser- 
tion of voltages in the circuits of the cascade secondary winding, 
for the purpose of regulating the characteristics of the machine. 
For instance, by connecting a transformer across the brushes of 
this commutator, the primary of which is in scries with the line, 
voltage proportional to the load may be introduced into such a 
secondary circuit. This is particularly useful in generators, as it 
permits the obtaining of a compound chciractcristic in a simple 
manner. 

In such machines, clearly, the commutator could be used not 
only for purposes of excitation or speed variation, but to deliver 
current to an external circuit, the machine thus becoming a con- 
vertor. For instance, it could be arranged to deliver direct current 
from the commutator while absorbing polyphase alternating cur- 
rents in the primary winding. It would thus be an equivalent of 
a synchronous motor generator set. Alternatively, it could deliver 
polyphase alternating current from the commutator of low or even 
variable frequency, while absorbing power at line frequency on the 
primary winding, or these functions could be reversed, the machine 
taking in power at the commutator and delivering it from the 
primary winding. 
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THE TURBO-CONVERTOR 

A cascade set containing three relatively moving elements. In addi- 
tion to cascade sets of the types we have already described, other 
types exist in which two revolving elements travelling at different 
speeds, relative to the fixed stator, are used. The only machine of 
this type to which any great amount of thought has been given is 
the turbo-convertor, a high-speed, direct-current generator unit, and 
the present chapter will, therefore, be devoted to describing it. 

Induction Generator 



Fig. 142 


We shall give a fairly full description in order to assist the reader 
to understand the various other types having three moving elements. 

The fundamental difficulty, of course, in the design of a direct- 
current turbo-generator, is the collection of the current from the 
rapidly revolving commutator, and for this, in spite of the engineer- 
ing skill lavished on the subject, there would appear to be no 
remedy, except reducing the rate of revolution of the commutator. 
In order to do this, Mr. H. M. Hobart has proposed the use of an 
alternating-current generator driving a rotary convertor of the 
ordinary type, but this proposal has not often been adopted in 
this country, presumably through fear of the cost. Another plan 
which has had a certain measure of success is the use of double 
helical machine-cut gears, which are now obtainable in sizes suitable 
for transmitting large powers. 

The present chapter describes another method which may be 
regarded, to some extent, as a combination of the two mentioned 
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above, in that an alternating-current generator of the induction 
type feeding a rotary convertor is employed, the induction generator 
being used at the same time as a species of electromagnetic gear. 
By this means it is possible to reduce materially the size of both 
the rotary convertor and the alternating-current generator, since 
while in Hobart’s proposal it is necessary to have both capable 
of delivering the full output of the system, on this plan, the output 
of the system is the sum of the outputs of the component parts, 
each of which, therefore, need only have half the capacity of the 
set. 

The turbo-convertor, then, consists of an induction generator 
combined into one machine with a rotary convertor, one member 
(preferably the primary) being mounted on the convertor shaft and 
revolving with it, and the other, usually the squirrel-cage rotor, 
being mounted on the turbine shaft. Fig. 142 show^s a diagram of 
connections of the device. 

By mounting the generator primary on the convertor shaft instead 
of having it stationary, as in Hobart’s proposal, we make use of the 
driving torque required by the induction generator, or, in other 
words, the resistance which its rotor opposes to bcung revolved by 
the turbine, in order to drive the convertor, which is thereby 
caused to generate direct current in addition to its function as a 
convertor. 

Let us take, by way of example, a 4-pole generator and a 4-pole 
convertor. Let the convertor be running at 1,500 revs, per min., 
say, and let the 3-phase induction generator be connected to 3-phase 
tappings on the convertor armature through the hollow shaft. 

At 1,500 revs, per min., 3-phase currents at 50 cycles will flow 
through the tappings on the convertor armature. These tappings 
are so connected that the revolving held of the induction generator 
rotates the same way as the convertor armature. In a 4-pole 
machine with 50 cycles excitation, the revolving field will also go 
at 1,500 revs, per min. relative to the primary winding which pro- 
duces it. Hence the total speed of the revolving field w’ll be 
3,000 revs, per min., the sum of its speed relative to its pr mary and 
that of the primary itself. The squirrel-cage rotor, and, therefore, 
of course, the turbine, will go at approximately the same speed as 
the field. Hence we have obtained an apparatus in which the 
generator only runs at a fraction of the speed of the turbine. 

A little reflection will make it clear that in an apparatus mounted 
as described, since the driving torque of the induction generator 
also drives the convertor as a direct-current generator, the torque 
exerted between rotor and stator of the induction generator must 
be identically equal to that between armature and field of the 
convertor. They are, in fact, the same torque exerted at different 
points. 
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PLATE II 

Turbo-con vcrtor ready for operation 



PLATE III 

Turbo-con\ertor dismantled to show induction generator primary 
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The input of power into any generator, of course, is 

Power input = torque x relative speed of inductor and 
induced parts. 

If, for the moment, we neglect the losses, the power input and 
output will be the same. 

We saw above that the torque of the two elements of the turbo- 
convertor was identically the same. If both have the same number 
of poles, the relative speed of inductor and induced parts will be 
the same in each, and, hence, each will generate the same amount 
of power. In addition to its function as a direct-current generator, 
the convertor, of course, changes the power of the induction genera- 
tor, equal in amount to its own, into a direct-current form, and the 
total power flows out of the commutator of the set. 

The reader will not fail to remark the analogy between the present 
apparatus and the motor convertor. 

Before passing on to a more detailed consideration of the charac- 
teristics of such a set, it may be well to explain the reason for the 
use of an induction rather than a synchronous generator, which 
would appear at first sight to be equally applicable. These reasons 
are few, but conclusive — 

1. If a synchronous generator were employed, it would be neces- 
sary to synchronize the two revolving elements every time the set 
was started. 

2. Owing to the presence of two sources of magnetization in the 
set — one in the convertor and one in the generator field — it would 
be possible for the set to hunt if overloaded, and for it to fall 
out of step if accidentally short-circuited and be incapable of 
picking up again. 

3. Collector rings would be required on the high-speed element 
to excite the field. 

Characteristics o! a turbo-convertor set. The convertor portion 
of such a set will be distinguished from an ordinary rotary convertor 
by a number of peculiarities of design — 

1. Owing to its function as direct-current generator, it will 
require more copper on the armature than a standard convertor — 
exactly the same amount, in fact, as the convertor portion of a 
motor convertor. 

2. As the field of the convertor has to perform the double func- 
tion of magnetizing both convertor and induction generator, it 
will necessarily be somewhat heavier than that of the ordinary 
convertor. 

The magnetizing current of the induction generator, in fact, 
differs 90° in phase from the working current, and circulates in the 
convertor armature in such a position as to directly demagnetize the 
field of the convertor. This field, therefore, must be supplied with 
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an extra number of ampere-turns sufficient to counterbalance the 
magnetizing current of the induction generator. 

In order to calculate the increase in the strength of the convertor 
field required, we may proceed as follows — 

Express the reluctance of the induction generator by means of 
an effective air-gap in a manner well understood by electrical 
designers. Multiply this by the ratio of the air-gap magnetic 
density chosen for the induction generator to that of the convertor. 

Excitation must be provided for the resultant reluctance of the 
convertor calculated as above. 

Expressing the above calculation algebraically, it appears as 
follows — 

Let 

dc be the convertor effective air-gap. 

dg be the generator air-gap. 

Pc be the convertor gap density. 

Pg be the generator gap density. 

Then 

resultant effective air-gap dc -f PgiP^^* 

3. The drop in speed of a turbo-convertor set from no-load to 
full-load would at first sight appear to be considerable, as the slip ** 
of the induction generator is added to the drop in speed of the 
turbine. 

However, if the ratio of speeds of the turbine and convertor is, 
say, 2:1, the effect of the slip on the speed of the convertor is 
reduced in the same ratio, so that the resultant drop in speed is 
much less than might have been anticipated. This is best seen by 
a short algebraical investigation. 

Let 

= the speed of the turbine, 

ki the synchronous speed of the induction generator. 

s = the .slip. 

= the number of poles of the convertor. 

P 2 = the number of poles of the induction generator. 

Then we have 

Convertor speed ~ kQ - s ~ 

P 

Frequency generated by convertor = - s - k^) x 

S 5 aichronous speed of induction generator 
= frequency of supply x 

P Q 
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or, 

~ (^0 ^ “ ^ i ) ^ 

Transposing and cancelling, 

k, {1\ + P2) = {K-^)Pi 


Substituting this value for k in the equation for the convertor 
speed, we get 


Convertor speed = (/e^ - s) 

^ 1 4 ^ 1 


If we neglect the slip for a moment, this ecpiation shows us that 
the general rule for finding the “ gear ratio of a set having any 
numbers of poles and Po follows — 

“ Divide the number of poles on the induction generator by the 
sum of those on the convertor and the induction generator, and the 
result will be the ratio of the convertor speed to that of the turbine 
on no load/' 

In order to illustrate the influence of the slip on the convertor 
speed, let us take the rather extreme case of a bipolar induction 
generator coupled to an 8-pole convertor giving a gear ratio " of 
5:1. If the turbine goes at 3,650 revs, per min., say the no-load 
speed of the convertor will be 730 revs, per min. Suppose now the 
slip of the induction generator is 150 revs, per min., or somewhat 
over 5 per cent. The full-load speed of the convertor by the rule 
given above will be one-fifth of 3,500, or 700. Thus the convertor 
has only dropped from 730 to 700 revs, per min., only 30 revs, per 
min., or about 4 per cent, while the induction generator has slipped 
150 revs, per min. 

There should be no difliculty in a machine of any size in reducing 
the slip of the squirrel-cage induction generator to 2 per cent, so 
that its effect on the convertor speed will be very slight. 

It has been thought desirable to discuss the subject of slip in the 
induction generator quite fully, as otherwise it might appear to 
have a seriously injurious effect on the regulation of the set. How- 
ever, the above investigation shows that while the series field of 
such a set requires to be a little stronger than on an ordinary 
generator in order to offset this, yet the effect of the slip is of quite 
small magnitude. 

4. Such a set can very readily be employed as a 3-wire set. All 
that is necessary is that the induction generator be connected in 
" star ” and a tapping led from the neutral point to a collector 
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ring, the brushes on which are connected to the neutral wire of the 
system. 

5, Starting. It is, of course, obvious that the turbo-convertor 
cannot be started from the steam-turbine end without auxiliary 
means. The steam-turbine and squirrel-cage rotor attached will 
start up alone, while the convertor portion remains stationary 
without showing any tendency to start. It is necessary to bring the 
convertor up to a sufficient speed to generate enough voltage to 
excite the induction generator before the primary and secondary of 
the latter can get into step. 

Methods of starting may be divided into two classes — electrical 
and mechanical. 

Let us take electrical methods first. 

1. If a supply of direct current is available, the convertor may be 
started up as a direct-current motor, when it will bring the turbine 



Fig. 143 


up with it to its rated speed of twice or more that of the convertor. 
Steam can then be admitted, and the set will be ready for load. 
This is by far the best plan where applicable, but, of course, it 
requires an appreciable supply of electric power to enable it to be 
used. 

2. Another plan requiring only a very small supply of power is 
the following — 

Means are provided for causing a direct current to circulate in 
one of the phases of the induction generator during the starting 
period. The generator so excited acts as an electric clutch, which 
will bring both elements up at the same speed, and may be auto- 
matically thrown out of action when the convertor reaches the 
desired speed. 

Coming now to the mechanical methods — 

1. One of the best mechanical methods is that illustrated in 
Fig. 143. By means of an auxiliary idler shaft the turbine is 
belted on to the convertor by the use of pulleys, which may con- 
veniently be arranged to give the same velocity ratio as the induction 
generator. 
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On starting the turbine, the convertor is brought up to its correct 
speed by the agency of the belts, and as soon as the field switch 
is closed will be ready for load. The belts may then be run on to 
loose pulleys, and the idler shaft stopped. This may be done by 
hand or automatically by means of a solenoid operated by the 
voltage across the convertor brushes. 



Gearing could be used instead of belts in the above method, but 
would probably be less satisfactory. 

2. An auxiliary turbine might be used to start the convertor. 

3. Primary and secondary of the induction generator might be 
coupled by a centrifugal clutch releasing when the convertor reached 
its rated speed. 

4. They may be coupled by a clutch operating when the torque 
between primary and secondary exceeds a certain value. A rudi- 
mentary instance of such an appliance is the device occasionally 
useful for experimental purposes, wherein primary and secondary 
are tied together by means of a predetermined number of thicknesses 
of thread. 

When the machine reaches an appropriate speed, the torque 
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between the two becomes sufficient to burst the thread, and the 
two portions of the generator fall into step. ^When we come to 
criticize these methods with a view to picking out one for practical 
application, we find that all of them, except the first electrical and 
the first mechanical methods, are subject to the following criticism. 
So long as everything is in perfect order all of them will operate 



Fig. 145 


all right, but if the clutches or switches required failed to operate 
as expected, the convertor would run the risk of being raised much 
above its rated speed, the result of which would very likely be 
disastrous. Means could probably be found to prevent this, but, 
on the whole, it seems better to adopt a method where this criticism 
cannot arise. 

The first electrical method described is not applicable in the 
absence of a considerable supply of electrical power, hence we 
come to the conclusion that the best method of starting is by means 
of belts and an idler shaft as described. 

Mechanical design of the turbo-convertor. Two different forms 
of mechanical construction are possible for the turbo-convertor. 
Firstly, the type illustrated in Fig. 145, which may conveniently 
be called the “ fly-wheel ” type, or, secondly, that sketched in 
Fig. 146, which may be called the spinner ” type. In this type^ 
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the squirrel-cage rotor forms the inner element, and is driven direct 
by the turbine. Surrounding this is a second element, the spin- 
ner,"' capable of free rotation and also supported by means of ball 
bearings or the like on the same bearing pedestals in which the 
squirrel-cage rotor runs. This element bears the primary winding 
of the induction generator on its inside surface, and the armature 



winding of the convertor on its outside surface, being fitted with a 
commutator and brushes in the usual way. 

Outside of this again is the field ring of the convertor, carrying the 
pole pieces and their windings, etc. 

The cardinal feature of the fly-wheel type, of course, is that both 
primary and secondary are “ overhung," or, in other words, sup- 
ported by a single bearing. 

A description is given below of the design adopted to render 
this construction unobjectionable. The most essential feature of 
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any single-bearing construction is to reduce the overhang of the 
centre of gravity of the overhung mass beyond the bearing nose 
as much as possible. 

It will be found in every case that the design adopted enables us 
to reduce this overhang to a matter of a few inches beyond the 
bearing nose even in the most extreme cases, and for sizes of 500 kW. 
In order to do this, an induction generator design of large diameter 
and short length must be adopted, of course. 

The only point which need cause us any anxiety as regards 
centrifugal force is the short-circuiting ring of the squirrel-cage. 
This cannot be made of steel, as it must consist of a high conductivity 
non-magnetic material . 

It will be found, on calcu- 
lation, that for all high- 
speed work aluminium 
gives a factor of safety 
only inferior to that of 
good steel on account of 
its extreme lightness. 

Duralumin is still better 
in this respect. 

As regards conduc- 
tivity, it is a common- 
place that an aluminium high tension line is cheaper than a copper 
one of the same conductivity, so we may feel reassured on this head. 

Hence, if we adopt the end-ring construction shown in Fig. 145, 
in which the end-ring is made of rolled aluminium sheet, we have 
an ample factor of safety against centrifugal force. 

Fig. 145 is a sketch, approximately to scale, showing the me- 
chanical design of the induction generator whose dimensions are 
given above. It will be seen that the centre line of the secondary 
only overhangs the bearing nose by little more than an inch, while 
the slowly revolving primary is overhung by approximately 9 in. 
We may estimate tlie weight of this, including everything, as not 
over 3,500 lb., so that with an overhang of 9 in. only and a speed of 
600 revs, per min. we are well within the range of fly-wheel practice. 

The cardinal features of the design used to obtain these results 
are two in number — 

1. The primary frame is made of a non-magnetic material in 
which a number of holes are cast corresponding to the stator slots. 
Through these holes the stator bars are brought, and so the stator 
winding is kept outside the frame. An alternative construction not 
requiring the use of a non-magnetic frame is shown in Fig. 147. 

By this means we obtain the following advantages — 

(a) The overhang of the primary is reduced very much, as we do 
not have to allow space for the end-connections inside the frame. ' 
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(d) The frame abuts solidly on the punchings all round, and 
there is no hollow space to cause mechanical weakness. 

(c) There is ample room for the end-connections, and they do not 
have to be cramped in any way. 

(d) There is ample ventilation for the end-connections, 

2. The other important feature of the design is the arrangement 
by which the joint between the two hubs on which the primary and 
secondary of the induction generator are built up is made inside 
the bearing, instead of on the projecting part of the shafts in the 
usual way. This enables us to have a quite ample and rigid bearing 
surface, and yet only have a shaft extension of about 3 in. in the 
set considered. The distance between the ends of the two bearing 
brasses is only about 11 in., scarcely more than it would be with an 
ordinary flange coupling. 

The machine, in general, consists of two forced-lubrication, 
water-cooled bearings of large size, supporting respectively one end 
of the turbine and the secondary of the induction generator, and 
one end of the convertor and the primary of the induction generator. 
Moimted on the turbine shaft by a very long taper fit and keyway 
is a steel hub on which the secondary of the induction generator is 
built up. This is built up of punchings, in the usual way, the end- 
rings of the squirrel-cage winding being of aluminium, in which 
holes are punched for the bars, these being afterwards riveted over 
on the outside. The primary is built up within a frame provided 
with holes on one side, through which the insulated stator bars 
pass. This frame is mounted by a tai)er fit of ample area and key- 
way on another steel hub, .similar in general design to that used for 
the secondary, which is again mounted by a taper fit within the 
bearing on the convertor shaft. In order to save the space taken 
up by a nut on the front end, these taper fits are cirranged to tighten 
up from the back as shown. 

The leads are brought from the primary winding through the 
hollow shaft to the convertor. 



CHAPTER XX 


FURTHER TYPES OF INTERNAL CASCADE SETS CONTAINING 
THREE RELATIVELY MOVING ELEMENTS 

We saw in Chapter XIX that the turbo-convertor could be built 
in a concentric form, such as we reproduce in Fig. 148. 

In order to build such a machine on the internal cascade principle 
still retaining the three relatively revolving elements, we have 
merely to combine windings B and C reducing the width of the 
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Fig. 150 



spinner '' element till it is only just sufficient to carry the wind- 
ings. The machine then takes the form shown in Fig. 149. 

It will be seen that the intermediate, or spinner,*' element is 
now reduced merely to the teeth of the original type. Neither of the 
two magnetic circuits is closed in the spinner element, but both 
fluxes simply traverse it and are closed in the two main elements. 

Any number of intermediate forms can be constructed, in which 
the two fluxes are closed partially in the spinner element and 
partially in the two main elements. 

The characteristics of the machine are essentially those of 
the externally cascaded turbo-convertor, but it admits of many 
modifications of construction. 
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Besides the modification shown, we may .place the squirrel-cage 
rotor of the induction generator on the spinner and the primary 
on the high speed element. 

This involves collector rings on both moving elements, which 
are entirely avoided by the previous arrangement and so far is a 
disadvantage. But the principal problem of such an arrangement 
as we are discussing is to obtam a sound mechanical construction 
for the spinner.'' By placing a squirrel-cage rotor on the spinner 
in which the bars are permanently joined to a short-circuited end- 
ring we obtain a means of mechanical 
support. For by suitably designing such 
a squirrel-cage rotor we can make it 
support the teeth and the other winding 
on the spinner. It must not be forgotten 
that the flux due to the direct-current 
field also passes through the spinner, 
and means must be devised to make the 
squirrel cage non-inductive with respect 
to this flux. We shall return to this 
point later. Instead of the squirrel- 
cage rotor we may substitute a direct- 
current windings as we saw when 
discussing motor generators, but this 
would not have the same advantages. 

Another arrangement, perhaps superior to the last, is the follow- 
ing, shown in Fig. 149. 

In this arrangement both machines are synchronous, and the 
direct-current fields of both are on the stationary member. Neither 
of the fluxes, therefore, rotates with respect to the stator, and, 
therefore, it need not be laminated but may be of ordinary solid 
construction. The spinner bears a winding adapted to one polarity 
of the direct-current field and the high speed rotor a winding 
adapted to the other. Both moving elements require collector 
rings. 

Let us consider this arrangement a little more in detail. 

Take a case where the windings on the stator have 2 poles and 
6 poles respectively, the flux wave being a 2-pole wave with a more 
or less pronounced triple harmonic. 

If the high speed winding is connected as a 2-pole winding, the 
coils being made to cover one-third of the circumference or a com- 
plete wavelength of the 6-pole flux, they will be non-inductive to 
it and generate a frequency corresponding to the 2-pole component 
only. 

If the low speed winding on the spinner is a 6-pole winding, as, 
for instance, a 2-circuit, 6-pole type, it will generate a frequency 
at the slip-rings corresponding to the 6-pole component only. If 
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the two sets of slip-rings are connected together the two frequencies 
must be the same, or the spinner will run at one-third the speed of 
the rotor running, say, at 500 if the rotor goes at 1,500. Such a 
spinner experiences no mechanical torque as the winding on it is 
purely a rotary convertor winding. 

Mechanical constroction of the spinner. We now come to the 
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problem of the meclianical construction of the spinner. The chief 
difficulty about this is the supposed necessity of laminating the 
magnetic parts. The following construction, however, may be used 
to avoid this. 

If we have N. and S. poles on any machine longitudinally or 
axially adjacent to one another (Fig. 151), and so arranged that any 
conductor of a squirrel-cage winding cuts both of these together, no 
electromotive force will be induced in any of them and, therefore, 
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no current will flow in the squirrel cage as a whole, notwithstanding 
that the flux is arranged circumferentiaUy in any way whatever. 

If, therefore, we laminate our spinner longitudinally we are at 
liberty to short-circuit the extreme ends of our laminations to a 
circumferential ring, as, for instance, by welding them on to it. 

In this way we may construct a substantial and mechanically 
sound spinner which yet is laminated. 

It is interesting to note that these “ spinner ” types, originated 
by the late H. A. Mavor, have recently been revived by Messrs. 
Krupp as single-phase railway motors. 



PART IV 

CHAPTER XXI 

GENERAL PRINCIPLES OF THE VARIABLE POLE MACHINE 

Speed change by changing the number of poles. Without ignoring 
the work of early inventors, such as Dahlander, Lindstrom, and 
Alexanderson, who have provided means of adapting a single wind- 
ing to give, for instance, two numbers of poles having a fixed ratio, 
it is not unfair to say that the idea of using the method of pole 
changing to produce a machine having anything resembling a 
gradual variation of speed by small steps between wide limits, 
would have been regarded a few years ago as chimerical. Yet it is 
also obvious that if by any means we could render practically avail- 
able all the numbers of poles which exist within a given range, we 





have a machine with a very high degree of practical usefulness. 
For instance, on 50 periods between the speeds of 375 r.p.m. and 
1,000 r.p.m. there are six numbers of poles available. 

One method by which all these numbers of poles might theoretic- 
ally be rendered available with a single winding has long been 
known, i.e. the use of a ring winding tapped at the various points 
necessary to give different numbers of poles, as shown in Fig. 153. 
It is well known that a ring winding can be used on any number 
of poles, if a number of equidistant tappings equal to three times 
the number of pairs of poles are brought out on each speed, equalizer 
connections being made between tappings 1 to 4 throughout the 
circumference. To obtain six numbers of poles from the same 
winding in this way, however, would require a formidable number of 
tappings, and to connect them together in the various manners 
required would involve an equally formidable type of switchgear. 

Although a ring winding is inconvenient in practice, the results 
given by such a winding can be closely imitated by the means of a 
drum winding of either the lap or wave type. Fig. 154 is the ’ 
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ordinary diagrammatic representation of a lap winding with tap- 
pings 7a, 7b. 7o • • • spaced apart by an amount equal to the slot 
pitch of the winding. In the case shown the slot pitch is 1 — 4. 
that is to say, a coil having one side in slot 1 has its other side in 
slot 4. Suppose the currents in the winding on opposite sides of 




taj)ping 7 b ^B respectively, those on opposite sides 

of tapping 7r. - ^B (Tj. respectively, and so on. All the slots 
embraced by coil connected to tapping 7 b will have in them a bar 
carrying current C-fp and another carrying current C^, so that 
together they constitute a zone of current of magnitude Cg - C^. 
Similarly, the slots within the span of the coil joined to 7o niake a 
zone of current in 7c. Q - Cj,, and so on. But the current in 7 b Js 
Cb-C'a, and the current in 7c. Cc- So that the effect of the 
winding is to produce zones of current proportional in value to the 
current in the adjacent tapping. In all windings the zones or bands 
should preferably be identical. 


PLAIE IV 


Stator winding of six spctd motor shown in Frontispiece 
Speeds 1 000, 750, 600, 500 428, 375 




PLATE V 

Rotor winding of six-speed motor shown in Frontispiece. 
Speeds J,()P0, 750, 600, 500, 428, 375 
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If the pitch of the tappings were greater than the slot pitch the 
same effect would be produced, only the current zones would be sep- 
arated by slots containing bars carrying equal and opposite currents. 
By the method indicated below it is possible to secure a large 
number of different zones with a relatively small number of tappings. 

One method is illustrated by Fig. 155, which shows a 2-layer 
winding like that of Fig. 154, but with a slot pitch greater than the 
pitch of the tappings and not an exact multiple of it. The effect 
of this is to produce within the span of the coil joined to three 
different bands of current, viz. a band - Cp, another Cj. - Cj., 
and a third, Cg - so that in all there are twice as many zones 
as tappings. 

In general all the tappings of the winding must be brought out 
to independent terminals, but where all the numbers of poles it is 
desired to use fulfil certain conditions it is sometimes possible to 
reduce the number of terminals. 

For instance, if for each of the numbers of poles with which the 
motor is intended to work certain points in the winding are equi- 
potential points, they may be joined by equalizers and only one 
terminal provided for each set. 

Similarly, if for each of the numbers of poles there are groups of 
bars carrying equal currents, the bars of these groups may be 
united into a wave winding in place of the lap winding. It will 
sometimes occur that the same distribution of currents is repeated 
several times round the circumference of the machine, so that the 
bars can be connected by a wave winding having a short pitch less 
than the pole pitch at one end, and a long pitch spanning several 
pole pitches at the other. 

The least number of independent bars or groups or bands required 
in a machine which is to work with each of several given numbers of 
poles is the product of the number of phases in the shortest pole 
pitch used, and the maximum number of poles used, divided by the 
G.C.M. of all the numbers of pairs of poles used. To secure satis- 
factory working it is well to have not Jess than two phases in the 
shortest pole pitch, and the number of phases in each larger pole 
pitch will then be more than two, though it may not be a whole 
number. The winding will present a number of identical sections 
equal to the G.C.M. of all the numbers of pairs of poles. 

As it is important that this matter should be perfectly clear, it 
may be of advantage to regard it from another point of view. 

Fig 156 shows three sketches of a drum-wound coil lying [a) in 
a field of 6 poles, {h) in a field of 10 poles, and (c) in a field of 16 poles, 
the pitch of the coil being approximately one-tenth of the circum- 
ference. The sine curve shown in the figure may be taken to repre- 
sent the values of the air-gap density at a particular instant, and, 
if so, the ordinates to the curve will represent on a suitable scale 
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the voltage induced in the left-hand conductor. Similarly, the 
ordinate CD represents that induced in the right-hand conductor. 
The curves have in every case been so drawn that the left-hand 
conductor lies at the point of maximum density. The total E.M.F. 
induced in the coil will in each case he {AB CD). It will be seen 
that in curve [h) (Fig. 156), representing the 10-pole condition, the 
E.M.F. induced in the coil is a maximum, since CD as well os AB 
is a maximum. In the curve corresponding to 6 poles, the pitch of 



the coil is considerably less than the pole pitch, and, therefore, CD 
is a good deal less than AB, but, nevertheless, the sum of the two 
is only reduced to about 70 per cent of its previous value. 
Similarly, in curve (c), representing 16 poles, the pitch of the coil 
is a good deal more than the pole pitch, and, therefore, CD is again 
reduced, but again the sum of A B and CD is only about 70 per 
cent of its full value. It is, in fact, in order to prevent too great 
a difference between the pitch of the coil and the pole pitch, that it 
is usual to limit the speed range of these motors to a value not 
exceeding 3 — 1. 

A further difficulty arises from the fact that the voltage induced 
in any section of the machine consisting of, say, two. three or more 
coils connected in series having a given number of turns is propor- 
tional to the rate at which the magnetic lines cut the conductors, 
and this rate is, of course, proportional to the speed of the flux 
wave, which is practically the same as that of the revolving element. 
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Consequently, at the highest speed of the motor, the flux wave is 
cutting the conductors at a very high rate, and, if the E.M.F. 
applied to any section is fixed, only a small flux will be required 
to produce it, owing to the high rate of cutting. 

On the low speed of the motor, on the contrary, the flux wave 
is cutting the conductors at a low rate, and, consequently, if the 
E.M.F. across the sections remains the same as before, a large flux 
will be necessary to produce it. 

Hence the flux of the motor will tend automatically to fall off 
in proportion to the rise of the speed in much the same way as it 
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does in the direct-current motor, and, hence, such a motor having 
a constant voltage per section, will tend to have a constant horse- 
power characteristic, which is not at all what is demanded in 
practice. 

Means must, therefore, be provided to increase the voltage across 
each section more or less in proportion to the speed. These difficulties 
may be summarized as follows — 

1. The difficulty of producing a winding having a moderate 
number of terminals and capable of simple switching. 

2. The difficulty of varying the voltage across a section con- 
taining a fixed number of turns, so as to keep the flux approximately 
constant with increasing speed without the use of costly apparatus. 
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Method of overcoming these difficulties. In order to overcome the 
necessity for a very large number of terminals, 4 method of pole 
changing entirely different from that described above may be 
adopted. This method is shown in Figs. 157 and 158. Still considering 
a ring-wound machine, assume it to be divided into 12 sections, 
shown developed in Fig. 157. 

At this point it may be convenient to recall the diagrammatic 





method of Fig, 115 for denoting alternating-current windings 
developed in order to simplify winding diagrams. It will be seen 
that the ring winding shown at the top of Fig. 157 is divided into 
12 sections, each section being shown as consisting of two turns. 
The beginning of each section is denoted by a white circle and the 
end by a smaller blackened circle, the extremities of the various 
sections being connected in series in the usual manner. An obvious 
simplification for diagrammatic purposes is to omit the drawing of 
the winding and merely retain the two terminals of each section, 
joining them by a straight line in order to show that they belong to 
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the same section. This diagrammatic method of denoting the wind- 
ing is shown immediately below the drawing of the ring in Fig. 157, 
the sections being numbered in order round the circumference. 

Imagine the 12 sections of the ring winding shown in Fig. 157 
to be carrying currents differing in phase from one another by 
60°, the current vectors being shown on the right of Fig. 157 (6), 
the current in section 1 having a phase 0°, that in section 2 having 
a phase 60°, that in section 3, 120°, and so on. These vectors when 
projected on a vertical axis in the usual way give, of course, the 
instantaneous currents in the different sections, which may be 
plotted as shown on the left of Fig. 157 (&). We thus obtain a 
series of ordinates the extremities of which lie on a sine curve. 



having two positive and two negative maxima, i.e. four poles on 
the circumference. If, however, we so reconnect these sections that 
the phase difference between adjacent sections is 30° and plot out 
the ordinates as in Fig. 157 (a), we obtain another sine curve having 
one positive and one negative maximum, i.e. two poles, while if 
we make the phase difference between the sections 90°, as in 
Fig. 157 (c), we obtain a curve having three positive and three 
negative maxima, i.e. 6 poles. 

In Fig. 158 are shown the connections whereby this change of 
phases may be accomplished for the case of 13 phases, which is 
practically more convenient in some respects, since by using a 
prime number of phases we prevent connections from any two 
phases of the machine being made to one phase of the convertor. 
As will be seen, it involves the use of 13 terminals on the motor 
(still shown as a ring winding) and some means of producing a 
number of phases (viz. 13) equal to the number of sections in the 
motor winding. Since 13-phase distribution is never used, this 
involves some means of converting from the usual 3-phase supply 
to the number of phases required by the motor and a new piece of 
apparatus, the phase transformer or convertor, is required with 
this method of control. 
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The theory of this method of pole changing may be further 
elucidated by the use of the method of studying a rotating field 
explained by Hellmund {Transactions of the American Institute of 
Electrical Engineers, 1908, “ Graphical Treatment of the Rotating 
Field Figs. 160 and 161 show how to plot out the flux density 
for one number of poles, say, for the 14-pole arrangement, assuming 
31 phases and 93 slots. The phase difference between adjacent 
groups of bars in the 14-pole arrangement will obviously be 
7 

— X 360°. In Fig. 160, CD is a vector representing in magnitude 


and phase of any one current band due to the upper layer of the 



Ficx. 160 Fig 161 


winding alone, due, that is, to the upper conductors in three neigh- 
bouring slots, the three equal parts into which the vector is divided 
indicating the ampere-conductors due to the respective slots. DE, 
1 

set off at an angle of — x 360°, similarly represents the ampere-bars 
i 

or magnetomotive force of the next band of the upper layer. The 
magnetomotive foice of the whole winding can be plotted in similar 
manner. The figure shows a part only of the polygon which will be 
obtained. For the polygon does not close when the sum of its 
exterior angles a amount to approximately 360° — in fact, because 
the phase number is prime, not until the exterior angles total 
7 X 360°. The ends of the vectors lie on a circle. A radial line from 
the centre of this circle to any point in the polygon represents 
vectorially the magnitude and phase of the flux density in the air- 
gap due to the upper layer of the winding alone at the corresponding 
point of the circumference of the machine. Thus OC represents the 
flux density in the teeth at, say, the right of slot 1, OD that on the 
right of slot 4, and so on. The lower layer of the winding, however, 
has so far been disregarded. Suppose the pitch it is desired to find 

( 55 * 0 ) 
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is 1 — 8. Consideration of a winding diagram, such as those in 
Figs. 154 and 155, will show that the lower layer of conductors m 
slots 1, 2, and 3 will be carrying currents equal and opposite to those 
in the upper layer of conductors in slots 8, 9, 10, or, if the pitch is 
10, the lower layer currents will be equal and opposite to the upper 
layer of slots 10, 11, 12. Taking 8 as the pitch the flux density 
beside slot 1 will be the difference of the vectors OC and This 
difference is represented vectorially by which, therefore, repre- 
sents the resultant flux density beside slot 1 due to the whole 
winding. 

In Fig. 161, vectors O-CEj, O-C^E^, 0-C\E, 0-Dl\, etc., 
are set out from a centre 0 equal and parallel to the vectors CFj, 
C^E^, CjF, DFj, etc., of Fig. 161, and the junction of their ends gives 
a second polygon of which the radii represent resultant flux density. 
Points on this polygon diametrically opposite represent points 
distant by a pole pitch in the actual machine. Because the pitch 
chosen is not an exact multiple of the tapping pitch, the polygon of 
Fig. 161 has twice as many sides as that of Fig. 160, being similar 
to it but with the comers cut off. 



CHAPTER XXII 

THE DEVELOPMENT OF PRACTICAL WINDINGS 

Although the simple method of pole changing just described was 
sufficiently encouraging to justify the construction of one or two 
machines for special purposes, it was not found sufficiently simple 
to be the final solution of the problem. Experience showed that 
even the number of terminals possessed by such a motor was too 
great in practice if a large number of speeds, e.g. five or six, was 
aimed at. In this case the number of terminals is not less than 30, 
which was found to be not a practical number, and still further 
means of simplification was therefore sought. 

It was found possible to reduce the required number of terminals 
in several ways. It is clear, first, that wherever we have currents 
differing 180® in phase, that is to say, mutually reversed, it is not 
necessary to supply two distinct phase-transformer terminals to 
obtain these two phases. If the two sections are connected in series 
or parallel, mutually reversed, they can be supplied from a single 
terminal. 

For instance, returning to Fig. 157, if we wish to connect the motor 
only for two poles and six poles, we find that in both these cases 
sections 1 and 7, 2 and 8, etc., are diametrically opposite in phase. 
We may, therefore, connect them in series reversed as shown in 
Fig. 159 (b), in which the sections are denoted by the diagrammatic 
method already described, and the direction of the straight line 
joining the two extremities is made to represent the phase of the 
current in the section. 

Connecting all the sections in star, we require 12 terminals to give 
two poles. Connecting opposite sections in series reversed, we 
require only six, although if we compare Figs. 159 {a) and (6), we 
see that each section in the latter is parallel to the same section in 
the former, i.e, it carries current of the same phase. 

The same connection (viz. diametrically opposite sections con- 
nected in series reversed) is also available on six poles, and the 
diagram for this is shown in Fig. 159 (c). Hence we see how, by 
making use of this simple device, we may materially reduce both the 
amount of switching and the number of terminals required on the 
phase transformer. 

A second method of reducing the number of terminals consists 
of putting alternate sections of the winding in mesh and the re- 
mainder in star, the mesh being connected in the centre of the 
star as shown in Fig. 162 for the case of eight sections and four 
phases. 
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It will be seen from this figure that the mesh sections are inter- 
mediate in phase between the star sections, e.g. section 2 is inter- 
mediate in phase between sections 1 and 3, and so on ; thus, although 
the winding connected as in Fig. 162 requires only four terminals, 
the E.M.F/s across the various sections are nevertheless in eight 
distinct phases. 

Again, it was found in most cases that wliile this method of 
connection might suffice to double the number of pliases on a 
particular number of poles, yet, in order to produce the same result 
on another number, the whole or many of the sections must be 

disconnected from one another 
Lj and reconnected in a different 

9 order. Thus it would seem that 

$1 we have only simplified the 

^ transformation in order to com- 

plicate the switching. 

^ The method of reversal and 

Lovwww<;:f J>VWVVW0L^ star-mesh method may be 

^ combined, and thus we may 

® ^ obtain windings in which the 

^ E.M.F. across the sections has 

§ 5 four times as many phases as 

> that supplied to the terminals. 

After a very large amount 
Fig. 162 of research, extending over a 

considerable period of time, a 
winding was found in which this result could be accomplished, not 
on one number of jioles only, but over a large series of numbers 
covering a speed range of 3 -1 or more, without reconnecting the 
winding in any way when changing the numbers of poles. This 
winding is shown in Fig. 163 for the case of 36 sections, 18 of which 
are connected in mesh and an equal number connected in star to the 
angles of the mesh, alternate sections in the mesh being mutually 
reversed and alternate sections in the star being also mutually 
reversed, the mesh sections alternating with the star sections around 
the circumference of the machine. 

The winding shown in Fig. 163 (containing only 18 terminals) 
can be used on all numbers of poles from 6 to 16, and is. with a slight 
further modification, also capable of being used on further numbers 
of poles from 20 to 26. 


This connection, therefore, gives us not only a winding of a very 
simple character with a moderate number of terminals (18) capable 
of reconnection in a simple manner for a large number of different 
numbers of poles, but it also gives us the characteristic which was 
shown above to be desirable, viz. that of having an approximately 
constant flux on all numbers of poles. It is difficult to explain the 
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Fig. 163 
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cause of this in a simple manner, but one may say briefly that it is 
due to the fact that the number of sections in series between ter- 
minals having a given phase difference of, say, 120®, becomes gradu- 
ally greater and greater as we increase the number of poles, or 
decrease the speed, so that as the rate of rotation of the flux wave 
gets less and less, due to the decreasing speed of the motor, the 
voltage across any section having a given number of turns also 
becomes less and less approximately in the same proportion, and 



Fig. 164 


thus about the same flux is needed to balance this voltage at all 
speeds. 

For reasons of economy in the number of supply phases needed, 
and also where a winding is to serve as a secondary on one pole 
number in addition to acting as a primary on another, it is often 
an advantage if several terminals of the winding are connected to 
the same phase of supply. The number of terminals connected 


together is the common factor of n and ^ j* where n is the num- 

ber of star sections and p the number of pole pairs. From the 
characteristics of the winding already set forth, it is apparent that 
the number of sections must be divisible by 4, i.e. n must be even. 

n , \ 

If ~ is odd, then whenever p is also odd ( - - ^ j is even and will have 


a common factor with n of at least 2, i.e. on odd numbers of pole 
pairs the terminals will be connected at least in pairs. There are 
then sometimes four times as many different phases in the sections 



DEVELOPMENT OF PRACTICAL WINDINGS 199 


of the winding as there are in the supply. If x is even, then the 

terminals will be connected in pairs on even numbers of pole pairs. 

As an example of the use of this type of winding for variable 
pole working. Fig. 163 shows a winding W of 36 sections, together 
with the transformer and a controller Cq necessary to enable 
it when supplied from 3-phase mains to produce 6, 8, 10, 12, 14. or 
16 poles. The supply mains are connected to the alternate angle 



Fig. 165 


Zj, Zg* transformer. The controller consists of four 

9-pole 2-way switches, and one 2-pole 2-way switch. The contacts 
and knife blades of the switches are connected to the tappings of 
the transformer or the sections of the winding whose numbers they 
bear, the connections being omitted for simplicity. The 2-pole 
switch serves to reverse the order of connection of the supply mains 
to the transformer, and in conjunction with the other four switches 
brings about the changes in the phase of the sections shown in 
Figs. 164 to 169, in which figures the direction in which each sec- 
tion is drawn represents its phase as above explained. The two 
positions of the respective switches are indicated by the letters 
A — J respectively. If A, C, and I alone are closed the winding has 
the phases shown in Fig. 166, it has 6 parallels and produces 6 poles. 
If B, Z), and J are closed the winding is connected as in Fig. 168 and 
gives 8 poles. If A, B, and I are closed, the winding is connected as 
in Fig. 165, has two parallels and produces 10 poles. If C, E, and 
J are closed the winding has the phases shown in Fig. 167, has three 
parallels and produces 12 poles, li A, F, and I are closed the 
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winding has the phases indicated in Fig. 164, has two parallels and 
produces 14 poles. Finally, if switches G, H, and I are closed the 
phases of the winding are those shown in Fig. 169, and the wind- 
ing produces 16 polos. Examination of the figures will show that 
in all of them the winding retains the connections between its sec- 
tions shown in Fig. 163. It is only the connections to the supply 
that are changed. 

The following rule is of great importance in understanding the 
relations between tlie phases on different pole numbers. 



Fig. 166 


If the winding comprises r equally spaced groups of P + Q sec- 
tions each, the relative phases of the sections in each group will be 
the same on P pole pairs and Q pole pairs. The relation between 
their actual phases may be expressed by saying that for Q pole 
pairs as compared with P pole pairs each group is " reversed 
round one of a set of r equally spaced axes, of which the first, round 
which group 1 is reversed, passes through section 1 of that group, 
and those round which the remaining groups are reversed are to be 
taken in the same order as the groups, i.e. group 2 reverses about 


an axis differing — in position in space from the first axis, group 3 

, . 27r ^ . (^-1)77 

about one differing - -, group n round one differing • Ey 


the statement that a group of sections is “ reversed about a 
particular axis in space in changing from P pole pairs to Q pole 
pairs, the relative phases of its sections remaining unaltered, is 
meant that any section distant by a given amount in a clockwise 
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direction on P pole pairs has the same phase as a section distant 
by the same amount in a counter-clockwise direction on Q pole 
pairs. 

Thus concisely stated it is not very easy to grasp, and it will be 
desirable to devote further space to elucidating it. 

If the winding comprises r equally spaced groups of P Q sections 
each, the relative phases of the 
sections in each group will he 
the same on P pole pairs and 
Q pole pairs. 

Fig. 163 shows a winding of 
36 sections. Consider the phase 
changes as between the 8-pole 
connection (Fig. 168) and the 
10-pole connection (Fig. 165). 

Here we have P -f- ^ = 4 -| 5 
= 9. In a winding of 36 sec- 
tions there are 4 groups of 9 
sections ; r = 4. The groups 
are to be equally spaced : thus 
group 1 consists of section 
numbers 1, 5, 9, 13, etc. ; 
group 2 of section numbers 
2, 6, 10, 14, etc., and so on. 

Now we have to consider the relation of the phases of the sections 
in these groups on 8 and 10 poles. Then simply write down the 
phases of the sections. 



Fig. 167 


Section 

Number 

Phase on 

8 poles 10 poles 

Section 

Number 

Phase on 

8 poles 10 poles 

1 

0 

0 

19 

0 

180 

2 

40 

50 

20 

40 

230 

3 

80 

100 

21 

SO 

280 

4 

120 

150 

22 

120 

330 

5 

UO 

200 

23 

160 

20 

6 

200 

2vS0 

24 

200 

70 

7 

240 

300 

25 

210 

120 

8 

280 

350 

26 

280 

170 

9 

3:^0 

40 

27 

320 

220 

10 

0 

90 

28 

0 

270 

11 

40 

110 

29 

40 

320 

12 

80 

190 

30 

80 

10 

13 

120 

240 

31 

120 

60 

14 

160 

290 

32 

160 j 

110 

15 

200 

340 

33 

200 

160 

16 

240 

30 

34 

240 

210 

17 

280 

80 

35 

280 

260 

18 

320 

130 

36 

320 

310 
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The phases of the sections of group 1 are in italics. They are, 
on 8 poles, 0°. 160°, 320°, 120°, and so on. On 10 poles they are 
also 0°, 160°, 320°, 120°, and so on. But it will be noted that in 
putting down the phases on 8 poles the sections are also in order 
clockwise, section 1, 5, 9, 13, etc., and to find the corresponding 
phase on 10 poles we take the sections in anti-clockwise order, 
1, 35, 29, 25, and so on. The actual phases happen to be the same 
n the two cases. But the rule says only that the relative phases 
of the sections in each group will be the same on P pole pairs and 



Fig. 168 


Q pole pairs. Try another group. Group 3 is in heavy type. The 
phases of the sections of group 3 on 8 poles are 80, 240, 40, 200, 
and so on. 

The phases of the sections of group 3 on 10 poles are 100, 260, 
60, 220, and so on. 

It will be noted the sections have again been taken in opposite 
order on 10 poles. It will also be noted that the relative phases 
of the sections are the same on both pole numbers ; the actual 
phases differ by 20°. 

The relation between their actual phases may be expressed by saying 
that, for Q pole pairs as compared with P pole pairs, each group is 
reversed ** round one of a set of r equally spaced axes. 

Is this the case ? The axis round which group 1 is “ reversed 
passes through section 1 of that group, so that the phase of section 1 
remains the same. Now what does '' reversed '' mean ? It means 
that any section distant by a given amount in a clockwise direction 
on P pole pairs has the same phase as a section distant by the same 
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amount in a counter-clockwise direction on Q pole pairs. Take sec- 

4 X 360” 

tion 5. Its distance from section 1, i.e. from the " axis ” is — 55 — 

= 40® in a clockwise direction. On P ( = 4) pole pairs it has the 
phase of 160°. This is to be " the same phase as a section distant 
by the same amount in a counter-clockwise direction on Q pole 
pairs.'* Which section is 40° distant from the axis in a counter- 
clockwise direction ? Section 33. What is its phase on Q (=5) 
pole pairs ? 160°. 



Fig. 169 


Take another group. The axes round xohich the remaining groups 
are reversed are to he taken in the same order as the groups, i.e. group 2 

77 

reverses about an axis differing ~ in position in space from the first 
axis, group 3 ahoiit one differing and so on. Take group 3. The 


axis about wliicli it is to be reversed is -7- = 90° from the axis 

4 

about which group 1 is '' reversed i.e. is 90° from section 1. Con- 
sider section 7, which is a section of group 3. Its angular position 
6 

is — X 360° = 60° clockwise from section 1. It is, therefore, 330° 
3d 

measured clockwise from the axis about which group 3 is to be 
“reversed." Its phase on P (= 4) pole pairs is 240°. What section 
is 330° from the axis measured couNTER-clockwise ? Obviously, the 
section which is 30° from the axis measured clockwise, i.e. the sec- 
tion which is 120° from section 1 ; that is section number 13. The 
phase of section 13 on ^ (= 5) pole pairs is 240°. 
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The first portion of the rule is easily proved. It has been pointed 
out in Chapter XV above that, if we have two fields of P pole pairs 
and Q pole pairs respectively, they will induce E.M.F/s in any 
conductor, which will coincide in phase at P + ^ points, and 
hence, the relative phases of the E.M.F.'s in the sections of such a 
group of P + ? sections must be the same on P pole pairs as on 
Q pole pairs, forming a balanced P + ^ phase system if we assume 

that P and Q have 
no common factor. 
Hence, suppose that 
the phases of the 
E.M.F.'s in one sec- 
tion or conductor 
(say section 1) are 
brought into coinci- 
dence as can always 
be done, then if 
both fields revolve 
in the we direction 
any section distant 
by a given amount 
from section 1, in a 
clockwise direction, 
has the same phase 
on P pole pairs as a 
section distant by 
Fm, 170 the same amount in 

a counter-clockwise 

direction has on Q pole pairs. I>ut the proof of the remainder of 
the rule is so complex that it has to be omitted. What has already 
been said should be sufficient to make the meaning and accuracy of 
the rule clear. 

A further simplification is possible where, for instance, only odd 
numbers of pairs of poles are required, and, consequently, dia- 
metrically opposite sections are always opposite in phase on every 
number of poles which a machine is required to give, and, therefore, 
may be permanently connected in series, mutually reversed. 

The winding of such a machine is shown in Fig. 170, and, as will 
be seen, has only 9 terminals, capable of operating on 2, 6, 10, and 
14 poles, and, with a slight further modification, on 22 and 26 poles. 
This winding is, probably, the simplest known multi-speed winding. 
It requires no more than 9 phases, while the original winding may 
require 18 phases. 




CHAPTER XXIII 

THE PHASE CONVERTOR 

Having described how the difficulties connected with designing a 
multi-speed winding have been overcome by means involving the 
use of a phase transformer or convertor, it will next be desirable 
to describe how this apparatus is constructed in practice. In cer- 
tain cases, e.g. where a single motor is operated from a generator 
which serves no other 
purpose, as in ship pro- 
pulsion, no such trans- 
former is needed, as there 
is no difficulty in winding 
the generator for the num- 
ber of phases required, 
but in the majority of 
cases the macliine, if it is 
to be of any practical use 
whatever, must optTate 
from a power supi)ly hav- 
ing, say, not more than 
three pliases, and, hence, 
it is of vital importance 
to the practical success of Fig. 171 

the apparatus that this 

phase transformer should be not merely technically satisfactory, 
but should also be capable of being built at a very moderate price. 

By restricting the number of phases to multiples of three, the 
transformers to be excited from a 3-phase circuit may be simplified 
very materially, and it will be convenient to describe the transformer 
as used in coiiii(‘ction with the winding previously referred to. This 
transformer does not differ externally in any way from the standard 
3-phase core type transformer, built in the usual way with 
three exactly similar limbs. The connections, however, are as shown 
in Fig. 171, in which all the windings shown by lines parallel to one 
another are considered to be wound on the same limb of the trans- 
former. Since the windings shown in this figure are drawn parallel 
to three straight lines at 120*^, it follows that only three such limbs 
are needed. 

If we take a 3-phase transformer having two secondary sections 
on each limb, and connect these sections in the manner shown, 
which may be called a hexagon connection, we obtain an apparatus 
from which 6-phase currents may be derived by bringing out 

?05 
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terminals from the comers of the hexagon. If, however, we tap the 
sides of the hexagon in the manner shown, winding on the three 
limbs, in addition, six small auxiliary sections to be connected 
to the corners of the hexagon, it is possible without further elabora- 
tion to obtain no less than 18 phases, as has been ampl}^ proved in 
practice, the tappings shown in the diagram lying in a circle. 

So far, we have regarded the hexagon winding with tappings as 
being the secondary, and have assumed that there is a primary 
winding which carries the 3-phase currents. But if no voltage 



transformation is needed, as in this case, a separate primary is not 
needed, for the primary terminals may be connected direct to 
alternate corners of the hexagon, or even, in order to save extra 
terminals, to the extremities Zg, /-3 of three of the small auxiliary 
sections wound on the transformer and corresponding to the 
secondary terminals 7\, 7\, This latter plan is adopted to 
avoid the necessity of bringing out three extra primary terminals. 

By using the apparatus as an auto-transformer in this way we 
at once abolish the whole of the primary windings, and, therefore, 
reduce the amount of copper on the transformer to half, or, in other 
words, double the rating of a transformer of a given size. 

We do more than this, in fact, because the primary and secondary 
currents flowing in opposite directions in the same windings give a 
resultant which is very materially less than the secondary current 
alone. This is exemplified in Fig. 172, which shows the currents in 
the sections of the 30-phase transformer, which formed part of the 
original experimental machine which was constructed to test the 
present method of speed variation in its earliest form, Lj, Lg being 
the 3-phase terminals. 
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It will be seen that the current in the neighbourhood of the 
3-phase terminals is much greater than at points intermediate 
between them, and, in fact, falls off to less than one-half at a point 
midway between the terminals. 

Fig. 173 shows a similar curve for more recent 9-phase and 18- 
phase transformers. The same reduction in current per section at a 
point intermediate between the 3-phase terminals T^, T°, is noticed 
here, and the analogy between 
the reduction of current in 
these transformers and the 
similar reduction which takes 
place in the armature of a 
rotary convertor in sections 
intermediate between the tap- 
ping points may be referred to. 

As a result of this further 
reduction a phase transformer, 
to transform a given amount 
of power, say, from 3 to 9 or 
18 phases, will require a size 
of transformer of only between 
30 to 40 per cent of the rating 
of the transformer which will 
be required to convert the 
same amount of power, say, 
from one voltage to another. 

Still another economy which 
has the effect of still further 
reducing their capacity can 
be effected in the use of 
these phase convertors. In 
a constant torque motor giving a horse-power proportional to 
the speed, the amount of power taken will also be approximately 
proportional to the speed. For instance, the power taken at 
750 r.p.m. will be only 0-75 times the power taken at 1,000 r.p.m., 
and if we can arrange the winding of our motor so that it is directly 
connected to the line when operating at 1,000 r.p.m., the phase 
convertor not being used on that speed but coming into operation 
for the first time only at 750 r.p.m., we shall be able to reduce 
its capacity to 0-75 times the value which would be needed to 
supply the power required at 1,000 r.p.m., makuig it only 22 
to 30 per cent of the capacity required to transform the whole 
power. 

Curves, such as that of Fig. 173, may also be calculated by 
means of a vector diagram. For the case of a 3-phase primary 
and a secondary number of phases, also divisible by three, and 
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symmetrically placed with respect to those of the primary, the 
following rule^ has been developed. 

Draw an equilateral triangle ABC (Fig. 174), each of whose sides 
is divided into three parts, AD, DE, EB, and similarly for the other 
tw’o sides. Let the three central sections ED, etc., be proportional 
to the primary currents Zg, Z3, supposed equal and balanced. 
The six outer sections are all equal and of length : 

( SVSE^ - 2n ZTo sin — 

X — I - 

( 2}iE^ sin — 

\ « 

, ^ , (line volts) 

where /s , = primary star volts ^ rn: — : 

( V3 ) 

Eo ™ secondary star volts (radius of circle of second- 
ary voltage vectors 01\, ()1\, OT^, 02\, etc.) 

n ~ number of secondary phases. 

From the points E and ZZ set up perpendiculars intersecting in L 
from D and G perpendiculars intersecting in N. From L as centre, 
draw an arc of a circle passing through E and /Z. From ilZ as centre, 
draw an arc of a circle passing through G and D. From N as 
centre, draw an arc of a circle passing through F and Z. Each of 
these arcs will span 120", or one-third of the circumference. Divide 
each of these arcs into uj'S parts (Fig 176). Find the centre of the 
circle circumscribed to the triangle. From the centre draw radii 
to the points obtained, by dividing the three arcs into w/3 parts. 
These radii measure in magnitude and phase the currents in the 
consecutive sections of the winding. 

In order to understand clearly the meaning and application of 
the diagram, let us apjily it to the simple case in which n == 3, and 
the delta connected coils of the primary are simply tapped in the 
middle. 

In this case the formula gives us 

F — 3 F 

1^2 — 2^1 

-r _= 1, 

and the current diagram is as in Fig. 175. 

In this simple case it is not hard to show that the current dia- 
gram is derived from the potential diagram by the application of 
Kirchhoff's law that, '' the sum of the currents flowing towards a 
tapping point is zero.'’ Let P, Q, R, S, T, U be the tapping points. 

^ This rule assumes that the phase relation between the primary current 
and voltage is the same as that of the secondary, and neglects losses and 
leakage. 
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Let 


DC be the current inflowing at P 


CF 

FE 

EB 

BA 

AD 


outflowing at U 
inflowing at R 
outflowing at T 
inflowing at Q 
outflowing at S 


Assume, for instance, a purely wattless load, both primary and 
secondary currents lagging 90°. 


Then 


OC will be 
OF 
OE 
OB 
OA 
OD 


the current in PU 
UR 
TR 
QT 
QS 
SP 


For at DC |- CO + OD - 0 

At U, CF + FO + 0(' -- i) 

R, FE + EO + OF - 0 

7, EB + BO + OE - 0 

Q, BA + AO + OB -- 0 

5, AO + DO -1- OA - 0. 

Hence the current diagram satisfies Kirchhoifs law at all the 
tapping points, and it is clear that no other diagram could do so. 

From this simple case a more general rule is now apparent for 
forming tlie curn'iit diagram, which is now applicable even to 
unsymmetrical figures. 

Set off the currents flowing in at all tapping points in order, 
so as to form a closed polygonal figure. Kadii from the centre^ of 
this figure to its vertices give the current in successive sections." 

In forming this polygon we must remember that at the instants 
in which currents are flowing inio the primary tappings they are 
flowing out of the secondary tappings. 

Similarly, the general rule first given may be applied to the case 

El 


where n — - 6, giving Fig. 178. The formula gives E^ 


V3 


= II v 


As applied to a 3-phase - 30-phase transformation the formula 
E 

gives E^ —“ 7 ^ ^ “ *4651 j, and results in Fig. 176. 

V3 

It is clear from the above diagrams, and the general rule given, 
that the current distribution within such a phase convertor depends 
only on the currents at the tapping points both primary and 
secondary, and not in any way on the connections of the phase 


^ The "centre'* of an unsymmetrical figure is a point such that the vector 
sum of all radii drawn from it to the figure is zero. 
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convertor. We can, in fact, draw the diagram complete as soon as 
we know the primary and secondary currents' and their phase 
relation without any knowledge of the arrangement of the phase 
convertor. All phase convertors, in which primary and secondary 
currents flow through a number of taps in windngs forming a 
closed circuit, have the same currents in the sections intermediate 
between corresponding taps. 

It is sometimes, for instance, desirable, in such a phase convertor 
as that shown in Fig. 177, to feed-in the primary current at points 
other than that corresponding to the vertices of the potential tri- 
angle or to vary the primary feeding in point, to vary the secondary 
star voltage. This does not in any way alter the current distribu- 
tion relative to the feeding-in points, although, of course, as we alter 
the feeding-in points the current in any given section will change. 
It is, therefore, possible to wind the different sections of the trans- 
former with windings of varying cross-section proportional to the 
maximum currents which they are likely to be called on to carry. 
These currents may be approximately determined by the above 
method of calculation. If the coils are proportioned in this manner, 
those coils nearest the tapping points will be of far heavier cross- 
section than any of the others, or in the case where the primary 
tapping points are variable, all those coils which may be near the 
tapping point in any of its positions. 




PL\TE VI PL\TE VII 

Phase con\ertor (three to eighteen phase-) Rear \iew (sho\\ing phase convertor) of controller 

for machine sho\\ n in Plates I I\ , and \ shown in Plate \ I 



CHAPTER XXIV 


THE PRACTICAL DESIGN OF POLE CHANGING APPARATUS 


The controller. The only part of the equipment still to be described 
is the controller needed to effect the changes of connection between 
the phase transformer and the motor. 

Different types of controller are, of course, required for different 
speed combinations. It is very easy to obtain combinations giving 
rise to very complicated circuits, but if care is taken to use the speed 
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combinations best a(la])ted to known types of winding and to 
choose the types of winding best adapted for the speeds required, 
the following rule for 3-i)has(* circuits may be enunciated — 

A 3-phase mitUi-speed motor, for any lutmbcr of speeds up to six, 
will require three limes as many terminals as there arc speeds. 

That is, a multi-speed motor with a single winding on each mem- 
ber may be built for any number of speeds up to six, requiring no 
more terminals than if each speed were produced by a different 
winding. This does not mean that any arbitrary selection of num- 
bers of poles can be built with no more terminals than these, but 
that by suitably choosing the numbers of poles within the range of 
3 — 1 , these results may be obtained. 

For instance, the winding described above (see Fig. 170) is usually 
arranged for 6, 10, and 14 poles, and requires 9 terminals, thereby 
obeying the rule, but a winding arranged for, say, 8, 10, and 14 
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poles, would not obey the rule, although windings for 6, 8, 12, or 
6, 10, and 12, could be designed to obey it 
There is thus an amply sufficient selection of combinations for 
practical purposes, although there are a few abnormal combinations 
which fall outside the rule. Further research is rapidly lessening 
the number of these combinations. 

A series of combinations adjusted with great care so as, on the 
one hand, to lend themselves to simple control, and on the other to 
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cover most requirements, is shown in Fig. 181, covering speed 
ranges on 50 periods as follows — 

1500/1000/750 : Drum F 
1000/750/500 : Drum F 
750/500/375 : Drum F 
750/600/v500 : Drums F + G 
1000/600/428 : Drum A 
1001)/750/600/428 : Drums A + C 
1000/750/600/500/428 : Drums A + B + C 

It will no doubt be agreed that these combinations cover practic- 
ally everything that is needed, and the control of all of them is 
sufficiently simple to be dealt with by a drum controller. Figs. 179 
and 180, in fact, show diagrams of the drum controllers which are 
used to give these combinations, and it will be seen that all, ex- 
cept that for the 5-speed machine, are simj)le pieces of apparatus 
requiring only a single drum. The 5-speed machine is usually 
built with two drums geared together, and forms the only case in 
which this is necessary, while in Fig. 181 has been assembled a 
series of speed/torque curves giving one example of each speed 
combination. 

An important point in connection with these machines is, of 
course, the cost as compared with other means of producing the 
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same results. In Fig. 182 is given a curve, for different Yiotse- 
powers, for machines of this type as compared with a slip-ring 
induction motor with its control gear. This curve ignores entirely 
the enormous economy of current secured by an apparatus of 
approximately constant efficiency on all speeds. 

These controllers are suitable for small to medium sized motors, 
up to 200 h.p. The larger sizes, say, from 200 h.p. to 800 h.p., are 
rather beyond the scope of a drum controller, and, consequently. 
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an apparatus of a different type is employed. In Fig. 183 is shown 
such a large controller, from which it will be seen that the controller 
consists of a slate panel bearing what are essentially four, nine- 
bladed 2-wa3" switches with vertical axes. The switches are of the 
finger type as in drum controllers, and bear on studs mounted in the 
panel. They can l)(* clearly seen in the 1 ow(T half of the figure, 
while on the right and left of these switches are the terminals for 
the phase transformer and motor, respectively. The switches are 
opened and closed in tlie projier sequence by means of cams which 
appear immediately above the switches. For each speed, two of the 
switches make contact, thereby connecting the 18 terminals of the 
motor to the line or the phase transformer, in the different ways 
appropriate to different speeds. 

It is found, b}^ taking advantage of the following fact, that the 
switching may be simplified. One half of the connections for one 
number of poles, say 8, with the machine running clockwise, are 
identical with half the connections for another number of poles, 
say 10, with the motor running counter-clockwise. It conduces to 
simplicity of switching, therefore, if we make no change in these 
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connections in changing from 8 poles to 10 poles but merely inter- 
change two of the 3-phase lines, by means of the two contactors 
shown in the upper half of the panel which perform a quadruple 
function, as detailed below. 

1. They serve to reverse the 3-phase connections when this is 
required, in order to economize switching. 

2. They are fitted with overload relays (shown immediately 
below them), so that they perform the function of a circuit breaker. 

3. In changing from one speed to the next in any multi-speed 
motor, it is necessary to open the circuit which, in most forms of 
switchgear, gives rise to a certain amount of arcing. 

(It is a good practice in all such cases to open the circuit first, 



by a special switch designed with adequate blow-out apparatus, 
etc., to avoid arcing ; then, while the motor circuits are completely 
dead, to change the connections, which may, of course, be done 
without any arcing, because they are not carrying any current ; 
and, lastly, to close the main circuit again through the switch 
specially provided for that purpose. The contactors shown in the 
figure perform this function also.) 

4. The small switch on the right serves to open the contactor 
magnets, and causes them to act as a line switch, isolating the whole 
of the apparatus from the line as soon as it is opened. 

The connections on the back of the board are not unduly com- 
plicated, and are carried out by means of bare copper rods about 
f\in. diameter, in the standard manner. A mechanical interlock 
formed by the vertical rods below the contactors is fitted between 
the contactors and the cam.shaft by means of an auxiliary shaft 
geared to the camshaft, in the ratio of 1 to 4. 

The operation of this interlock is as follows : On making a slight 
movement of the controller handle, the contactor magnets are 
opened. No further movement is possible until both the contactors 
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are fully opened* When this has taken place the shaft is freed, and 
on moving it further the cams begin to move and *alter the adjust- 
ment .of the main switches. When the handle of the controller has 
moved, say, 180®, then the adjustment has been completed and the 
magnet circuit of the contactors is re-energized, closing them when 
the machine continues to operate on the new number of poles. 
Although these operations take rather a long time to describe, they 
do not, in practice, take more than one second. 

Characteristics of the equipment. We now come to the descrip- 
tion of the characteristics of machines of this type which are 



rendered available by the system of control just described. As has 
already been pointed out, squirrel -cage motors of the multi-speed 
type can find a very much greater held of utility than when used 
on a single speed only, since the chief drawback is almost com- 
pletely overcome in the multi-speed form. This advantage, of 
course, relates to the starting 

Consider, for instance, a 2-pole and a 4-pole motor, both having 
the same air-gap density. In the former there will be only two 
conductors in series, each lying in the middle of the pole face, and 
the 4-pole motor will have four such conductors. If, therefore, we 
send the same current through the four conductors as through the 
two conductors, we shall obtain twice as much torque in the 4-pole 
machine as in the 2-pole machine, or, alternatively, for the same 
torque the 4-pole motor will require only half as much current ; 
hence, if we can arrange a motor so that it starts on four poles and 
runs on two poles, to obtain a given starting torque it will take 
only half the starting current that it would require if it started on 
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two poles. This is the origin of the very greatly improved perform- 
ance of the squirrel-cage motor when used as a multi-speed machine. 
In squirrel-cage motors having a speed range of two to one, or 
more, it is always possible to obtain full-load starting torque with 
not more than twice full-load current. All machines, of whatever 
size, having the same speed range, are capable of this ratio of start- 
ing torque to starting current, but if switched straight on to the line 
larger machines frequently take much greater current and give 
corresponding greater torque. In most cases, therefore, the use of 
an auto-transformer is necessary with large machines. This may be 
seen from Fig. 184, in which is shown starting torque plotted against 
starting current for a 4-, 6-, and 8-pole motor. It will be seen that 



Fig. 185 


with the 8-pole connection the machine gives 1*7 times full-load 
torque with twice full-load current. With a 6-pole connection it 
gives 2*4 times full-load torque with 3*6 times full-load current. 
With a 4-pole connection it gives 3 times full-load torque with 
8*6 times full-load current. 

Another point frequently arising with multi speed squirrel-cage 
motors relates to the current rush on changing s])eed and the rate 
of acceleration from one speed to the next. Both these factors are 
under exact control by the use, in series with the motor, of primary 
resistance, which, of course, has the effect of reducing the voltage 
during the change of speed. 

Returning to Fig. 183, in order to make use of this method of 
regulating the rate of acceleration between speeds, there is fitted 
on the panel by tlu* side of those shown a third contactor which 
opens when they open, and which closes, due to the action of a 
dashpot, a few seconds after they close. This third contactor, when 
closed, bridges three resistances each placed in series with one of 
the lines ; hence, directly the contactor opens, these re.sistances 
are placed in circuit, being adjusted to produce any desired rate of 
acceleration. They remain in series with the line during the opera- 
tion of changing speeds, and are cut out when this operation has 
been completed. 
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In Fig. 196 are shown the current surges produced in changing 
speed in a squirrel-cage motor arranged for all numbers of poles 
between 8 and 16, both with and without (dotted curves) a similar 
device, substituting an auto-transformer for the resistance. It will 
be seen that by its use the maximum current surge is reduced to 
about one-half. 

In a motor having a wide speed range, the lowest speed steps are ^ 
very small, and there is seldom any need for such a device. It is 
on high speeds, however, that it is needed. The figure illustrates 
the marked reduction in the current surge on these higher speeds 



(shown towards the right of the figure), the device, of course, being 
adjusted to suit this case. 

This method of starting and changing speed can be employed 
in motors up to several hundred horse-power, and renders the 
squirrel-cage motor adaptable to a vast variety of purposes for which 
it has never been found j^ossible to use it before. 

To sum up, the sequence of operations to change speed, in the 
case of a squirrel -cage motor, for instance, would be as follows — 

T The first movement of the controller handle causes the con- 
tactor to open, thereby cutting off the supply from the installation 
and rendering it '' dead.” 

2. A further movement of the controller handle opens the 
” switch units,” and recloses them in the correct combination to 
suit the next speed, and, as the supply is cut off meanwhile, the 
change takes place without any sparking. 

3. When the controller handle has been moved to the notch 
corresponding to the speed desired, the contactor closes again and 
the circuit is re-established, the whole operation of changing speed 
taking approximately one second and being accomplished by one 
movement of the controller handle. In Fig. 185 is shown a series 
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of circle diagrams for such a multi-speed motor operating on all 
numbers of poles from 6 to 16, and absorbing the same magnetiz- 
ing current in all cases. These diagrams assume that the leakage 
coefficient is proportional to the number of poles, thus being twice as 
great in a 12-pole machine as in a 6-pole one. It will be shown below 
that this assumption is very nearly fulfilled in this type of machine. 

This figure shows clearly the cause of the very great economy 
in starting current which is found in practice and was illustrated in 
Fig. 16. It will be seen that with 16 poles the motor takes about 
one-third of the starting current required with a 6-pole connection. 
Since the motor gives the same torque at all speeds, the ordinates 



to each circle represent the torque to a scak‘ such that the torque 
represented by 1 mm. on the diagram is iM'oportional to the num- 
ber of poles. Hence, in spite of the small current ronsnm])tion, the 
motor can yield a powerful starting torque at th(‘ lowest speed. 

Slip-ring motors. It is possible to design a rotor winding for a 
machine having any number of speeds which shall gi\^e genuine 
slip-ring control up to one of these speeds, for instance, the top 
speed, and operate as a short-circuited secondary winding on all 
other speeds. One convenient way of cdfecting this result is by 
using such a winding as is shown in lug 187, but permanently 
connected so as to be capable of direct connection to the line. It 
will be seen that, as so connected, the winding requires no more 
than three terminals and can, therefore, be connected to the usual 
number of slip-rings. 

On all other numbers of poles than six, however, the winding 
would require more than three terminals to enable it to be con- 
nected to any outside circuit, and if these terminals are short- 
circuited the winding is also internally short-circuited. Hence the 
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secondary currents which on 6-pole operation flow through the 
slip-rings, on any other number of poles flow through the internal 
circuits of the winding and do not pass through the slip-rings at all. 

By means of this construction a motor is produced which can be 
arranged to be accelerated, by means of an ordinary resistance 
connected across its three slip-rings, from standstill to any one of 
its six speeds, starting, if desired, with from 2 to 2J times full-load 
torque. On reaching the speed at which it is desired to run, a move- 
ment of the controller handle changes the number of poles of the 



motor to the dc'sired value, when the currents in the rotor winding 
are automatically diverted from the slip-rings and continue to flow 
in closed circuits in the winding. 

The oj)eration of starting the slip-ring motor on any other than 
the top speed is, therefore, as follows — 

1. Set the controller to the starting position which will produce 
in the motor a number of poles corresponding to the top speed. 

2. (Gradually close the starting rheostat, when the motor will 
speed up. 

3. When the motor has reached the speed desired, which will, of 
course, be less than top speed, move the controller from the starting 
position to the running position corresponding to the speed at which 
it is running. This will have the effect of changing the number of 
poles to that corresponding to the controller notch employed, when 
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the starter is automatically cut out as already described and the 
motor continues to run with its rotor short-circuited. 

4. The starter may now be open-circuited at leisure by the 
operator. 

A tachometer may be provided in order to enable the operator 
to know the proper moment to change from starting to running 
position. 

In Figs. 188 and 188 a are shown some curves of efficiency and power 
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Performance curves with normal low resistance rotoi 


factor of a 70 h.p. motor arranged to give all numbers of poles from 
8 to 16. 

Fig. 188 shows curves corresponding to the results obtained when 
fitted with a high resistance rotor adapted to give the powerful 
torque required in connection with this motor. 

Fig. 188 a shows corresponding curves for the same machine when 
fitted with low resistance rotor. 

Comparing these two sets of curves, a result will be noticed 
which at first appears rather strange, namely, that the efficiencies 
of the machine with a high resistance rotor and with a low resist- 
ance rotor are not very different for the same speed, while the 
power factor of the machine with high resistance rotor is a good 
deal less than that of the machine when fitted with low resistance 
rotor. 
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This is due to a method which can be employed in the induction 
motor to enable a high resistance rotor to be employed without 
loss of overall efficiency. The torque of the motor is, of course, 
proportional to the product of ampere-conductors by flux density. 
If, therefore, we compare two motors having, say, flux densities in 
the ratio of 1-5 to 1, then in order to give the same torque they will 
require a number of rotor ampere-conductors in the ratio of 1 to 
1*5, the machine having the stronger flux density requiring only 
two-thirds of the currt‘nt in the rotor bars required by that having 
the smaller flux density. Two-thirds of the rotor current means, 
of course, four-ninths, or less than half, of the rotor I^R loss and, 
consequently, if we desire the resistance loss to be the same in both 
cases, the machine with the stronger flux density may have 2\ times 
the rotor resistance of that with the weaker flux density. 

This method was adopted in the motor illustrated in the above 
figures, which by means of tappings on the transformer was adapted 
to operate with either a strong or a weak flux. The strong flux used 
with the high resistance rotor involves, of course, low power fac- 
tor, and this is the explanation of the nature of the curves shown. 
By using stalloy steel punchings the iron loss was reduced to such 
a small proportion of the whole that the increased iron loss due to 
the stronger flux produced only a negligible effect on the efficiency. 

Thus, by this process the squirrel-cage motor can be adapted to 
give any desired starting torque, without loss of efficiency, wherever 
we are prepared to sacrifice power factor to obtain this result, or 
to use additional power factor compensation devices such as 
condensers. 

Power factor and efficiency. Referring to the curves given above, 
it may be seen that the characteristics of the machine as regards 
power factor and efficiency are, broadly speaking, as follows — 

The efficiency remains very nearly the same at all speeds, though 
there is a slight reduction at reduced speeds, due, broadly, to the 
fact that the losses remain approximately constant at all speeds, 
while the output, of course, fdls off in proportion to the speed. 
In the larger sizes, this reduction in efficiency will seldom exceed 
5 j)er cent. The efficiency at top speed is, of course, practically the 
same as in a standard motor. The power factor also varies, as we 
change speed, to a somewhat greater degree than the efficiency, 
this variation being due, broadly speaking again, to the fact that 
the magnetizing current remains the same at all speeds, while the 
true power input falls off proportionately to the reduction of speed. 
Again, in the larger sizes this variation will seldom exceed 10 per 
cent. 

The only thing which needs to be borne in mind from the power 
supply point of view is that these machines absorb a constant 
amount of wattless current at all speeds, and that this amount is 
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not greater than that absorbed by a standard machine having the 
same rating. Perhaps it may serve to make the matter clearer if 
we compare the equipment with a standard motor driving through 
a gear-box, a load which requires constant torque at all speeds. At 
top speed the motor is fully loaded and operates with its best power 
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Fig. 189 

factor and elliciency. As the speed and tlie load are reduced by 
changing gear, the output of tlie motor falls off and with it the 
power factor and effieieney to some extent. To almost exactly the 
same extent do the power factor and efficiency of the equipment 
described fall off when the load is reduced ; in fact, the controller 
described above may be regarded as an electrical method of changing 
gear. 

Reference has been made above to the fact that the leakage 
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coefficient of these machines is practically proportional to the num- 
ber of poles, and in Fig. 189 are shown some cifrves of leakage 
coefficients plotted against the number of poles. These curves 
illustrate this feature. Such curves, it is believed, will be of consider- 
able interest to designers, and clearly could not be obtained from 
any other type of motor except one retaining an absolutely identical 
winding on all numbers of poles. Comparisons have frequently been 
made between motors having different numbers of poles, but this, 
of course, is not at all the same thing as in the case of a single 
multi-speed motor. 


15— (55x0 




CHAPTER XXV 

SINGLE-PHASE POLE CHANGING APPARATUS 

In order to design a single-phase winding adapted to any set of two 
pole numbers, it is necessary first of all to pay attention to a few 
simple principles. 

1. Clearly, if there is a common factor between the two numbers 
of pole pairs, the circumference of the machine will be divided into 
identical zones equal in number to the common factor. Hence, 
since these are identical, we need only consider those cases in which 
no common factor exists. 

2 The minimum number of slots adapted for a single-phase 
winding, arranged to give two different pole numbers, should be 
the product of these two pole numbers, though in some cases a 
multiple of the product of the numbers of pole pairs will be satis- 
factory, for instance, a winding to give 4 and 6 ix>les, should have 
a multiple of 24 slots, and one to give 10 and 6 poles should have a 
multiple of 15 slots. 

Before describing further the principles on which these single- 
phase windings for two pole numbers are based, it will be convenient 
to describe in detail one or two simple cases. For instance, take a 
winding which is to be arranged so that it can operate on either 
10 or 6 poles. Assume it wound into 30 slots only, as shown in 
Fig. 195, for the sake of simplicity. Tabulate, side by side, the 
direction of the currents in the different slots, both for 10 and 
6 poles. 


Slot No. 

10 Poles 

6 Poles 

Slot No 

10 Poles 

6 Poles 

1 

Down 

Down 

16 

Up 

Up 

2 



17 

t» 

«> 

3 



18 

99 

99 

4 

Up 


19 

Down 

99 

5 



20 

99 


6 


Up 

21 

99 

Down 

7 

Down 


22 

Up 


8 



23 

99 

99 

9 

1 

11 

»* 

24 



10 

Up 


25 

Down 

99 

11 

f 1 

Down 

26 

t* 

Up 

12 

f9 

tt 

27 


»* 

13 

Down 

„ 

28 

Up 

»» 

14 

it 


29 

*> 

»» 

15 

tt 

»* 

30 

»» 

$» 
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In Fig. 190 the crosses may be taken to indicate the currents 
flowing down, and the dots those flowing up. It will be seen that 
in slots 1, 2, and 3 the current flows down on both 6 and 10 poles, 
while in slots 4 and 5 it flows up on 10 poles and down on 6 poles. 
In slot 6 it flows up on 6 and 10 poles, and in slots 7, 8, and 9 it 
flows up on 6 poles and down on 10 poles. In slot 10 it flows up 
both on 6 and 10 poles, while in slots 11 and 12 it flows up on 10 
poles and down on 6 poles. In slots 13, 14, and 15 it flows down 
both on 10 and 6 poles. In slots 16 to 30 the current is the same 
as in slots 1 to 15, but reversed in sign. 

Considering first slots 1, 2, 3, 6, 10, and 13, 14, 15, in which the 
current flows the same way on both pole numbers. Corresponding 
to these slots are slots 16, 17, 18, 21, 25, 28, 29, 30, in which the 
current distribution is the same but reversed. Hence it is possible 
to arrange a winding to fill these slots only. This is shown in 
Fig. 190 with terminals — Sg. 

Now consider slots 4, 5, 7, 8, 9, 11, 12, 19, 20, 22, 23, 24, 26, 27. 
Again we see that the number of slots in which the current flows 
up is the same as those in which it flows down. 

Hence a second winding can be arranged to fill these slots alone, 
shown in Fig 190 with terminals Rl, R2. If this winding is con- 
nected in series with the first in one direction, we shall get as a 
result a 10-pole winding, and if it is connected in the opposite 
direction we shall get a 6-polc winding. 

Hence we shall thus arrive at a winding capable of use as either 
a 10-pole or 6-pole single-phase winding consisting of two separate 
windings in series, the change of pole number being effected by 
reversing one winding with respect to the other. 

Now many of the properties of the winding just pointed out are 
generally true. For instance that, in each of these component wind- 
ings, there must be as many slots in which the current flows up as 
there are slots in which it flows down, follows from the fact that 
the change pole winding, as a whole, is identical in connection 1, 
with a winding for R poles say, and in connection 2 with a winding 
for S poles say. In either the R pole or the S pole winding it is, 
of course, true that there are as many slots in which the current 
flows UP as there are those in which it flows down. In changing, 
therefore, say from the S pole to the R pole condition, we must 
reverse as many wires in which the current flows up as wires 
in which it flows down, or the previous statement could not be 
true for both pole numbers. Hence it must be true also for each 
component of the change pole winding. 

We may distinguish two different cases among numbers of pole 
pairs having no common factor. 

1. Cases in which both numbers of pole pairs are odd. 

2. Cases in which one is even and the other is odd. 




Fig. 191 
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Since it is always possible to divide both numbers of poles by 
two, the circumference may always be divided into two zones, each 
covering one half. 

Considering first the case in which both numbers of pole pairs are 
odd, which we may call the symmetrical case, the distribution of 
both the mutually reversible component windings will be the same 
in these two zones, but opposite in sign. That is to say, considering 
any slot, no matter which of the two mutually reversible windings 
it carries, then a diametrically opposite slot will carry a current 
opposite in direction. Thus a winding of this character may be 
conveniently carried out by means of coils of diametric pitch. 

There is another class of winding which may be called the skew 
symmetrical class, in which the numbers of pole pairs are odd and 
even respectively — an example of this is a 4- and 6-pole winding, 
as shown in Fig. 191. .Such a winding may be wound into 24 slots. 


Slot No. 

4 Poles 

6 Poles 

1 

1 Slot No. 

1 4 Poles 

6 Poles 

1 

Up 

Up 

13 

Up 

Down 

2 


14 


3 

tt 

Down 

15 


Up 

4 

Down 


16 

Down 

5 



17 



6 



18 



7 

,, 

Up 

19 


Down 

8 

,, 

20 



9 

, 


21 



10 

Up 

,, 

22 

Up 

,, 

11 

,, 

Down 

23 


Up 

12 

" 


24 

■’ 


In Fig. 191, as before, the dots may be taken to indicate current 
flowing UP, and the crosses, currents flowing down. Comparing the 
direction of the currents in these tables, we see that in slots 1, 2, 
10, 15, 23, and 24 the current flows up both on 4 and 6 poles, while 
in slots 4. 5, 6, 19, 20, and 21 it flows down on both 4 and 6 poles. 
In slots 7, 8, 9, 16, 17, and 18 it flows up on 6 poles and down on 
4 poles, while in slots 3, 11, 12, 13, 14, and 22 it flows down on 6 
poles and up on 4 poles. Hence, in this case also, we may join slots 
1, 2, 4, 5, 6, 10, 15, 19, 20, 21, 23, and 24 into one winding, shown 
in Fig. 191 as non-reversing,'' there being as many slots in which 
the current flows up as there are slots in which it flows down, and 
the remaining slots into another winding shown in Fig. 191 as 
'' reversing," the latter being reversed with respect to the former 
in the change from 4 to 6 poles. 

The distribution of these two windings around the circumference 
is identical, and either winding may be produced from the other 
by displacing it bodily through half of the circumference. In such 
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a skew symmetrical winding it is not true that a slot, diametrically 
opposite to a given slot, belongs to the same winding, and carries 
an opposite current. On the contrary, there is an axis of symmetry 
which, in the case of the winding described, passes midway between 
slots 12 and 13 and slots 24 and 1. If we consider any slot lying 
at a certain angular distance from the axis in a clockwise direction, 
and another slot lying at an equal angular distance from this axis 
in the counter-clockwise direction, it will be found that both these 
slots belong to the same winding. 

Thus we have definitely shown above in a perfectly general manner 
that each component winding contains as many conductors in which 
the current flows up as it does conductors in which it flows down. 

It follows, that for any two pole numbers whatsoever, a single- 
phase winding can be built consisting of only two parts, and capable 
of changing from one pole number to the other by reversing one of 
the parts with respect to the other. 

Finally, the precise construction of such a winding in a typical 
case may be described. 

Consider a winding arranged in 24 slots so as to be adaptable 
either for 4 or 6 poles, as shown in Fig. 191. It will consist of 
8 coils, four in each mutually reversible component of the wind- 
ing. Coil 1 will lie in slots 1, 2, 4, and 5 ; coil 2 in slots 6 and 10 , 
coil 3 in slots 15 and 19 ; and coil 4 in slots 20, 21, 23, and 24, 

All these coils are connected in series, and form one of the mutu- 
ally reversible components of the winding. The second component 
of the winding is identical in distribution with the first. The 
description already given will, therefore, apply to it if we add 12 
to each of the slot numbers just referred to. It will be seen that 
corresponding conductors of the two component windings lie al 
opposite ends of the diameter of the machine, the conductor corre 
sponding to that in slot 1 being that in slot 13. 

Another method of securing reversal of one of these winding! 
with respect to the other is the following — 

Since in the skew symmetrical type of winding the portions of 
‘any winding, for instance, those whose terminals are SI, S2 lying 
on one side of the axis of symmetry, are exactly similar to those 
portions of the same winding lying on the other side of the axis of 
symmetry, it is possible to connect them in parallel as well as in 
series. 

Precisely the same remark applies to the winding whose terminals 
are Rl R2. Owing to this possibility we may connect the two 
windings in a closed circuit. This closed circuit has four arms, 
there being a terminal at the extremity of each of these arms. 
These may be lettered P, Q, R, S. 

Branch PQ, for instance, may contain the coils A and B, and the 
branch SR may contain the coils C and D in parallel with A and B. 
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Let now the branch QR contain the coils E and F, and PS the 
coils G and H, then, according as we switch the line on to the 
terminals QS or PR, the current in coils E, F, G, H will be reversed 
with respect to A, B, C, and D therefore. 

The windings so far described are essentially of the single-phase 
type, but in certain cases, by making use of two or more such 
windings wound in the same or alternate slots, a polyphase winding 
may be produced. We shall confine ourselves to the case of two 
windings giving rise to a resultant winding adapted for two phases 
in quadrature. If two such windings are to be used on two distinct 
pole numbers, they must be in phase quadrature with one another 
on both pole numbers, and not on one only. 

The windings of both phases will be identical in arrangement and 
in connection, but corresponding coils will be displaced from one 
another by a fraction of the circumference, say l/«th. If the two 
windings are to be in quadrature on two numbers of pole pairs, 
R and S say, the following relation must subsist, namely, 

360° X 360° X S ^ 

= = ky. 180° 

n n 

k being an arbitrary integer. This relation cannot always be satis- 
fied. but for the case where R and 5 are both odd, for instance, say 
R = 3 and 5 = 5, it can be satisfied by taking n = 4, that is, if 
the two windings are displaced by a quarter of the circumference. 
The type of winding in which both the pole pair numbers are odd, 
is that called above the symmetrical type. 

Hence it follows that two windings of the symmetrical type dis- 
placed by one-quarter of the circumference form a 2-phase winding, 
and can be wound to give any pair of pole numbers whatsoever which 
are both odd. 



PART V 

CHAPTER XXVI 


PHASE ADVANCERS AND POLYPHASE COMMUTATOR GENERATORS 


In order to understand clearly the essential principles of the various 
types of phase advancer, it will be necessary to recapitulate what 
was said in Chapter X with regard to the general law of mag- 
netization. It was pointed out that the density of magnetic energy 
in the air-gap of an electrical machine at any point where there is 

a flux density B is equal to — , being the permeance of the gap 

area per square centimetre. The rate of change of this energy 
density is the magnetizing power. In Fig. 192 is shown the stator 
and rotor of an induction motor diagrammatically indicated in the 
same manner as in Chapter X. 

Consider the tooth D, intermediate between any two bars. The 
magnetic density in this area is. say, B = Bq sin pt, and, hence, 

B ^ 

the magnetic energy density W = ^sin^/>/. The flow of mag- 

ZiiX 


netizing power due to the flux in this tooth is 


dW Bop 


sin pt 


BoP . 

cos pt == sm^pt. 

This power, therefore, alternates, being an inflow when the flux 
is rising, and an outflow when it is falling. Can we provide a storage 
device which will store up this energy when it flows out of the 
machine, and supply it once more when it flows in ^ This can be 
done in a large number of ways. Kapp has worked out in the 
Kapp vibrator, a device whereby it is done by storing the magnetic 
energy as the energy of rotating masses. He provided a small 
direct-current machine whose armature A is shown connected in 
shunt across adjacent bars, there being as many separate machines 
with separately excited fields F as there are teeth in our elementary 
case. 

The rule governing the operation of the Kapp vibrator is ; 
Magnetic energy + kinetic energy of revolving armature = con- 
stant. Thus, when the magnetic energy is a maximum, the kinetic 
energy will be zero, that is, the armature of the vibrator will be 
stationary. When the magnetic energy is zero, the kinetic energy 
of the vibrator will be maximum. This rule enables us readily to 
calculate the maximum angular speed of the armature. If its 
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moment of inertia is I, and its angular speed 5, then its kinetic 

B ^ 

energy will be Hence, if Sq is the maximum 

angular speed of the armature. In practice the number of different 
independent machines in a Kapp vibrator is reduced to three, since 
it is found that 3-phase windings are sufficient to give good phase 
compensation. 

If it is clear that the Kapp vibrator is a device for storing the 
magnetic energy liberated from the dynamo-electric machine, at 

the instant when the flux is de- 
creasing, and delivering it back 
at the instant when the flux is 
increasing, the next thing that 
requires investigation is how this 
takes place. When the flux is a 
maximum also in any given tooth, 
the current flowing round that 
tooth must be a maximum, and 
the speed of the vibrator, as we 
have seen, is zero. 

When the flux in the tooth is 
zero, the speed of the phase 
advancer is a maximum and, 
hence, its voltage is a maximum, 
while the current required ^ o 
produce the zero magnetic flux is 
also zero. In both cases, the 
magnetizing power which is the 
product of current x E.M.F. is 
zero. 

The magnetizing power reaches a maximum when the rate of 
change of magnetic and kinetic energies is equal. The effect of a 
current in the armature of the Kapp vibrator, as in any other 
direct-current machine, is to produce a torque which, as the 
machine is on no-load, gives rise to an acceleration. At top speed, 
since the machine is no longer being accelerated, the current must 
be zero, although the E.M.F. is a maximum. The maximum inflow 
of current and, therefore, maximum torque of the vibrator and 
maximum rate of acceleration, occur when the speed and E.M.F. 
are zero. The most obvious form of phase advancer, of course, is 
an electrostatic condenser, and in this, as in the vibrator, the 
current is a maximum when the E.M.F. is zero. In both of these 
the energy stored is zero when the current is a maximum and the 
E.M.F. is zero. In the case of a magnetic flux, however, the E.M.F. 
is zero when the flux and the current are a maximum, and the 
energy stored, therefore, is a maximum. 


7b Generator 



Fig. 192 
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To sum up, in the vibrator or condenser, the current is a maximum 
when the E.M.F. is zero and the energy stored is zero. In the case 
of a magnetic flux, the exciting current is a maximum when the 
E.M.F. is zero and the energy stored a maximum. Hence, by com- 
bining a magnetic flux on the one hand with a vibrator or condenser 
on the other, we are able to construct an apparatus such that one 
portion of it is able to store the energy flowing out of the other 
portion at all parts of the cycle, and so permit the maintenance of 
an oscillation. 

It is of vital importance to notice that neither the electrostatic 
condenser nor the Kapp vibrator has any power of generating steady 
power, and, in fact, must consume it. Consider an induction motor, 
as shown in Fig. 192, fitted, say, with a Kapp vibrator, and running 
exactly at synchronous speed, and on no-load. The secondary can 
receive no induction from the primary owing to the exactly syn- 
chronous speed. The Kapp vibrator is incapable of generating the 
power necessary to drive a current against the resistance of a cir- 
cuit and, hence, the apparatus cannot work at all. Clearly, when the 
induction machine is running at synchronous speed and with zero 
slip, the current required to magnetize it would be continuous. If, 
therefore, the several machines of the Kapp vibrator could be 
driven externally at appropriate fixed speeds so as to supply con- 
tinuous currents to the winding, these currents would be effective 
in magnetizing the machine, but due solely to the fact that no 
means of producing from the vibrator an output of steady power 
exists, it cannot operate under these conditions. 

Perhaps it should be pointed out once more that on no-load the 
only currents in the induction machine are those necessary to 
magnetize it. If by any means these magnetizing currents could 
be made to flow in the rotor the stator current wiU disappear, and 
we shall get a high power factor on the primary sides. If, however, 
they cannot be made to flow in the rotor, they must be derived 
from the stator, and we get the reduced power factor of the ordinary 
machine. 

If, however, the rotor is running below synchronism, with a 
small amount of slip, then the mean power required to drive the 
current through the resistance of the secondary circuit can be 
derived by induction from the stator, and the Kapp vibrator can 
supply the alternating or magnetizing power, and thus become 
effective. 

Hence, the Kapp vibrator cannot operate on no-load or with 
very small slips. This applies to the condenser for the same reason, 
but, of course, the condenser is practically ruled out by the enormous 
size and cost which would be required for use on slip frequency. 

Wallis phase advancer. Another type of apparatus, which has, 
been suggested by Dr. T. F, Wall for use as a phase advancer, is 
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the secondary cell. A secondary cell is also a means of storing 
energy, and he has found that it is able to charge and discharge 
itself following the slow alternations corresponding to slip frequency 
of one or two cycles per second, if connected as shown at c, c, c 
(Fig. 192). In the secondary cell, as in the condenser, the charging 
current is a maximum when the E.M.F. is low and the energy stored 
low, and it becomes less when the E.M.F. is high, and the energy 
stored high. Hence it is able, to a certain extent, to replace the 
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Fig. 193 


Fig. 194 


condenser or vibrator, and it will be clear from the explanation 
given of the Kapp vibrator how this can be possible. 

It would be perfectly possible to obtain the advantages of the 
phase advancer by simply connecting the secondary winding of the 
induction machine to a very low frequency synchronous motor, 
capable of operating, say, on one or two cycles per second. This 
is shown in Fig. 193. The principle of its operation would be 
exactly the same as that of the synchronous motor described in 
connection with Fig. 49, namely, that the E.M.F. generated in 
any bar by the flux of the induction machine should be equal and 
opposite to that generated by the flux of the synchronous motor. 
By over-exciting the synchronous motor, thereby turning it into 
what is known as a synchronous condenser, it can operate perfectly 
well as a phase advancer. 

The principle of magnetization, of course, would be that described 
in connection with Fig. 50, namely, that magnetizing power flows 
out of the induction machine into the synchronous exciter at those 
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points in* space where the flux density is falling, and flows into the 
machine from the synchronous exciter at those points where the 
flux of the induction machine is rising, that is, out of the induction 
machine along conductors 1, 2, 5, and 6, and in along the remaining 
conductors. 

The Scherbius machine. Another objection to such an 
arrangement would be the enormous size and cost of a s 5 mchronous 
machine to operate at these extremely low frequencies. The reason 
of this enormous size and cost, of course, is that if a S5nichronous 
machine is to run at an extremely low frequency the speed of rota- 
tion itself must be very low. This is overcome in practice by making 
use of a commutator machine, as shown in Fig. 194. usually known 
as a Scherbius type of phase advancer. By introducing a commuta- 
tor we render the speed of rotation of the machine independent 
of the frequency of the current in it, and, hence, render it possible 
to build the machine of an economical size. The principle of mag- 
netization does not alter at all. It still remains true that we must 
have El + £"2 = 0, and that power must flow out of the induc- 
tion machine at points where the flux in it is falling and into it at 
points where the flux is rising. 

The Scherbius phase advancer differs from almost every other 
type of electrical apparatus, in that it does not require a stator 
and rotor both carrying different windings. On the contrary, it 
merely consists of an armature with a commutator carrying an 
appropriate number of brushes and driven, for instance, by belting 
from the main machine at any appropriate speed. 

The currents flowing from the induction machine set up a field 
in this armature which is exactly equal and opposite to that of the 
induction machine itself, in the case illustrated, provided that the 
speed of the flux relative to the bars of the phase advancer is the 
same as its speed relative to the bars of the induction machine. 

This may be seen more clearly as follows — 

Suppose, for instance, that the main induction machine has 
a synchronous speed of 1,000 revs, per min., and is running at 
950 revs, per min. with 5 per cent slip. The speed of the flux rela- 
tive to the bars of the induction machine will be 50 revs, per min. 

Now imagine the phase advancer as stationary. The current 
flowing through the conductors sets up a certain field which rotates 
with respect to them with a speed of 50 revs, per min. If we suppose 
that the flux of the phase advancer is equal to that of the induction 
machine, then, with the machine stationary, we shall have 
and, consequently, we cannot have £, + £2 = Now, owing to 
the action of the commutator, the distribution of the field of the 
phase advancer does not depend in any way on its rate of rotation, 
since, when it is set in rotation, every time a bar moves away from 
a given brush another bar takes its place. Consequently, the 
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distribution of the phase advancer flux and its rate of rotation in 
space depend in no way on the speed of the phase advancer. Now 
let the phase advancer be set in motion and run up to, say, 50 revs, 
per min. in the direction of rotation of the flux. It is now running 
in synchronism with its own flux and, consequently, there will be 
no E.M.F. induced in its bars. 

Let us next suppose that it is run up still further to 100 revs, 
per min. The phase advancer flux is still unchanged, but the bars 
are now running at twice synchronism with respect to it, and, hence, 
the voltage induced in them is exactly reversed as compared with 
its value at standstill. It is now possible for the equation Ey + 1^2 
== 0 to be satisfied, since the bars of the phase advancer are moving 
relatively to its flux in the opposite direction to the bars of the 
induction machine, relative to the flux in that machine. 

A further increase in the speed of the phase advancer above twice 
synchronism merely serves to reduce its flux. 

The speed may, of course, be made many times greater, perhaps 
ten or twenty times, and in such a case the flux of the phase advancer 
need only be one-tenth or one-twentieth of that of the main machine. 
No matter what the speed, the frequency of the currents flowing 
through the brushes will always remain the same, owing to the 
presence of the commutator. In practice, of course, complexities 
are introduced owing to the requirements of commutation, which 
lead to the use of commutating poles, etc. 

Before proceeding to discuss the type of phase advancer which 
is capable of producing an improvement in power factor at no load 
as well as at full load, it will be desirable to discuss the polyphase 
commutator generator in a general way, since this type of phase 
advancer is simply a special application of the generator. 

Consider first, therefore, a polyphase series machine constructed 
in the manner as shown in Fig. 195 fopposite). In this figure the 
rotor is .shown as consisting of a number of bars joined together 
at one end by means of an end-ring, each bar being attached to a 
commutator segment, these being equal in number to the bars. 
On each segment rests a brush, and to each brush a stator conduc- 
tor is connected in such a manner that the current flowing in one 
direction along the rotor bar flows back in an exactly opposite 
direction along the stator bar, as shown in Fig. 203. Thus, neglecting 
leakage, the stator and rotor bars connected to a given brush form 
a non-inductive circuit. 

The current having passed through these two bars now returns 
to the commutator end of the machine by means of a third bar, 
which is known as the field bar. This may be displaced by any 
amount from the stator bar just described, which is known as the 
neutralizing bar. From the field bar the current is taken to the 
load which is shown in Fig. 195 as a self-induction. 
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Since the rotor bar and neutralizing bar cancel each other's 
magnetizing effect, the field is clearly due entirely to the distribu- 
tion of field bars, and may be 

displaced in position round , 1 1- 

the circumference of the 
machine to any extent, by 
varying the position of these 
field bars, that is, by lengthen- 
ing or shortening the connec- 
tions aa, Fig. 195. 

Let B be the flux density 
at any point in the machine, 
the flux being, let us suppose, 
a rotating one revolving with 
respect to the stator with 
peripheral speed and with 
respect to the rotor with 
peripheral speed — v^, 

where Vi is the peripheral 
speed of rotation. 

Thus, since the rotor bar 
and neutralizing bar are con- 
nected in opposition, the 
voltage induced in the two 
considered as a single whole 
is {v 2 “ 7 ^ 3 ) B = ViB. At 
standstill, when V 2 — 
clearly this voltage is zero. 

The voltage induced in the 
field bar owing to its displace- 
ment in space from the rotor 
and neutralizing bars will 
differ in phase from these 
voltages. 

Let us consider two cases — 

1. In which the field bar 
is displaced from the neutral- 
izing bar by one-quarter of a 
wavelength of the flux or 90 
electrical degrees, and the 
E.M.F, in it is, therefore, in 
quadrature with that in the 
neutralizing bar. This case is 
shown in Fig. 195. 

2. In which the field bar 
is not displaced at all with 
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respect to the neutralizing bar, and, consequently, the E.M.F. in it 
is equal and opposite to that in the neutralizing bar. This case is 
shown in Fig. 196. 

In both cases, of course, the magnitude of the E.M.F. in the 
field bar is being the same as that in the neutralizing bar, the 
only difference in the cases being as regards the phase of these 
E.M.F.^s. 

From the field bars, as shown, the current is conducted to the 
inductive load, which we may suppose to consist of an alternating 
flux identical with that in the machine itself, the electromotive 
distribution in which is shown in Fig. 1956, while that in the machine 
is shown in Fig. 195c. The distribution of bars in the inductive 
load is identical with that of the field bars in the machine, and, 
hence, the flux of the load is also identical as stated, being dis- 
placed in space, however, in the diagram, by an amount equal to 
the displacement of the field bar. Hence the E.M.F. of the load 
will be Eg == V 2 B in quadrature with the current, being exactl}" the 
same as the E.M.F. in the field bars. Summing up the results of 
Fig. 203, we have the foPowing E.M.F. 's — 

(a) In the inductive load. Eg ~ ^ 2 ^* 

(b) In the field bar, E 3 == z^gE. 

Both these, of course, are in phase with Eg. 

In the rotor and neutralizing bars, E^ = (z^g - v^) E. 

These E.M.F. 's are in quadrature with Tt'g. In addition to these, 
we may suppose that there is an E.M.F. Ir due to resistance drop, 
which will be in quadrature with Eg and, therefore, in phase with 
Ev 

In the lower part of Fig. 195 is shown a diagram of the fluxes 
occurring in the motor due to the field bars. It is clear from this 
diagram that the air-gap density E is a maximum at a point one- 
quarter of a wavelength distant from the point at which the current 
is a maximum. For instance, if the field current is a maximum at 
the point Qy then the air-gap density E will be at a maximum at the 
point P in the figure. Hence, if the E.M.F. 

(^2 - 1 ) 3 ) B 

is to reach its maximum at the same time as the current, that is, 
to be in phase with it, the displacement between field bar and 
armature bar must be a quarter wavelength. 

Summing up in the same manner the results of Fig. 196, the 
E.M.F. Eg will be the same as before, and E 3 = vJB will also be the 
same. The E.M.F.'s E^ = (z ;2 - B will still retain the same 
magnitude, but instead of being in quadrature with Eg it will be 
in phase with it. Hence we can write the equation — 

(z;2 -Vq)B- rgE - Eg = 0. 
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From this equation we see that the E.M.F. in the neutralizing 
bar and the field bar cancel, as is, in fact, perfectly obvious from 
the figure, and the equation reduces to the form 

v^B + Eg == 0. 

Since the E.M.F/s in the two bars on the stator cancel, these 
bars are clearly unnecessary, and a conductor could be led straight 
from the commutator brush to the 
load, so that this case of the com- 
mutator generator simplifies itself 
into the case of the Scherbius phase 
advancer. 

Returning to Fig. 195, the funda- 
mental electromagnetic law, of 
course, is that the sum of all the 
E.M.F. 's in the circuit must be 
zero, and if we have E.M.F. 's in 
two distinct phases in quadrature 
with each other, this law involves, 
as is well known, that the sum of 
the E.M.F. 's in any given phase 
must be zero, and the sum of all 
the E.M.F. ’s in quadrature with 
them must be independently zero. 

Hence, in the case of Fig. 203, we 
obtain two distinct equations — 

(1) E.M.F. ’s in phase with Eg. 

This gives Eg + v^B = 0 

(2) E.M.F.'s in quadrature with 

Eg. 

(i^g - v.^)B + Ir — 0, or, i\B + 

Ir --0 

Since Eg =■ v^B, as we saw above, 
equation (1) may only be satisfied Fig. 196 

if V 2 = 0, that is, if the rate at 

which the flux wave moves relative to the conductors of the load or 
of the stator is zero. This, of course, involves that the current 
shall be continuous and not alternating. 

If Vg = 0, equation (2) becomes Ir - v^B = 0, which is the 
ordinary equation of self-excitation of the direct -current machine. 

Coming to Fig. 196, we derive the equation 

Eg - v^B -= 0 

and it was also known that Eg = VgE. Hence this equation can be 
satisfied if Vg + V3 = 0, or, Vg = 
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That is to say, that the revolving rotor cuts the flux in one direc- 
tion at the same rate as the flux cuts the stationary conductors in 
the load in the other direction, or, in other words, that the rotor 
runs as much above synchronism as the conductors in the load are 
below synchronism. This, of course, assumes that there is no 
resistance drop in the circuit. 

Figs. 197 and 198 represent cases of the polyphase commutator 
generator which are worth a brief examination. 

In Fig. 197, the displacement between the neutralizing bar and 
the field bar is three-quarters of a wavelength instead of one-quarter. 


Short ctrcu im^ r mg 
for <r/? jnt meichme ^ 




Fig. 197 Fig. 198 


measured in a paiticular direction, say clockwise. The effect of 
this is simply to reverse the E.M.F. B == v^B with respect 

to Fg ^icld E.M.F. rgF. 

In Fig. 198, the field bar differs from the neutralizing bar by half 
a wavelength, hence, instead of the E.M.F.'s in the two bars can- 
celling, they add This also is merely a way of saying that the 
E.M.F. 


- v^)B - v^B 

is reversed. 

The effect of this reversal is as follows — 

Whereas in Fig. 195 the macliine, as has been shown, is capable 
of self-excitation as a direct-current generator, in Fig. 197, the 
field has been reversed, and the machine is incapable of operat- 
ing as a generator, but can operate as a motor. Whereas in Fig. 
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196 it was shown that the machine could operate as a negative 
reactance capable of balancing the E.M.F. of self-4nduction of an 
inductive load, yet in Fig. 198 the machine operates as a positive 
reactance and, hence, is itself equivalent to an inductance of a value 
depending on the speed. 

Thus, to recapitulate for every connection of the field successively 
differing by a quarter of a wavelength, the machine will act as 
follows — 

{a) Negative reactance generates magnetizing power (phase 
advancer) (Fig. 196). 

(6) Negative resistance generates mean power (series generator) 
(Fig. 195). 

(r) Positive resistance absorbs mean power (series motor) 
(Fig. 197). 

{d) Positive reactance absorbs magnetizing power (reversed 
phase advancer) (Fig. 198) ; and for intermediate connections we 
get combinations of these effects. 

It should be pointed out that while in Fig. 196 the apparatus can 
supply magnetizing power to a purely inductive load, and, there- 
fore, could conceivably maintain an alternating flux in a circuit 
which was absolutely devoid of resistance or other means of con- 
suming moan power, yet, in actual fact, the only self-exciting type 
of generator, so far described, is that of Fig. 195, which is the 
ordinary series direct-current generator. 

For intermediate connections of the circuit, however, it is possible 
to obtain a type of generator which will be capable both of suppl}^- 
ing the magnetizing power required by the alternating flux, and 
also of giving the mean power required to supply Pr losses, etc. 

It has been pointed out that if the field bars are displaced by 
one-quarter of a wavelength from the neutralizing bars, so that the 
angle 0, Fig. 195, measured in electrical degrees is 90°, the machine 
is capable of operating as a self-exciting direct-current generator. 

If the angle 0 is less than 90°, however, we have the following 
E.M.F.'s— 

{a\) In the inductive load, ~ v^B, 

(61) In the field, 

(cl) In the armature and neutralizing circuit [v^-v^B cos 0. 
All these are in phase with Fg, or in quadrature with the current. 
Hence, 

E2 - v^B + (vg “ 0^0 

(a2) The Ir drop. 

(62) (vg - v^)B sin 0. 

Hence 


(Vg - ^ 3)5 sin 0 -f /r ~ 0 
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Thus we see that the E.M.F. of the rotor and neutralizing bar 
combined has components both in phase and quadrature with the 
current, the component in phase with the current or in quadrature 
with £*2 being capable of balancing the Ir drop and hence exciting 
the machine, and that in quadrature with the current capable of 
balancing the inductive E.M.F. of the load. 

Thus the machine becomes self-exciting, not as a direct-current 
machine, but as an alternating current machine, having a definite 
frequency of its own. 

It is clear that the self-inductive E.M.F, of the load is propor- 
tional to the frequency, and, hence, we deduce the rule : In a self- 
exciting scries polyphase generator, the frequency will he such as to 
make the self-inductive E,M,F., due to the load 
and field circuit combined, balance the component 
of the E,M.F. of the armature and neutralizing 
circuit which is in quadrature with the current. 
Considering the component in phase with 
the current we deduce the rule : The strength 
of the field will be such that the component of 
the E.M.F, of the armature and neutralizing 
Fig. 199 circuit in phase with the current balances the Ir 

drop and other load E.M.F,’s in the circuit. 

One of the principal applications of the above discussion is to 
shunt types of polyphase self-exciting machine in which the field 
bars are connected to a short-circuiting ring, as shown in dotted 
lines in Fig. 197. In this case the Ir drop referred to in the above 
rule is simply that of the field circuit, and the self-inductive load is 
again due entirely to the E.M.F. induced by the flux in the field 
bars. 

In this case these rules simplify as follows — 

In the self -exciting shunt polyphase generator, the frequency will be 
such as to make the self -inductive field E.M.F, balance that com- 
ponent of the E M.F, in the armature and neutralizing circuit, which 
is in quadrature with the shunt current, while the second rule becomes 
The strength of the field will be such that the component of the E.M.F. 
in armature and neutralizing circuit in phase with the shunt current 
balances the Ir drop round the shunt circuit. 

This second rule is, of course, identical with the rule for the 
self-excitation of the direct -current machine, and involves a certain 
amount of saturation in the magnetic circuit. 

It is clear that both the density B and the Ir drop are proportional 
to the current so long as the iron is unsaturated, and, hence, they 
cannot become equal for some particular value of the current 
except in virtue of the saturation of the circuit. 

If the saturation curve of the machine be as in curve A , Fig. 199, 
the Ir drop as a function of the current being as in curve then 
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the machine will excite up to the point C, where these two curves 
intersect. ^ 

We may note also that the frequency is dependent for a given 
type of winding only on the speed of the machine, and is, therefore, 
independent of the voltage. For the type shown in Fig. 195, the 
rate of rotation of the flux will be such that the armature runs as 
much above synchronism as the field is below synchronism. In 
fact, the flux will revolve at half the rate of the armature. 

This frequency may be adjusted by inserting a further self>induc« 
tion in the shunt circuit, while the voltage may be adjusted by 
means of a resistance precisely as in a direct-current machine. We 
can now recapitulate some of the characteristics of the shunt 
polyphase generator. 

1. The machine is self-exciting if the displacement between the 
field and armature circuits is intermediate between that shown in 
Figs. 195 and 196. 

2. It gives a frequency which may be varied at constant speed, (a) 
by moving the brushes, that is, varying the angle 0, Fig. 195 ; 
(b) by changing the ratio of armature to field turns * or, (c) insert- 
ing an external inductance in the field. By any means, in fact, that 
varies the field reactance. 

3. The frequency is almost directly proportional to the speed. 

4. The strength of the field is regulated by exactly the same 
principles as govern the fields of direct-current machines, and may 
be regulated by a rheostat exactly as in a direct -current machine 
without affecting the frequency. 

5. Hence the voltage and the frequency of the machine are 
almost entirely independent of one another, and may be regulated 
separately. 

Some further properties of the series machine which are worth 
noting are as follows - 

1. The frequency of a series polyphase generator with a unit}^ 
power factor load will be invariable and independent of the load. 
The voltage in such a machine will vary in just the same way as 
that of a direct-current machine on a similar load. 

2. The frequency of a series polyphase machine is inversely 
proportional to the amount of the inductance in the circuit. 

3. If a series polyphase machine is connected with another 
apparatus giving rise to a definite frequency such as a synchronous 
machine, then for those positions of the brushes which render it 
self-exciting it will generate its own natural frequency in addition 
to any frequency impressed on it from an outside circuit. 

This remark gives us the key to the hunting which sometimes 
occurs when these self-exciting machines are employed. 

It will next be desirable to deal in some detail with the various 
applications of such a machine. Before doing so, however, the 
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previous discussion may be summarized by saying that it has been 
shown that the machine is itself self -exciting for all positions of the 
brushes lying between two points differing in position by 90 elec- 
trical degrees. If we regard the number of poles as variable, then 
for any given position of the brushes the machine will excite with a 
number of poles such that the phase displacement between field 
and armature bar is less than an odd multiple of 90 electrical degrees 
and more than the next lower even multiple (see page 100). At one 
extreme point of the range the machine generates direct current, 
in which case the current is of necessity in phase with the E.M.F., 
and at the other extreme point of its range the machine generates 
an E.M.F. which is exactly in quadrature with the current. In 
positions intermediate between these two extreme points the 
machine can generate alternating E.M.F. of a definite frequency 




which has a component in phase with the current to balance the 
resistance drop in the circuit. In order that any machine may be 
able to generate alternating current, two conditions must be 
satisfied — 

1. It must be capable of generating an E.M.F. which will balance 
those E.M.F.’s due to the load which are in quadrature with the 
current, that is, it must be capable of supplying the reactive power 
required by this load. 

2. It must be capable of supplying an E.M F. which will balance 
those E.M.F. 's due to the load which are in phase with the current, 
that is, it must be capable of supplying the mean power required 
by this load. 

These two conditions are entirely independent — 

1. The apparatus may be a generator as regards reactive power, 
and a motor as regards the mean power. This is the case in all 
types of compensated motors which absorb mean power and generate 
reactive power sufficient not only to supply that required by 
their own reactance, but frequently to supply that needed by the 
reactances occurring in other portions of the circuit. 

2. A machine may be a generator as regards the mean power, 
and may require to receive reactive power from an external source. 
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as, for instance, in the induction generator, so that the independence 
of these two conditions is quite manifest* f 

The only important case in which such a polyphase commuta- 
tor machine as already described is used independently, is tjiat of 
the polyphase commutator motor. 

It has been pointed out already that where a polyphase commuta- 
tor generator can generate, for instance, direct current or some 
current of definite frequency, it will do so in addition to carrying 
current of any frequency impressed upon it from an outside source. 
It is the existence of currents of two distinct frequencies in the same 
machine which constitutes the phenomenon of hunting. It is clear 
that hunting can only be avoided in one of two ways — 

1. By making the natural frequency of the machine identical 
with the impressed frequency. 

2. By rendering the machine non-self-exciting, and, as already 
pointed out, since two independent conditions are required to render 
it fully self-exciting, this self-excitation can be prevented by seeing 
that one of these conditions is not satisfied, even though the other 
may be, or, although it may be the whole object of the apparatus 
to satisfy it. 

When the polyphase commutator machine is used as a motor, the 
brush setting will usually be such that the machine is non-self- 
exciting 

Various cases in which polyphase commutator machines are used 
in practice may conveniently be discussed in turn, so as to make it 
clear whether hunting is possible and if not, how it is avoided. It 
will be convenient to include in this discussion the single-phase 
series motor, as this is one of the simplest cases and throws con- 
siderable light on the others. 


Case 1. vSingle-phase Series Motor 

Attempts have been made to use single-phase series motors for 
regenerative purposes on traction systems by reversing the fields 
and making them into generators, which it was hoped would restore 
power to the single-phase line and would so brake the train. 

These hopes have been disappointed because the series generator 
generated direct current as well as single-phase current, which is 
the only type which can usefully be restored to the line. Oscillo- 
grams have frequently been published showing these effects. They 
can be eliminated if, instead of connecting the machine as in 
Fig. 200a!, care is taken that the field of the series machine is coupled 
to the armature only inductively through a transformer as in 
Fig. 2006, in which case the generation of direct current is impossible. 
This is an instance of one of the points explained in the previous 
discussion. 
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Case 2. Shunt Machine 

If the terminals of a series motor are short-circuited and leads 
taken out from the armature it becomes a shunt machine, of which 
a diagram in the elementary form used throughout this work is 
shown in Fig. 201. The conditions of self-excitation of a shunt 
machine have already been worked out. They reduce to two distinct 
rules, of which the first is — 

In the self-exciting shunt polyphase generator, the frequency will he 
such as to make the self-inductive field E.M.F. balance that component 
of the E.M.F. in the armature and neutralizing circuit, which is in 
quadrature with the shunt current, while the second rule becomes — 

The strength of the field will he such that the component of the E.M.F. 
in armature and neutralizing circuit in phase with the shunt current 
balances the Ir drop round the shunt circuit. 

If there is no component of the armature E.M.F. in quadrature 
with the shunt current, the self-inductive field E.M.F. must be 
zero, i.e. the machine generates a continuous E.M.F. 

Where the position of the brushes is such that the machine tends 
to generate such a continuous E.M.F., it will produce direct current 
in addition to carrying any alternating current which may be im- 
pressed upon it from an external source. This may be prevented, 
as with a series machine, by connecting the armature and the field 
only through a transformer. The existence, of course, of currents 
of two different frequencies in the same circuit gives rise to powerful 
synchronizing forces whenever these two frequencies are close 
together. In other cases, however, where the frequencies are widely 
different, no such forces are produced. For instance, in the case 
previously alluded to in which the scries machine produced direct 
current as well as, say, 25 cycles alternating current, it is often 
impossible to tell from the behaviour of the machine that anything 
abnormal is occurring, the only clue to the difificultv lying in the 
abnormal readings of any instruments that may be in circuit 

Now the word hunting '' is usually taken to mean a process of 
rising and falling of speed, accompanied by a periodic noise, hence 
such a phenomenon would not ordinarily be called hunting. In 
the narrow sense of the word, hunting '' must be confined to the 
case in which the natural frequency of the machine is close to the 
impressed frequency. 

A type of shunt machine in which hunting is impossible is that 
shown in Fig. 202. In this figure the armature is represented as 
before by a number of star-connected bars, each connected to a 
commutator segment on which the brush rests. On the stator are 
a number of turns, one end of each being connected to a common 
star point at the end nearest the commutator, while the other ends 
AAA of the same turns are joined by transformers. Leads taken 
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from the brushes are also joined to the secondaries of the same 
transformers. If the line is attached to leads EBB, then the field 
circuit will be fed entirely through transformers, and, although the 
arrangement of the circuits is the same as that of Fig. 201, which 
would generate continuous current, yet no continuous current can 
be generated because there is no conductive circuit between the 
field and the armature, hence, if current of suitable frequency be 



Fig. 201 Fig. 202 


impressed on the terminals EBB, the motor can operate without 
self-excitation, and, hence, without hunting. 

Case 3. Shunt Induction Type 

As an alternative to this, the line terminals might be connected 
to AAA instead of BBB, in which case the armature is fed through 
the transformers and the line connected into the stator winding. 
This obviously makes no change as regards the problem of self- 
excitation. It is, however, the type of machine which is usually 
employed in such polyphase commutator machines as are used in 
practice, because it permits of the stator being wound for commercial 
voltages, while the winding connected to the commutator can be 
wound for a sufficiently low voltage to ensure good commutation. 
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Hence we may conclude that in commercial types of polyphase 
commutator machines no tendency to hunting occurs. 

Case 4. Conductive Shunt Type 

There are, however, certain conductive forms, such as that shown 
in Fig. 201, which are little used owing to their not being well 
adapted to commercial voltages and frequencies, but in which hunt- 
ing might be possible. These forms should be avoided. 

Case 5. In Cascade with an Induction Machine 
FOR THE Purpose of Regulating Speed 

Returning to Fig. 202, if, instead of the terminals AAA being 
connected to the line, they are connected to the slip-rings of an 
induction machine, which is shown in the upper part of the figure, 
we have the more usual form in which the polyphase commutator 
machine is used. 

When the machine is used as a speed regulator, it acts as a motor 
below synchronism and as a generator above synchronism, the same 
brush position corresponding to both these functions. This position, 
when it acts as a generator, would cause it to generate direct cur- 
rent, and the solution of the possible difficulty which might be 
caused by this is the same as before, namely, a purely inductive 
connection between the field and the armature. 

In Fig. 203 is shown a diagram of the same type of apparatus in 
another form. In this figure A represents the large induction 
machine with slip-rings BBB, These are connected in series with 
the armature C, and the neutralizing winding NNN of the shunt 
commutator machine. The same slip-rings BBB are connected to 
three terminals of a star-connected transformer DDD, the secondary 
of this transformer EEE being provided with a number of taps for 
adjusting the voltage. These taps are connected in series with the 
shunt field FEE, and with another piece of apparatus which will 
be described later on. It is clear that in this diagram the connection 
between the armature and the field of the commutator machine 
is purely inductive, and, hence, self-cxcitation and, consequently, 
hunting is rendered impossible. This connection operates quite satis- 
factorily except in the immediate neighbourhood of synchronism. 
In the neighbourhood of synchronism the frequency falls to a very 
low figure, and the transformer ceases to operate. Not only this, 
but another difficulty makes itself manifest. At frequencies differing 
considerably from synchronism, the currents in the field circuits 
will lag approximately 90° behind the E.M.F. applied to them, and 
the connections of the apparatus are arranged on the assumption 
that this lag of approximately 90° exists. In the neighbourhood of 
S3mchronism the inductance of these coils is reduced to an extremely 
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low figure, and the current no longer lags 90°, but tends to approx- 
imate in phase to the E.M.F. which is applied^ to the coil. This 
prevents the proper operation of the apparatus. To correct this a 
further apparatus, consisting of a small frequency changer having 
the same number of poles as the large machine, is coupled to the 
main shaft, which takes current at line frequency through its slip- 
rings GGG, and delivers it at the slip frequency through its commuta- 
tor H to the field FFF. By this means this field is separately excited 
with current of the correct frequency whose phase can be adjusted 



bv adjusting the position of the brushes resting on the commutator 
IL This is the so-called “ ohmic drop exciter.” Clearly, when the 
commutator machine is separately excited there is again no connec- 
tion between the armature and the field and, hence, self-excitation 
and hunting arc impossible. 

In some cases the armature and field of this shunt machine are 
coupled through auto-transformers rather than through trans- 
formers having a distinct primary and secondary. This plan is also 
almost fully effective in preventing self-excitation, since, should 
there be any remanent magnetism tending to cause a continuous 
E.M.F. to be generated in the armature, this would produce a cur- 
rent which, instead of building up the field, would be short-circuited 
through the auto-transformer. 

Case 6. The Phase Advancer 

Coming now to the phase advancer. The very function of the 
phase advancer is to generate reactive power. Hence the brush 
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position may most conveniently be made such as to enable it to 
generate reactive power and no mean power, that is, the brushes 
may be placed at one extreme limiting position of the self-exciting 
range. Under these circumstances it is known as the Scherbins 
phase advancer, and has been described above. It is shown in 
Fig. 196. 

If, however, an attempt is made to place the brushes so that the 
machine can generate mean power as well as reactive power, and 
regulate the slip as well as the power factor, then it is practically 
certain that hunting will take place, since the j)hase advancer now 
has a natural frequency of its own and will generate current of that 
frequency which is very little affected by the slip of the main 
machine. This natural frequency can only agree with the frequency 
of the main machine for one particular value of the slip, and for al) 
others hunting will take place. Since both the natural and im- 
pressed frequencies of the machine arc extremely low, inductive 
couplings are unsatisfactory, and there is no solution to the diffi- 
culty except that of placing the brushes in such a position that mean 
power cannot be generated. 

Case 7. The Frequency Convertor 

In certain cases speed regulation in large induction motors is 
effected by connecting a frequency convertor in cascade with the 
slip-ring circuit instead of a shunt polyphase generator, such as 
that already described. Such a frequency convertor is obtained if 
to the armature of the pol 3 ^phase commutator generator are con- 
nected a number of slip-rings to which current is led from the 
ine through suitable transformers. Such apparatus can also hunt 
unless a precaution is taken similar to that already described, 
namely, that of adjusting the brushes in a position such that any 
self-excited current would be neither continuous nor of very low 
frequency, and then coiijding the armature and the field only tlirough 
transformers. 
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INDUCTION AND COMMUTATOR MACHINES IN CASCADE 

We now come to the combinations of induction and commutator 
machines in cascade. This opens up a very large subject, as such 
sets may be used as motors, generators, or convertors, while the 
commutating element may itself be either a motor, generator, or 
convertor. Besides this the commutating element may be either 
primary or secondary. We must, therefore, before we proceed fur- 
ther, effect a sub-classification of our subject. The difference in 



the arrangement of the set will not be great in general, whether it 
is used as motor or convertor. 

We shall, therefore, base our classification on the type of commuta- 
ting element employed, whether motor or convertor— 

1. Induction motor combined with polyphase commutator 
motor or generator : (a) series type, (h) shunt type. Use as exciter 
of motor or generator. 

2. Induction motor combined with commutating convertor. 

Thus we shall first discuss the induction machine combined 

with polyphase commutator machines other than convertors. Such 
apparatus may be used as generator or as motor, and it will be 
shown that the characteristics of the set are the characteristics of 
the secondary or commutator machine. The object, therefore, of 
using the induction machine as well, is to reduce the dimensions of 
the commutator machine, thereby to a large extent substituting a 
simple and efficient type for one less simple and less efficient. 

We saw above that the series polyphase commutator machine 
running at constant speed could be adjusted, so that it forms a 
positive or negative resistance or reactance, 

?.53 
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We shall consider it from this point of view. When adjusted as 
a generator or motor, the series commutator machine serves to 
compound the induction motor either differentially or cumulatively. 

Consider first the case when the series machine is a motor me- 
chanically coupled to the induction machine. It produces a counter 



E M F = n^^k opposite in phase to the current and consuming 
an amount of power tei == It will help to understand the 

operation of the machine if we regard this K M F as being a ficti- 
tious resistance drop," which is legitimate since it is proportional 
to the current 

The counter E M F , Cp is, of course, pioportional to the speed k 
also, and, therefore, the "resistance" interposed hy the machine 

in the secondaiy circuit of 
the induction motor falls 
with the speed It is clear 
that the power given to 
the series motor appears as 
mechanical torque 
(neglecting for a moment the 
losses in it) m a motor 
running at speed k. Ihis 
torque, of course, is added 
to tlie mam motor torque. 
Ihus our mam conclusion 

IS — 

By connecting a series polyphase motor into the secondary of an 
induction motor, we produce an additional slip, corresponding to that 
due to additional resistance. The additional secondary power due to 
the additional slip is not lost, hut appears as a mechanical torque on 
the motor shaft, proportional to the square of the motor current and 
independent of the speed 

In the polyphase shunt machine, the speed is independent of the 
terminal voltage, if the saturation be neglected and the same ratio 
be maintained between field and armature volts. It is, however. 
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directly proportional to the frequency. If such a machine be 
cascaded with an induction motor, therefore, the, speed of the set 
will assume an intermediate value below synchronism, since the 
greater the slip of the induction machine, the higher the speed of 
the shunt machine. 

But in our case the secondary voltage is also proportional to the 
frequency, and, hence, we conclude — 

The field strength of a shunt machine cascaded with an induc- 
tion motor is independent of the slip, s, since both field voltage 
and field frequency are proportional to the slip. 

Since the field strength is constant, the armature E.M.F. must 
be directly proportional to the speed, that is, to (1-s). If we 
suppose that the two are in phase, and that e = secondary voltage 
of induction machine at standstill (positive below synchronism), 
62 = counter E.M.F. at synchronism in the shunt machine, we have 


se = ±{\- s)e 2 , s 


^2 


(1 _ ,s) = 

sjTichronism 

So for this case we get the rule — 


e 

e ±e 2 


Secondary standstill volts of 
No-load speed of set induction machine 

Synchronous speed of set S}mchronous C. E.M.F. ± sec. 

standstill volts of induction machine 


We must note that this ratio is greater or less than unity, accord- 
ing as the two voltages above assist or oppose one another below 
synchronism. If they oppose one another below synchronism the 
no-load speed will be less than synchronous, and if they oppose 
one another above synchronism it will be greater. The secondary 
voltage of the induction motor reverses, of course, in passing through 
synchronism. 

By connecting a shunt commutator motor in cascade with an 
induction motor, we can cause its no-load speed to differ from 
synchronism either above or below. 

Now let us consider the case when and 62 are in quadrature. 

The most important function of this arrangement is the com- 
pensation of magnetization of the main induction motor. In order 
to understand this, we have only to consider very small slips when 
the secondary current of the induction motor is sensibly in phase 
with its E.M.F. 

In Fig. 204 let the three sine waves represent — 

{a) The wave of flux density B. 

(b) The wave of magnetizing current at right angles to it in 
space. 
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{(;) The wave of secondary E.M.F. and current in phase 
with B and in quadrature with 

If now we introduce an E.M.F. by means of our shunt machine, 
c 

such that — = j'o (^2> being in quadrature with e-j) , it will cause a 

f 

current to flow in the rotor which will be adequate to magnetize 
the machine. The magnetizing current in the stator will disappear , 
and the no-load current will be reduced to zero — only sufficient 

remaining to supply the losses. 
The rotor magnetizing volt- 
amperes are now 
whereas they replace stator 
magnetizing volt-amperes 
where is the terminal E.M.F., 
an enormous saving. Our final 
conclusion is therefore — 

By connecting a shunt com- 
mutator machine in cascade 
with an induction motor, the 
oocondary E.M.F. of the motor 
and the C. E.M.F. of the 
machine being in quadrature, 
we can magnetize the induc- 
tion motor, raising its power 
factor to unity or producing a 
leading current. 

1. Shunt Machines. 

When using shunt machines to raise or lower the synchronous 
speed, we obtain the equation 

e 

2 - S == or (t - S) 6’ + (i - s)^2 — ^ 

Multiplying through by the current t we get, 

(t - s) ei + {i - s) CsJ -= ci. 

Now ei is equal to the induction motor torque in synchronous 
watts, and, therefore, {i - s) ei — torque x speed — induction 
motor H.P. Similarly, [i - s) e,^i is the shunt motor H.P. Hence, 
the result may be interpreted — 

Algebraic sum of H.P. of both elements = induction motor 
torque in synchronous watts. 

If, for instance, the torque and consequently the input to the 
induction motor in synchronous kW. is 10 kW., and the machine 
is running 10 per cent below synchronism, the kW. output will 
be 9 kW. and, therefore, the shunt machine must have an input 
of 1 kW. to make up the power put into the induction motor. 
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Similarly, if the machine is running above S 5 mchronism. Hence we 
conclude 

H.P. of shunt machine 
H.P. of induction machine ^ 


From the equation, 




e + 


we get 


since 


ie + te^ 

torque of shunt machine 


total torque of set 
1^2 = torque of shunt machine 
ie — torque of induction machine. 


= slip 


The size of the shunt machine necessary for compensating depends 
entirely on the resistance of the secondary winding. As this is 
reduced the size of the shunt machine goes down, and in the limit- 
ing case may be vanishingly 
small. 

The only difference between 
series and shunt type machines 
lies in the characteristics. The 
rule we declared above for the 
shunt machine also applies to 
the series machine running at 
the same slip. Just as much 
material is required to produce 
a given counter E.M.F. in 
quadrature with the current 
as in phase with it, hence all 
machines having the same 
counter E.M.F. will be the 
same size. 

We now come to induction 
machines cascaded with frequency convertors of the commutating 
type. Such a machine on the commutating side has exactly the 
same characteristics as a shunt or series machine. 

On the collector ring side it will be, of course, connected to the 
line, the diagram of connections being as in Fig. 205. P being the 
primary winding of the induction machine, 5 the secondary windings, 
WWW the stator windings of the convertor, C its commutator, 
and R its slip-rings. The rotor frequency of the convertor on the 
collector ring side will be that of the line, the same, in fact, as the 
stator frequency of the induction machine. The stator frequency 
of the convertor will be that of the secondary of the induction 
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machine. The speed of the converter, therefore, which is propor- 
tional to the difference between the stator and rotor frequencies, 
will be either the same as that of the motor or a multiple of it. 

In fact, if 

/i = primary frequency of motor or rotor frequency of convertor, 

/2 = secondary frequency of motor or stator frequency of convertor, 
Speed of motor = ^ = IF (/j - /g) 

Speed of convertor = ^2 = ^^2 (/i “A) 

- A 

Hence, in a convertor system the secondary power, instead of 
being converted into mechanical power, which assists or opposes 

the torque of the main motor, is 
converted to the line frequency 
and fed back into the line. 

The characteristics of the 
system and its diagrams are 
identical with those developed 
above. 

Such convertor systems have, 
however, some notable advan- 
tages over systems employing 
motors and generators. 

1. The convertors which will 
be small are not limited to the 
necessarily slow speeds of the large motor or generator, to which 
they are auxiliary, when they can be much better designed for 
higher speeds. 

2. The kilowatts converted by the convertor will be the same 
as those used by the motor or generator previously referred to. 
However, the apparatus itself will be smaller and require less copper, 
as is the case in all convertors. Another arrangement is possible, 
whereby the secondary of the induction machine is connected to 
the collector rings of the convertor and the commutator end con- 
nected to the line (see Fig. 206). 

Such a convertor will still run at the same speed as the motor, 
as the stator frequency is now that of the line, while the rotor 
frequency is that of the secondary of the main motor. Hence the 
above arguments still apply. 

Such a device, at any rate with shunt convertors, is equivalent 
to placing the commutator on the main motor, but has the advan- 
tage that fewer poles can be used on the convertor to make it go 
at a higher speed. Also, only that amount of power which it is 
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necessary to convert may be dealt with, instead of making the 
whole machine a commutator machine. 

Let us now endeavour to deduce the circle diagram of an induc- 
tion motor cascaded with a polyphase series machine which is 
coupled to it mechanically. We saw previously that by a suitable 
brush setting the commutator machine could be arranged to be 
equivalent to a positive or negative resistance or reactance, or to 
any combination of these, which may be called the equivalent 


E 



impedance, and also that the equivalent impedance was proportioned 
to the speed. 

Let s be the slip of the induction motor as a fraction of syn- 
chronism and, consequently, (t - s) the speed. 

We shall denote the equivalent impedance of the commutator 
machine by (i - s) Z, 

In the secondary circuit of the induction machine, we now have, 
se — i {r jsx + [i - s) Z) 

where 

r = true resistance of secondary circuit and commutator 
machine combined. 

sx = true reactance of secondary circuit, and commutator 
machine combined, at slip frequency. 

se ~ E.M.F. induced from primary at slip s. 

{i - s) Z = equivalent impedance of commutator machine as 
mentioned above. 

e = primary E.M.F. 

Let us, in accordance with the usual procedure, endeavour to find 
the locus of e when t is constant. 

The above equation can be written 
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1. When s = e we have 

e ^i{r jx) = OS in diagram (Fig. 207^1), the standstill, E.M.F. 

2. When s == oc, we have 

e = i [jx-Z) — OA + AB the short circuit E.M.F. 

Where OA = jx is the projection of OS on a line perpendicular to 
01, SA *= ir, and AB ~ iZ can be given any direction or magni- 
tude by suitably adjusting the polyphase machine whose equivalent 
impedance it is. 

3. As we vary s the vector SA + AB ^ i (r + Z)/s varies in 
length but not in direction. Hence E moves on a straight line. 
We already know two points on the straight line, viz. OS and OB, 
corresponding to s — t and s — oo , hence the locus of the E.M.F. 
vector E is the straight line passing through SB. 

By varying Z, this line may be given any direction whatsoever. 
The phase difference between current and E.M.F. will be the 
same whether we consider the current constant or the E.M.F. 
constant. We must, therefore, draw the constant E.M.F. along the 
same line as that along which we drew the constant current before 
(see Fig. 207b). 

The equation above shows that when 5 — o, E — oc, on constant 
current, or, if e is constant, t = 0. 

We saw above that 

OB = i {jx - Z) 

and OE = i — -l (j^ 

r + Z 

OE-OB =EB i - - 

s 

% 

Hence, EB (Fig. 201b) is proportional to and, since OB is con- 
. EB i 

stant we may also write proportional to and, consequently, 

OB 

proportional to s. Draw a line SD parallel to OB through S, 

and one OD parallel to EB through 0. Let OE cut SD in F. Draw 
a line FC parallel to EB. Fig. 208 is Fig. 201b turned clockwise 
through 90°, 

OiK _ OC _ DF 
SB OD^^^ Wb ^ OD 

Hence, since OD is constant we see finally that the intercept DF 
corresponding to any current 01, cut off on a line parallel to OB, 
is proportional to the slip to such a scale that DS = I. 

Since the current is zero when S = o or DF ~ 0, it follows that 
OD is tangent to the circle at the origin. 
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This diagram is identical with that used for the ordinary induc- 
tion machine, with the exception of the arbitrary vector AB 
introduced by the commutator machine. 

It is clear that by varying AB we can give the line EB, which 
always, however, passes through the fixed point 5, any inclination 
we please. 

Let us now consider cases in which AB assumes some special 
values. 

1. Let AB he parallel to OE^, i.e. let the commutator machine 
be arranged as a positive or negative resistance. Then OD will be 



Fig. 212 Fig. 213 


parallel to OEq, and the circle will have its centre on OM as in the 
induction motor. 

(a) Let AB be opposite in direction to OEq. The diagram 
assumes the appearance shown in Fig. 209. As SD (parallel to OB) 

DF 

tilts upwards, with increasing AB, the slip increases for a given 

current OF That is, the machine is cumulatively compounded. 

(b) Now let us suppose that AJ5 is parallel to OE and greater than 
A S, The diagram assumes the form of Fig. 210. FD is here opposite 
in sign to DS. Now DS always represents a slip of 1 or zero speed. 
Hence for the motor part of the circle, i.e. that in which the machine 
consumes power from the line, the slip is negative. That is to say, 
on no load the machine runs approximately in synchronism, while 
as the load comes on the speed rises, and the machine is, therefore, 
differentially compounded, just as we can differentially compound 
a direct-current motor. 

(c) In a limiting case. 

AB = AS, and the diagram assumed the appearance of Fig. 211. 
For every value of 01 the point F coincides with the point D, 
and the slip is consequently zero. 

The machine is, therefore, synchronous, and if the slip is finite, 
say FD, it follows that the current must be OS, 
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2. Now let us suppose that AB is perpendicular to OEg, or 
parallel to OA, (Commutator machine a positive or negative 
reactance.) 

(а) Let be in the same direction as OA . The diagram assumes 
the form of Fig. 212. 

The centre of the circle is no longer on the line OA , and its radius 
is enormously increased. 

This has the effect of very much improving both the overload 
capacity and the power factor. The motor may readily be made to 
have a leading current above a certain load. 

(б) Now let AB he opposite in direction to OA (Fig. 213). The 
centre of the circle will now be situated below the axis OA, and, 
consequently, the overload capacity of the machine as generator 
will be very greatly increased, while that of the machine as motor 
is correspondingly diminished. 

A limiting case of this adjustment is that in which AB OA, 
and, consequently, B ^ 0 and ES — OS. Since the tangent at 
the origin which is parallel to BS now passes through S, and S is 
a point on the curve, it follows that in these circumstances the 
circle must have an infinite radius and, therefore, be identical with 
the line BS, Under these conditions, therefore, the machine operates 
at constant power factor. 

To sum up the conclusions which we may draw from our circle 
diagram — 

1. A series exciter cannot under any circumstances affect the 
no-load current or current at synchronous speed. 

2. By adjusting it as a positive or negative resistance we may 
cumulatively of differentially compound our induction motor, so 
as to produce a full-load slip greater or less than normal, or even 
zero or negative. 

This is easily seen to be possible when we remember that for a 
given current or torque the slip is proportional to the secondary 
resistance, and, therefore, becomes great or small, zero or negative, 
with it. 

3. By adjusting it as a positive or negative reactance, we may 
adjust the power factor and overload capacity of our machines, 
either as generators or as motors. 

When adjusted in this way, these machines are generally spoken 
of as “ phase advancers.'' 

Nothing has hitherto been said of the primary magnetizing cur- 
rent of the induction machine, which, of course, exists. Before any 
of these diagrams can be completed, therefore, a further line NE 
parallel to OE and at a distance ON from it must be drawn, where 
ON represents the primary magnetizing current. If 01 represents 
the secondary current, then NI will represent the primary current 
of the induction machine. 
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OPERATION OF A SYNCHRONOUS MOTOR FROM A 
POLYPHASE SERIES GENERATOR 

In the present chapter we propose to consider the general character- 
istics of a motor, having a natural frequency of its own when 
operated from a commutating generator. 

For this purpose, we shall choose the synchronous motor as it is 
the most familiar, though it is necessary to point out that such a 
motor would have no starting torque. 

A system of electric distribution in common use at the present 
time, particularly for purposes of traction, consists of a number of 
commutator type motors (usually single-phase series motors) oper- 
ated from a number of synchronous generators in the power house. 
In order to obtain a system analogous to this and in which the 
motors arc devoid of commutators, we may operate a synchronous 
motor from a series commutating generator, either of the single- 
phase or polyphase type. Such a series commutating generator is 
capable of generating electrical power in a manner entirely inde- 
pendent of frequency or wave form producing a voltage at every 
instant which is directly proportional to the current at that 
instant, if we suppose the magnetic circuit un-saturated. 

It will be convenient to consider such a generator as a '' negative 
resistance.'* We have noted that the voltage in such a generator 
is directly proportional to the current at every instant. 

Now the IR drop due to ohmic resistance is also directly propor- 
tional to the current at every instant, but as ohmic resistance con- 
sumes power, whereas a generator generates it, the voltage of the 
generator must be opposite in direction to that due to an ohmic 
resistance, that is, it must be such a voltage as would be produced 
by a negative resistance, did such a thing exist. 

The inductance of such a generator on moderate frequencies will 
be considerably less than its apparent negative resistance. 

Now, if a synchronous machine operates (as a generator) on a 
load consisting of ohmic resistance, it will consume mechanical 
power, and its torque will, therefore, be opposed to the direction 
of rotation. If E is the E.M.F. of the generator, the current, of 
E 

course, will be R being the resistance of the circuit. 

K 

If, however, such a machine be “ loaded ” with a negative 

E 

resistance -- R, the current will be reversed, being - -5, i.e. fiowmg 

K 
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against the direction of the E.M.F. E, Hence, the torque will be 
reversed and the machine will be a motor. 

The frequency of this cuiTent will correspond to the frequency 
of rotation of the synchronous machine, since, as we have seen, our 
''negative'' resistance or series generator is equally ready to 
generate power at all frequencies. 

Hence, in this system as the speed of the S 5 mchronous motor 
varies, the frequency will vary -with it, being determined entirely 
by the motor. 

The speed of the motor depends on the mechanical load. 

Let us now investigate the characteristics of this type of motor. 
The best way to do this appears to be by means of the circle 
diagram. 

In order to draw the circle diagram of such a motor running off 
the commutator generator, we proceed as follows — 

Let ^ = 277 X frequency in cycles per second be the frequency in 
radians per second. 

e = the motor E.M.F. at unit frequency (1 radian per 
second). 

pe — the motor E.M.F. at frequency />. 

- ir^ = the generator E.M.F. considered as negative resistance. 
ir = resistance drop in the circuit. 
ijLp = reactance drop in the circuit. 

Equating these quantities to zero, we get 

pe = i [r - + ijLp == 0 

We may write the equation 

pe = i{r- ro) + ijLp as 4 + ]L 

This is represented graphically by the triangle, OAB (Fig. 214). 
It is clear that as p var'es, - moves on the straight line shown 

t 

dotted (Fig. 214). If i were constant, of course, e would move on 
such a straight line. In order to find the locus of i when e is con- 

% € 

stant we must plot the reciprocal, of for every value of i. It 

c % 

is well known that the reciprocal to a straight line taken in this way 
is a circle, passing through the origin. Accordingly, the locus of 

- and of i is a circle passing through the origin (Fig. 215). 

Now the question is : What circle ? This we may solve as follows. 

e e 

When ^ = 00 -: = jL, or i = 

^ t ^ iL 
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This gives us the relation between i and e for a particular point. 
i is here at right angles to e, and has the value -rj. It is also a diameter 
of the circle. We must, therefore, set out e perpendicular to i when 







p = 00 , and this determines the relation of e and i for every value 
of p. 

To find the value of t corresponding to any value of p we proceed 
as follows — 

BC 

It is clear that OAIAB = tan 0 — and is proportional to p. 

If, therefore, we keep OC constant, the length BC cut off on a fixed 
line by OB will be a measure of p. Thus we get our final diagram as 
in Fig. 216, where OP represents the current and RS represents the 
frequency. 

Since the flux of a synchronous motor is constant, we see that the 
torque is proportional to MP, the projection of the current on OE, 
Hence, as the frequency varies, the speed torque characteristic will 
be somewhat as in Fig. 217, rising from zero at standstill to a 
maximum, and then falling again as in any other series type motor. 
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This point may be made clearer as follows. The terminal E.M.F. 
is p times the fixed E.M.F. shown in the diagram. PM is the 
component of the current in phase with the E.M.F. Therefore, 
PM X OE X k = output == k X torque. Therefore, torque = 
PM X OE, or is proportional to PM as OE is constant. 

We may readily generalize this diagram for the case in which the 
generator E.M.F. which we represented before - ir^ is no longer in 
phase with the current, but makes any desired angle with it. 

In this case our E.M.F. triangle is no longer a right-angled 


, e 

triangle, and the locus of - is as shown in Fig. 218. 

t 

Apart from this everything remains the same. The current corre- 

e 

spending to ^ oo is still i =- but it is no longer a diameter 

of the circle. A diameter of the circle passing through the origin, in 
fact, makes an angle with OA approximately equal to that made by 



Fig. 220 


the current with the generator E.M.F. 

It is clear, moreover, that the 
length BC cut off on a fixed line by 
OB will also measure the frequency 
if the triangle OCB is similar to the 
triangle OAB, and that for this 
similarity to occur OC must be a 
tangent to ttie cffcle at the origin. 

It is clear from this that 


nothing is fundamentally changed. 
The torque is still zero at starting and varies in the manner shown 
in Fig 217. However, the maximum torque may be very greatly 
increased by this means, this being the chief improvement we can 
claim. The most serious defect, of course, of such a system is the 


absence of starting torque. How this may be got over, we shall 
see later. 


Let us now consider a synchronous motor operating from a shunt 
generator, such as is shown in the diagram (Fig. 220) . This generator 
is fitted with a transformer in the field to prevent self-excitation 
with direct current, and the brushes are so placed that it is not self- 
exciting with alternating current. With constant field strength. 


the voltage of the synchronous motor is proportional to the fre- 
quency. And it is clear that if the field winding of such a shunt 
polyphase generator is supplied with an E.M.F. proportional to the 
frequency, the flux produced by it will be constant, and the E.M.F. 
across the armature terminals constant at all motor speeds. 

In a word, a constant motor flux gives rise to a constant generator 
flux to balance it independent of the speed. 

The motor, therefore, will run at such a speed that its counter 
E.M.F. balances the fixed E.M.F. of the generator. It will, therefore. 
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run at a fixed speed. This speed cannot be adjusted by adjust- 
ing the motor field, for any variation will be exactly followed by the 
generator. It can only be adjusted by var 5 dng the generator field, 
or the number of turns on the motor armature. 

Hence, we conclude : (1) That machines operated from a shunt 
generator- have shunt characteristics. (2) That their speed is 
independent of the motor field. (3) That it may be varied (a) by 
varying the armature turns on the motor, (b) by transforming the 
motor E.M.F. up or down before it is applied to the generator field, 
(c) by any appropriate means of varying the generator field, such as 
the insertion of self-induction, varying the number of turns, etc. 
(4) There is no starting torque. It is unnecessary to deduce circle 
diagrams for these machines as the general nature of the shunt 
characteristic is well known. 
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CHAPTER XXIX 

FUNDAMENTALS OF ELECTRICAL DESIGN 

In the preceding parts of the present volume an attempt has been 
made, starting from the most abstract point of view, to classify 
all the possible different kinds of dynamo electric machine and to 
describe examples of each class, omitting those so well known that 
a short general description can be of no service. The number of 
types described runs into several hundreds, and, of course, an 
unlimited number of further forms may be thought of or even 
derived from the patent literature. Now it is not the object of the 
manufacturing engineer to build as many of these forms as possible, 
but rather as few as possible, provided these few give the best solu- 
tions to practical problems. To decide, out of the many possible 
forms, which are the most suited for practical application, raises 
the whole question of design. 

The subject of design has been exhaustively treated in many 
able volumes, such as those of Hobart and Miles Walker, etc., and 
it is not the object of the present work to attempt to duplicate these, 
which are essentially works of reference. The position of an elec- 
trical designer in a manufacturing establishment at the present 
time is extremely unsatisfactory. His function should obviously 
be the continual study and improvement of the product as fast as 
conditions of standardization permit. He should be in a position 
to make experiments on improved methods of proportioning his 
apparatus or the use of improved materials or improved types of 
machine, and this should be his principal function. Yet the drudgery 
of calculation is such that it is nearly impossible for him to perform 
this function at all. His whole time is absorbed in " dealing with 
orders.” This arises largely from the peculiar way in which it is 
customary to deal with calculations. A good example of present- 
day methods, for instance, is given in Miles Walker's Specification 
and Design of Dynamo-Electric Machinery, in which the author gives 
a schedule for each type of machine, to be filled up with the particu- 
lars relating to it. Many such schedules are given in that work. 
All these contain a large number of blank spaces, each with its 
appropriate title, such as — 

Flux per pole. 

Leakage. 

Flux density. 
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The schedule throws no light on how these quantities are to be 
calculated, and the designer is expected to memorize all the neces- 
sary formulae for doing so, this representing an important part of 
his professional skill. The result is that no two designers use identi- 
cal formulae unless they have received exactly the same training, 
and, consequently, there is always some difficulty in mutual compre- 
hension where several designers of different “ schools meet. As 
is pointed out in Professor Walker’s book, the designer is provided 
with certain data, these data being sometimes given expressly in 
the form of specifications, and sometimes being implied by the 
condition that the machine to be designed must meet standards 
customary for this particular application, or those set by the manu- 
facturer for his product. Further data are supplied by standa d 
dimensions which must be used in order to accommodate the manu- 
facturer’s standard parts. Only very small variations are possible 
in a machine which is required to satisfy the conditions determined 
by these data, but the relations between these data and the final 
dimensions of the machine are rather complexly involved, and the 
formulae embodying them are too complex for direct use in calcula- 
tion. The designer, therefore, falls back on what he calls experi- 
ence, or ** judgment.” This means that by comparison, often 
unconscious, of machines satisfying similar conditions, of which he 
has had past experience, he can tell fairly closely what the dimen- 
sions of a new machine should be. Assuming these dimensions, 
therefore, he checks back to see whether they result in the required 
performance, this requiring much simpler formulae. The result, in 
the hands of an expert, will usually be pretty close, and a slight 
modification in the assumed dimensions will cause the performance 
to come within the desired limits. 

For instance, Hobart {Electric Motors, Vol. II, p. 347), after 
describing a design procedure based on output coefficients, says : 
” From this stage design involves patient calculations of magnetiz- 
ing current, circle coefficient, losses, stalling load, starting torque, 
and other characteristics as already outlined in earlier chapters, 
and the avoidance of pitfalls such as the * saddle points ’ discussd 
in Chapter XI. It is only desired in this chapter to introduce the 
conception of the output coefficient and to indicate its utility as a 
means of starting upon a design along reasonable lines.” He then 
goes on to develop a method of roughly estimating the works cost of 
machines, and then adds (p. 350) : ” Of course, it is dangerous to 
assume that such considerations as suitable stalling load, percentage 
starting torque, percentage no load current, mechanical designs, 
etc., will not render impracticable the design with m nimum total 
works cost, but even recognizing that the results are liable to 
occasionally require serious modification on account of these factors, 
a good deal is to be learned from a broad study of the field from the 
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outlined standpoint.” The views of Hobart and Miles Walker 
represent present-day practice very closely. It will be clear that 
this is not entirely scientific, and if it were possible to calculate the 
dimensions of the machine directly from the required specifications, 
without the process of trial and error outlined above, very great 
advantages would be gained. The greatest of these advantages, in 
the writer's opinion, would be that the time of the expert design- 
ing engineer would be freed from this drudgery of calculation and 
could be given to his true business, which, as mentioned above, 
is the continual improvement of his product. A large part of 
this difficulty arises from inattention to the mechanical details of 
calculation. Calculations are usually performed by the slide rule, 
an instrument of extraordinary usefulness, but having several 
drawbacks — 

1. The position of the decimal point is ambiguous, and, conse- 
quently, the use of the slide rule must always be accompanied by 
a more or less subconscious mental calculation in order to ascertain 
this. In the hands of an expert, this is so habitual as not to be 
noticed, but the sensation of relief which is felt when the necessity 
for this is eliminated shows that it creates a certain amount of strain, 
even though this may not be recognized. 

2. The extremely fine divisions of the slide rule give rise to eye 
strain. 

Both these difficulties are overcome by the use of modem calcu- 
lating machines in which the result comes up in plain figures and 
with the decimal point definitely indicated. It is true they are 
less portable and much more expensive.^ A further advantage they 
possess is that by their means it is very easy to tabulate compli- 
cated formulae, and thus they render the achievement of the objects 
pointed out above possible. It will be shown in the following 
chapters that by this means we may separate the use of engineering 
judgment from the necessity for numerical calculations. Besides 
the data inherent in the problem, the expert designer uses his 
experience to satisfy certain further particulars and from these the 
dimensions of the machine flow by a direct and fairly simple process 
of calculation. When comple ed, this calculation can be checked 
back so as to reproduce data in such a way as to make mathematical 
errors wellnigh impossible. How this may be done is developed in 
the following chapters. 

It is the possibility of tabulation which enables us to overcome 
the difficulty of throwing electrical designing into a deductive 
form, the dimensions of the desired machine being directly derived 
from the particulars specified. 

These particulars are of several types. 


^ The type used by the writer is the Monroe. 
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1. Per/oTfHance Specification including HorsC'^power or KUowaits 
required^ 

Particulars of supply on which it is to operate. 

Particulars of enclosure, ventilation, etc. 

Particulars of temperature rise. 

Particulars of efficiency and power factor. 

(These are often merely implied by the necessity of meeting 

competition.) 

2. Mechanical Requirements, External and internal diameters 
and core lengths cannot be determined entirely at the will of the 
electrical designer, but must be accommodated to a limited number 
of sizes to suit existing patterns. 

3. Questions of Ventilation and Heating. These are not susceptible 
of exact scientific treatment so that empirical data and formulae 
depending essentially on the designer's skill and experience must be 
made use of. 

4. Workshop Requirements. Space-factors and clearances to per- 
mit easy and quick manufacture are essentially empirical data 
given to the designer from outside. 

It will be shown that all these specifications may be interpreted 
by means of a few fundamental data which completely determine 
the design once they are specified. The skill of the designing 
engineer is shown by so specif 3 dng these fundamental data that 
they lead to the best possible machine. 

From these fundamental data the most satisfactory way to calcu- 
late the results required is by means of a schedule, not of the usual 
type such as that described by Miles Walker, but one in which 
the whole of the formulae lequired are plainly stated. When the 
fundamental data have been entered on such a schedule the 
calculation of the results required becomes a purely arithmetical 
problem. 

Schedules of this type enable us to make a psychological discovery. 
Even the expert designing engineer, accustomed all his life to filling 
in the older type of schedule, and having the necessary formulae 
entirely by heart, can profit considerably by the new ones, although 
he fills them in by the use of the slide rule just as he did the older 
type. The reason of this seems to be that with the older method 
relying on judgment," the designer is always subconsciously 
worrying about whether he has " judged " the various quantities — 
copper or iron densities, etc. — right, or whether they should not be 
a little higher or a little lower than he has chosen. With the new 
schedule, all these quantities are uniquely determined by the 
formulae, and when the designer has performed his single act of 
judgment by assigning the fundamental data, the rest is merely 
arithmetic, and the mind is relieved from the subconscious sti-ain 
of performing repeated acts of " judgment " however simple. 
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Where a calculating machine is used instead of the slide rule, fur- 
ther causes of strain are removed as just mentioned. But the chief 
gain of the method, of course, is that since the filling up of the 
schedule is merely a question of arithmetic, it need not be done by 
a skilled engineer, but is well within the capacity of an intelligent 
lady calculating machine operator, if adequate checking methods 
such as those given below are used to render arithmetical mistakes 
impossible. 

The designer aims, not merely at producing a machine which 
will fulfil the specification, but at producing the “ best machine 
doing so which usually, if the specification is fairly complete as 
regards technical particulars, power factor, efficiency, etc., so that 
these cannot be varied much, means that having minimum cost or 
maximum output for a given quantity of material. This is, of 
course, a question that can be dealt with mathematically, as has 
been done previously in the case of transformers. The simplest 
type of dynamo-electric machine is the induction motor, and, hence, 
this will be taken as the subject of the following study, although 
the results can readily be generalized for a large number of other 
types of machine. 

The first difficulty to be met with is the enormous numbe: of 
apparently independent variables which, at first sight, seems to 
make mathematical treatment hopeless. Two expedients may be 
adopted to reduce these — 

1* Thei nunffier. of ix>n4uctors per slot depends on the voltage, 
but we may eliminate the necessity for considering different voltages 
and different numbers of conductors in the slots by expressing all 
equations in terms of power (kW.) or kilovolt amperes. If we know, 
in fact, that the machine will be for 400 volts and will have a 

threaded ” wire winding, the engineer assigns as one of the 
fundamental data an appropriate space factor (say -3). The whole 
of the particulars of the machine can then be worked out including 
copper losses, iron losses, efficiency, power factor, etc., without 
knowing the voltage at all, merely assuming that the copper fills 
three-tenths of the slot area, there being in effect but one conductor 
per slot. If, on the contrary, we know, as in a squirrel-cage, that 
there will only be one conductor in fact, we should be justified in 
assigning beforehand a space factor of, say, *75 to *85. This is one 
point at which real engineering judgment can be manifested. The 
calculation completed in this way, a short separate calculation will 
give us the winding we must actually employ. 

2. The formulae may be thrown into such a form that they apply 
to a machine of unit diameter, and all quantities such as slot dimen- 
sions worked out for a machine of this size. To obtain the slot 
dimensions, say, of a machine of any other diameter, say. A, we 
simply multiply those of the unit machine by .4. A theory worked 
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out on this basis may be called a Dimensional Theory. li these 
two expedients are adopted, it will be found that the number of 
variables is rendered quite manageable. 

U nits. The object of the present investigation is severely practical, 
namely, to lead up to a method of calculation in which all unnecessary 
steps are eliminated, and which can be used with the least possible 
difficulty for the practical construction of machines. Now, however 
much we may deplore it, it is a fact that the system of measurement 
in use both in England and the United States is the inch system, 
and there is little likelihood of change. Strongly though the present 
writer would support a change to the metric system were it likely 
to succeed, there seems no advantage in one department of a manu- 
facturing establishment using centimetres if the rest of it uses inches , 
and in the following investigations, therefore, inches will be used. 
Many of the formulae are independent of the system adopted, and 
in the tables an indication is given of the changes necessary to 
convert to centimetre units. 

Symbolization, For reasons which will be apparent on inspecting 
the schedules, the number of distinct symbols required is very large 
indeed. Each column in the schedule must be assigned a different 
easily legible symbol which has to be embodied in succeeding 
formulae, and there are sometimes a great many columns. The 
plan adopted by the writer, therefore, is to use capital letters, 
working through the alphabet from A to Z, then using a suffix 
as A^, working through the alphabet to Z^, changing the suffix to 
2 as in A,^^ and so on. So far it has not been necessary to go beyond 
Zg, though many different types of machines have been adapted to 
this form of calculation. All these calculations have much in com- 
mon and can, therefore, use the same symbols. Owing to the great 
multiplicity of symbols it is not possible to use standard letterings 
as E for E.M.F s, 1 for currents, etc. This was tried at first, but 
found to introduce restrictions that were very inconvenient. 

Several engineers have published papers in which the methods 
of calculating electrical machines (usually induction motors) have 
been thrown into a deductive form, but the problem which has 
hitherto been unsolved, as far as the writer knows, is on what 
purely rational principle should the flux be determined. Clearly 
t he produ ct EIux-^ -Ampere x^oiiductors d etermines the t orque, 
but how can we determine whether it is best to use a large flux ^d 
smaiT^um bef oT?mpefe conductors or vice-versa, apart from some 
empirical rule ' 

N6wlil“Fig. 221 [a) we have a winding adapted to carry so large 
a flux that there is scarcely any room for slots to carry the 
conductors. Onthe other hand, in Fig. 221 (b) the slots are so large 
that there is hardly any room for iron to carry the flux. It is clear 
that neither of these extreme cases is satisfactory, but that there 


x8 ~ (S5I0) 
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must exist some case intermediate between these where the product 
of Flux X Ampere conductors (for a given outside diameter (say 
unity) and a given inside diameter) will be a maximum. The rule 
that this product shall be a maximum therefore gives us a purely 
rational method of determining the best proportions of flux and 
ampere conductors containing no element of empiricism whatever. 
It is this rule which we shall next proceed to work out. 


II TL 


(cl) 


(b) 


Fig. 221 



Fundamental relations. 

If B = air-gap diameter 

L — number of poles 

^ 3-14165 , , , 

then j = distance spanned by 1 pole. 


Very close results are obtained by taking the length of one end- 
connection from slot to slot as 


1-75 X 3- 14165 5-55 


(Fig. 222) 


L L 

The to al length of one conductor may be taken as- 

S-5B 

Length single conductor = M3 = C — 


Magnetic density in teeth. This is limited by saturation and, 
since tooth saturation should be avoided in induction motors, it 
is permissible to take it as an absolute constant, since it need never 
be less than the highest value that avoids saturation and should 
not be more. The effect of varying it will be investigated later. 

The average tooth density in inch units will be taken as 

•07 megalines per sq. in. 

It is necessary to adopt a single unit for flux, and this will be the 
megaline in terms of which all magnetic quantities will be expressed. 
Maximum tooth densities will be 1-57 times the above figures 
(assuming a sine wave). 

Copper loss 60° C. 

= 8 X 10 ® (amps. p?r sq. in.)^ x volume of copper (cub. in.) 
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A further set of variables we desire to eliminate are those relating 
to the method of connection of the windings^ whether star or mesh, 
series or parallel, etc. 

We shall consider the machine to be drum-wound, the winding 
being made up of a number of identical sections, these, of course, 
being interconnected among themselves in some appropriate way, 
of which a very large number are possible. 

If in working out windings, etc., we take as a fundamental datum 
to be specified by the engineer not the terminal voltage, but the 



volts per section, then the method of interconnection of the 
sections has no influence on the formulae. 

For instance, if in one machine we had 6 sections connected in 
star with 400 volts across the terminals, and in another the same 
sections connected in mesh, then, according to this plan, the 
engineer would in the first case specify 

Volts per section = V = 115-5 


and in the second 


Volts per section = N = 200 

and if this figure is given we can work out the schedule without 
knowing how the sections are connected at all. By building up 
different circuits from a number of sections all having given volts 
per section, clearly several different terminal voltages can be 
obtained. (Fig. 223.) 
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UN = volts per section, L — number of poles, P = cycles per 


second 

0 = chord factor x breadth factor 
H = total megalines (MX.) round circumference 
= flux per pole (megalines) X number of poles 
(note that the flux H is defined in this manner throughout our 
investigations). 


Turns per section 


X L X 100 
4-44 X O X P X H 


This will be our fundamental voltage formula. 

Heating constants. A purely rational theory of heating is at 
present impossible, and we have, therefore, to rely on experience, 
using, however, some calculated figures known as Heating Constants 
as a guide. One of the most useful of these is the watts per square 
inch of copper loss in the end-connections per unit of peripheral speedy 
calculated as follows — 

Work out the watts copper loss in the whole stator winding, the 
length of each conductor being calculated by the rule above. 
Divide by the length of this conductor, and we have the loss in 
1 in. of the whole stator winding measured axially. Divide again 
by the air-gap circumference squared, multiplied by the revolu- 
tions per minute {Zf) x of the machine, and we have 

very approximately the watts per square inch per unit peripheral 
speed on the inner side of the stator winding where the conductors 
are most tightly packed together and where this figure is conse- 
quently highest. Thus by calculating it at this point we err on the 
safe side. This figure, viz, — 


3-14162/^2 X X M 3 

will be taken in what follows as a figure of merit with respect to 
heating. In our designs we endeavour to give this figure a value 
dictated by experience (possibly aided by further empirical formulae 
which each engineer will employ according to his own views). 


The Dimensional Theory of the Induction Motor 


Let Part I — The Stator 

Primary copper loss ^ P 3 Volts per section = N 

Number of stator slots — I Number of poles = L 

Conductors per slot = S Cycles per second = P 

Area each conductor Chord factor 

Length each conductor = Mg x breadth factor = 0 

Current per conductor = Total megalines = H 

. Number of sections = R 

Amps, per sq. m. = ^ Stator space factor = Dj 

R.p.m. = Zj 
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Vol. copper = S x / X Gj X Af, 

P3 = -8 X !0-« XS X I xGjXMs 

Solving for 

“ “'V s xTx M, (“”“*») 

From the fundamental voltage formula 

^ , 2xNxLxl00xR 

Total conductors = S x / = 4.44 xOxPxH "" ^ 

2-22 xZ'xOxPxH 

™ = riTioo 

iV/?7i = volts per section x amps, per section x number of sec- 
tions = voltamperes input. 



Note, if the volts change in phase from section to section there 
will be an equal change in the phase of the current, so the product 
N 7 j will remain the same. 

2-22 X 1118 X 0 X P X // X Z 
NRJ^^ 


Put 


L X 100 
2-22 x 1118 x 0 X P 


' /P3 X Gj 


L X 100 




24-8 xO X r 


V.A. input — rH 
Gi X Z' 


yPj X Gi X Z' 


Now • ^ 

V.A. input 


M3 

= total slot area 


-’hJ 


Pg X Di X total slot area 


M, 


Now there are two types of slot to be considered — 

(a) The parallel slot (Fig. 224 (a)). 

{b) The parallel tooth or taper slot (Fig. 224 (6)). 
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Taking the parallel slot first, and assuming the average tooth 
density to have the fixed value *07 at the air-gap surface (the 
point x). 

Let A == external diameter stator plate 
B = air-gap diameter stator plate 
F = net core length F ~ -d {C - D x E) 

C — gross core length 
D = number of ducts ^ 

E — width of ducts 

7' = permissible core density 

H 

Width all teeth at air-gap = 


Width all slots = 3*1416 7? 


H 


H 


07 X F 


Core depth = 2 X F X ~ T X L easily be checked) 

H 


Slot depth = r/ = \{A - B) - 


2 X F X 1 X L 


Area all slots 




H 


’ 2 X X 7 


.n-- 


:M416/7 


H 


•07 X 




V.A input 

and thus the input is expi essed directly as a function of H and the 
main dimensions of the machine. 

Our next step must be to express this function in a form in which 
the actual dimensions of the machine appear as a mere multiplier. 
It may be expressed as follows — 

V.A. input 

H Id 


Ms W A) 2 FxAxTxL] 






or 


= rFA 
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■f we put 


^0=2 ^0 


H 


F XA 


W„ 


T X L. 


Now 


M, 


P 3 X 3-14162B2 X Z, 
^14162Z}2 X M 3 X Zi 


X 3-1416252 X 


where 5,, = heating constant = x ' M 3 

Substituting, placing 3-1416 outside the radical sign and 
inserting the value of r. 

V.A. input 

78 X 0 X 7> 


FA^ X 


R. X //.y ff„DA I y 1 - R.) - 


|3.1416R.-i-j 


P synchr. r.p.m. 

Now j- = == j 2 (j 


Substituting and putting 

So = Ho W - K) - 2^ j j3-1416H<, - |; j 

we get the final relation (inch units). 

V.A. input 

— -65 X FA^ X Z/-® X oVHi^Di X S„R„ 

and have thus expressed the voltamperes input by purely rational 
means in terms of the quantity FA^ and a formula containing 
only terms independent of the actual dimensions of the machine. 
But the expression S^, contains three variables, Ho, Rq* and W o- 
It will next be necessary to investigate what are the relations 
between them which make this quantity a maximum for any given 
value of Pp. Now clearly, when it is a maximum or minimum its 
square will also be a maximum or minimum, and this fact will 
enable us to eliminate the radical sign. 


Let 





|3-1416i?. 



-§■} 

-w:\ 


•07) 

•07) 

JFl 


= 0 
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Cancelling the common factor and re-arranging 




2 X 07 X If < 




I- 


-Rq 

■07 


314167? 






Solving for we get the two roots of the quadratic, one of 
which does not correspond to practical conditions. 


•1416A\ 


Hn = 


n .07 

+ — 

Wo j 

8 

2 X • 

07 X 

Wo 


J7{ 

l-Ro 

± 

dn 

•07 


d- 


3-14167ej2 16 6.1^ 


1416A\(l-7v>,) 


07 X W, 


8 


2 X 4)7 X Wo 


Ho as a function of Ro and Wo, taking the other sign of the 
quadratic, is tabulated in Table II. 

In a machine with parallel stator slots and a specified value for 
the number of poles X core density, and a given ratio Ro of air-gap 
to outside diameter, it gives us what has never hitherto been possible, 
a definite rule for determining the flux so as to give maximum input, 
which other things such as efficiency, etc., being equal means maxi- 
mum output. 

It is the deduction of this formula which justifies us in asserting 
that a dimensional theory of the d 3 mamo-electric machine is possible, 
viz. that the whole machine may be worked out for a standard 
external diameter, viz. unity, and then the particulars of the final 
machine obtained by enlarging or reducing to scale. 

It will be seen that it constitutes a purely rational formula which 
differs from others in the following respects — 

1. It gives voltamperes input instead of watts output clearly 
more closely related to the losses and heating. 

2. It contains (A) the external diameter of stator plate instead 
of (B) the air-gap diameter. It seems reasonable that those parts 
outside the air-gap should have some influence on the input. 

3 It asserts that the input is proportional to FA^ instead of 
FA^ as usually stated. (This has also been suggested very success- 
fully by Mr. T. Tanaka, The Basis of Dynamo Design, Maruzen Co., 
Ltd., Tokyo, 1920.) 

4 It shows the exact effect on input of the heating constant 
the chord factor, etc., 0 and the space factor Dl, 

5. It shows that the input is proportional to the l-5th power 
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instead of the first power of the speed, thus taking account of the 
better ventilation at higher speeds. 

Slots with normal density one-third up. Another type of slot 
which requires investigating is that which corresponds to the case 
in which the normal density occurs, not at the tooth root (the 
narrowest part of the tooth), but at a radius exceeding this by 
one-third of the tooth length. This is important because of the 
approximate magnetic theorem that the ampere turns required by 
the tooth will be the ampere turns per unit length corresponding 
to the density one-third up from the narrowest part multiplied by 
the tooth length. Assuming as before, tooth density (a constant) 

= *07 ML per sq. in. 

Width all teeth = — = 

•o; X F 

Mean width all slots = 3*1416 (B + fC7) - - 

core depth = y, — — ^ 

^ 2x7*x/xl 




H 

X F X T X L 



That is the same equations as before with the diameter one- 
third up (instead of one-half up as in the parallel tooth type), sub- 
stituted for the air-gap diameter and the constant ^ as a multiplier. 

Taper slots. There is another type of slot in fairly common use 
known as the taper slot (or parallel tooth type), and it is desirable 
that the above calculations should be extended to cover these. 
The first part of the calculation remains as before, giving 
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Assuming tooth density (a constant) = .07 M.L. per sq. in. 


Width all teeth = -7-; 

•07 X b 

H 

Mean width slot = 3-1416 (B + U) - — 

^ ^ *07 X 

Core depth = 2 x jf x T x L before) 

iu ^ iiM -(B + t')! - 2 

Area all slots 

[31416(B+[/)-;^] 


Put B' == B U, the mean slot diameter, and we have 

Area all slots 

= 2 x \\{ A - B ')-:^- ^ - ,1 [3-1416 D ' - 

L“ ^ ^ 2 X I K l X L] -07 X 

That is the same equations as before, with the mean slot diameter 
substituted for the air-gap diameter and the constant 2 as a multi- 
plier. 

Thus the whole of the preceding investigations become directly 
applicable, and the same flux is required for a given mean slot 
diameter, as was before required for the same air-gap diameter. 
The slot area, however, is doubled, and hence the V.A. for a given 
loss is multiplied by V2 ^uch machines will be characterized by 
a smaller air-gap diameter than parallel slot machines, and this 
affects the rotor slot. 

Parallel tooth. Working out the output formula in detail we 
get 

V.A. input 

= 2 X -65 X FA^ X X 0 X V/fjgDi X 
or putting F — xA 
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remembering that is now to be taken at the mean slot 
diameter. 

Normal density one-third up. Working out the formula for 
A in the same way we get 


^ 7 : 


voltamperes input 


644 X X X 0 X SoRo X X 


remembering that Rq is now to be taken one-third up from the 
gap surface. 

Now the last type of slot is the one which is by far the most 
frequently employed, especially in small machines. It appears to 
offer us a saving of 10 per cent in external diameter over that first 
investigated at the expense of a slot half as deep again and a smaller 
rotor. It is less advantageous where the output is limited by 
leakage and, consequently, deep slots are no advantage, or where 
there is insufficient rotor slot space so that a reduction of its diameter 
is undesirable. 

The parallel tooth type of slot goes somewhat farther in the 
same direction, giving a further saving in diameter of 
= *925 or, say, 1\ per cent. It is subject to the same limitations 
as the last type to an even greater degree. 


Core length. It was shown that 
V = voltamperes input = s x FA ® where 
5 = -65 X synchr, r.p.m.^*^ X OV X 5^ X Ro 

This formula permits the deduction of a variety of rules 
for determining the core length so as to use a minimum of 
material. 

Unlike transformers, the dimensions of rotating machinery can- 
not be determined very closely by pure calculation, since they have 
to be accommodated to a comparatively small number of mechanical 
parts, which are all that it is possible for the manufacturer to stock. 
Hence, a rather rough rule is of just as much practical service as a 
more elaborate one. 

The rule which will be adopted, therefore, will be one which 
reduces the length of each conductor to a minimum. 

Assuming no ducts 

5*55 5-5B 

Length conductor = C — j— — l-l\F H — j— 

For given values of R^ and 5^ the slot area and, therefore, the 
cross-section of copper will be proportional to A. 
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Let cross-section of copper = kA 


( 5*5B\ 

: vol. copper = I 1 *1 1 jp — — 1 (for full pitch windings) 




Ikv , 5-5RakA^ 


dy 

Ja 


URM M X 2kv 


sA' 


= 0 


2-2kv 


L 

A^ == 


Let X 


Finally, 


sA^ 

•57) X L 
s X Ro 

F V 

-j, then FA^ = xA^ = - = 
A s 


‘5v X L X X 
s X R^ 


5 X L X X 
'Rn 


1 


R. 


-—= X = — 

A -5 X L 


If we give F/A this value the weight of copper will be a mini- 
mum. Where ducts are used (these are becoming old-fashioned) a 
figure of, say, *57 may be substituted for -5 in the above formula. 
Now in terms of H„, R^, and it is shown above that 

Width slot — A X j ^3*1416 quantit 3 ^ 

f/„ = (31416 

Slot depth —A x | ~ ^o) ~ 2 W \ quantity 


Z„ = i(l-i?„)- 


2W„ 


Thus, from the tables we obtain directly the value of the flux 
and the stator slot dimen.sions merely by multiplying by FA or by 
A respectively. Many designers will be disposed to look with 
suspicion on a method professing to lay down a definite rule for 
determining these quantities where they have been accustomed 
to trust their '' judgment.” This was the writer’s view when the 
above investigation was first carried out. In order to test the 
rule the various designs published by Hobart (Electric Motors, 
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3rd Ed., Vol. II, Chaps. XV, XVI, XVII, XVIII) were compared 
with the results obtained from the tables in the following manner — 
From the data given by Hobart the values of 7?^ and for all 
his examples were calculated. From these values the flux and the 
slot dimensions which should have been used according to the 
tables were worked out, and in the table below these are compared 
with the values which actually were used. The striking parallelism 
of these two sets of figures is very evident, and it is clear that the 
designers of these machines by their trial-and-error methods were 
attempting to reach the same goal which is exactly reached by the 
formula. That is, they were trying to obtain a maximum input 
consistent with given densities, etc. A converse way of putting it 
would be that for a given rating they were trying to obtain the 
lightest specific loading both of iron and copper. Thus the formula 
accurately interprets what the designer formerly aimed at sub- 
consciously. 


]^cf. 

Flux 

Slot Depth 

Slot Width 

Letter 

Actual 

By Calc. 

1 

1 Actual 

By Calc. 

Actual 

By Calc. 


2-8 

3-08 

m/m 

30 

m/m 

25 4 

m/m 

10 

m/m 

8 3 

Co 

16 

13-2 

2B6 

32*4 

14-2 

15 

Ih 

2-74 

2*98 

31*8 

28 

15-2 i 

15-2 


6*12 

7-32 

36 

r8-5 

14 

11-75 

Ex 

10-9 

9*6 

20 

27-6 

12-5 1 

11 

A, 

11-9 

11-7 

97-2 

28-5 

12-2 

11 

^2 

14*8 

16-1 

, 45 

52 

16*3 

13-5 

C2 

17-8 

17*5 

25 

27-8 

10-5 

12-2 

Jh 

40 

35 

52 

60 

13 

18-6 

E2 

27 

21*5 

39*7 

68-3 

21-6 

23-7 


34*6 

30-4 

48 

.59-5 

27 

30-8 

S 3 

83 

1 

69 

51 

72 

21 

25-1 


Part II — The Rotor 

Since the flux is already determined by the stator equation, a 
rather different treatment will be appropriate for the rotor. 

As with the stator, two types of slot require consideration — the 
parallel-sided slot, and the taper ” slot, i.e. that corresponding to 
a parallel tooth. 

The tooth width is determined by the stator flux H, 

If — number of rotor slots 

Width each tooth .. __ 

•07 X F X 

Draw a circle of diameter B and two adjacent radii, meeting the 
circumference at xy (Fig. 226). 
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Let the distance x^y^, measured circumferentially, be the slot 

3-1416B 
pitch — — • 

Draw lines as PR, ST, one on each side of the radii Ox, Oy, and 

H 

at distances itom it eqnal to half a tooth width // ^ 2 * 

The lines PR, QR will meet at a point R, and the figure I , Q, R 
represents the maximum size of slot possible consistent with a 
parallel tooth of a given width. (Fig. 226.) 

Such a slot will usually be far larger than could be employed 
in practice, and quite unsuited to carry a winding. The lower part 
in particular being so narrow as to be practically useless. 



Fig 225 Fig. 226 Fig. 227 


Since rotor windings, moreover, are so frequently made of strip, 
a parallel-sided slot is more usually required. 

Slot I. A parallel-sided slot means a tooth of varying width. 
If the minimum tooth width is to be unaltered, clearly the parallel 
slot must lie wholly within the figure PQR of Fig. 226. 

Many different parallel slots can be drawn within the figure 
PQR, such as those with a corner at b, c, d (Fig. 227), of which it 
is clear that some are larger in area than others. For instance, 
those with corners at a and d clearly have smaller areas than those 
with corners at b and c. 

Our first problem, therefore, is to find the slot of maximum area 
lying wholly within PQR, 

liW = slot width 

Wf, = slot width at gap diameter — PQ 
Z = slot depth 

= maximum possible slot depth = PR (Fig. 226) 
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H 


6-2832 X -07 X 


i-') 6-2832 -07 X f) 

WZ„ 


then by inspection 


Area of slot 


Wl 


or Z™ - 


"' = 7 
dW 

giving finally W = IW^ 
for maximum area 
and, consequently, Z = IZ^,, 
The following relation will be noted 


Wo 

wz„ 

0 


W^z„ 

Wo 


Wo 


6-2832 X Z„. X 3-1416 

— or Ir = - 


Ho 


Ho 


Thus the slot of maximum area is the slot of half the maximum 
possible depth. 

H V 


Its area is | Wg X JZ„ 


3-1416 X 


i A 

< 8 X V 


3-1416F- 


-07 X Fj 


Slot n. Even such a slot is often too deep, since workshop 
considerations are of very great importance in choosing the rotor 
slots. 

A type of slot often more practical is the following — 

With a parallel slot and, therefore, variable width tooth, a good 
approximate rule in calculating the ampere turns is to work out 
the magnetic densities at a point one-third of the tooth length 
distant from the narrowest cross-section, and then calculate the 
ampere turns on the assumption that the saturation has this value 
throughout the length of the tooth. 

The type of slot we are about to consider has the same area, 

1 / H 

q — : a 1 3-1416B - — r; ) as that last discussed, but 

3-1416 X 8 X H,\ -07 X T/ 

is wider and shallower since the cross-section of all teeth at a 

JJ 

point one-third up ” is - - y. 
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Slot area = 


1 


3-1416 X 8 X i/2 


( 


314162?- 


H 


■07 X 
31416 


T-y 


7 ^ = W Y 7 

2iH rr A ^ 


31416 - WH^ = by hypothesis 


( 


3-1416i? 


H 




1416 X 4 


6-2832 X 


-07 X F 

3-1416 X 4 


X Z = WH, 


X Z = WH., 


3-1416 

From previous equation W x H 2 X Z = — 7 ;^ — Z^, ^ 


Substituting for Wff 2 


^6-282 


„„ 3-1416 X 4 

2832Z^ X Z 




2 

1416 




or 


3-1416 X 4 ^ ^ 3-1416 ^ 

Z2-6-2832Z,„Z+ Z^2_0 


Solving this quadratic 
Z = 


(1 ± Vi) 


31416 X 4 
Z = -32Z^ or 1-18Z,^ 

Taking Z = •32Z^ we get 

•32 X IF X z„ = z„;- 


or 


2 / 2 , 

321^^^ JZ,„ 
2H^ -32 


Thus this slot is vS5 per cent wider than the last and correspon- 
dingly shallower, thus being of a more practical form in many 
cases. 


Note. If wc put — 


H 


B 


U Q and — = R^, we have 


/ B H 

area all slots = - -p — ^ 3 ( 3-1416 — - p ) 

3-1146 / 8 \ A -07 X B y A / 


3-1416 X 8 


Writing S„ = i(l - /g - j3-1416«„ - 

it will be seen, referring to the discussion of the stator, that 
So = 7/^ X Varea all stator slots when A — 1 
If we put 

Hn 




T = - 

® Vs X 3-1416 


(3-1416ff,-^) 


Then 

» area all ] 


= Wy “V/ area of all rotor slots when A ~ 1 


stator slots 


area all rotor slots 
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Slot m. Occasionally, especially where wire wound rotors are 
employed, the amount of winding space given by slots I and II 
may be insufficient. 

In this case a taper slot (parallel tooth) of the same depth as 
slot I may be employed. 

Since 2W = Wo, the mean width of such a slot is 
uw + Wo) - UW + 2W) = nw 
and its area, therefore, l^WZ instead of WZ as in slot 1. 

Thus the area of slot III is times slot I. 

It should be noted that what has been done is to work out 
formulae for three different kinds of slot, so that the designing 
engineer may use his judgment as to which type is most adapted 
for a particular machine. It is here, viz. in drawing up the design 
schedule, that his experience can be used to the best advantage, 
not in the more mechanical work of making the actual computa- 
tions. 

But a very considerable reduction of the slot depth may make 
very little change in its area. Consider the effect on the area of 
reducing the depth Z to pZ {p< 1 ). 

We had 


Slot I 


W ^Z„,-Z 


and W = IWo 
and Z — ^Z^ for max. area. 
iiz = ipz^ w == (I -iP) Wo 
(1 — ip) Wo X 2 p^m ~ ^ P P) 

Now the area of slot II was \W o X Thus — 

The effect of reducing the slot depth from Z to pZ is to reduce the 
area in the ratio p {2 -/>):!. 

Slot III, In this case as before. 


liz==lpz^ W=={\-lp)Wo 

Mean width slot ^\{W Wo) - iW o\ (2 - IP) 

Area 


X Wo (2 - IP) = n X Wo X \z„ X 

Now the area of slot III was x Wo X Thus 

The effect of reducing the slot depth from Z to pZ is to reduce the 
*(4 - p) 

area in the ratio — 5 — 

The values of these two functions are tabulated below. 


19- (5510) 
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In some cases, for instance, in the direct current machine the 
revolving armature alternator or tlu' rotary convertor (to which, 
however, the investigation below does not apply without modifica- 
tion) we should aim at obtaining a maximum rotor input instead of 
a statu input. 

In carrying out this investigation it will be assumed that slots of 
type I or type II are employed. 

Take the case of the revolving armature alternator as presenting 
the greatest analogy with the induction motor considered above. 


Let 


Permissible Rotor Loss 

= p. 

Number of Rotor Slots 


Conductors per slot 

L 

Area each conductor 

— S 2 

Length each conductor 

-M, 

Current per conductor 


As with the stator 



Volts per section 


NumbiT of poles 


Cycles per second 

= P 

(iiord factor 


X breadth factor 

= F, 

Total Megalines 

= 

No. ot sections 

= Z), 

Rotor space factor 

= P. 


X wS'g 


C, 


= 11187 

y ^2 X . 


1 2 J 2 X M , 

From the fundamental voltage formula 


Total conductors — X H^~ Z" 

2 X X 7.2 X 100 X 7>2 
” 4-44 X 1\ X H^x P 


Voltamperes input 


■£*2 X C 2 X D^ 

1118 X 4-44 X F^x Ur X P jP^ X S 2 X 7/2 X /2 

2 X L 2 X Too V 


S 2 X H 2 X J 2 


P2 


— total rotor slot area = //g X Yg say. 


Put 


1118 X 4-44 X F 2 X P 
2 X L 2 X 100 


V.A. input — r^Hr 



X P 2 X total rotor slot area 

M4 


Choosing Slot II above as being the most practical and taking 
the average tooth density as t, while B' is the diameter ** one third 
up ” the slot. 
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Effective width all teeth 


t X F 


Width all slots 3-1416 B' 


t X F 


From previous investigation 
4-9 

WH., = :^^ = 15-3Z 


Area all slots 


V.A. input 


Put B„ 


-I- ( 3- 1416 ir - “ ^ 

15-3 V t X h 


WH^Z 


rjl j F * ^ ( 3-1416 B'--^'^ 

W M^x 15-3 V <XPJ 

H' H 

and and we get 


''■iPorj 


Pi X 1\ ^ 

M. X 15-3 


3-1416 X X FB’‘ 


Now j)ut — rotor heating constant 


M^ X 3-1416*^2 X Zi 
=- X 3-14162^2 X Z, 

Substituting those values, putting in the value of r and remem- 

beiing thal £ = 

1118x2-22 

120 X 100 X Vl5-3 X 3-1416 
V//,e X X Fa X FFS X Z,i-5 X H„{6-\4\6 


-0168 FF^Z, 1-5 X 


X P.>XF. 


•a X H<„(3-1416F„,-^"-') 


It is clear that the function 5^0 = H^r ( 3*1416 
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corresponds to RqSo in the stator investigation, and for the same 
reason should be a maximum 




3-1416 X t 


X 


1-708 


(If for instance we take t = -07 as in the stator, we get the simple 
result. 

^or = -ll^oo) 

Using this relation (for any value of t) 

z 

Then = 

H 

Putting in the value of - in terms of B^o 

= 1-5708 i?,, 

H2 

-1025 7 ?,, 

Z 0 

Thus the three quantities t/,,, and can very simply be 

tabulated in terms of 7?,, alone or the simple formulae for them 
can be incorporated in a design schedule. For the maximal condition 
we have 

and 

V.A. =-. -0414 FB^Z^-^ V'H^^ X X F^x B„^H 
as the final output formula. 

Assuming suitable values for and t, this serves to calculate 
B .and the above formulae then give the slot dimensions. The rule 
F F 

for determining — is identically that given for -j above, this investi- 

£j /i. 

gation applying unchanged. 



CHAPTER XXX 

CALCULATION OF AN INDUCTION MOTOR 

It is not expected that the detailed schedules developed in this chapter 
will he used exactly as they are hy expert designers who will naturally 
prefer their own. They are intended to refute the fallacious conception 
that electrical designing cannot he reduced to rule because repeated acts 
of “ engineering judgment have to he performed, hy showing one way 
{with, hy inference, many alternatives) in which all these acts of 
judgment ” may he concentrated at the outset instead of dispersed 
through the calculation. They are also intended for students. While 
they exhibit the writer's practice, he is well aware that no two designers 
think alike. 


Sheet I. Data Sheet 

The first sheet of the calculation schedule is the data sheet, 
which collects together the data on which the rest of the calcula- 
tion is based. These may be divided into several classes. 

1 . Constructional data — 

L = number of poles. 

I = stator slots J the leakage depends very largely on 
H 2 = rotor slots j the choice of these. 

R == number of stator groups. 

Rj = number of rotor groups. 

= net air-gap. 

Si = slot opening. 

== factor for determining length of secondary end-connec- 
tions. 

D X E = number of ducts X width duct. 

2. Data depending on the Specification — 

N = stator volts per section. 

Eg = rotor volts per section. 

Zi = revolutions per minute. 

H.P. = horse-power of the machine. 

3. Data drawn from workshop practice — 

Djl == stator space factor 

Fi == rotor space factor. 

4. Estimates which will be checked by the calculation— 

K = estimated efficiency. 

Li = estimated power factor. 
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5. Data which represent decisions made by the designer based 
on previous experience of what values lead to the most satisfactory 
design — 

= ratio of gap diameter to external diameter (this decision 
is guided by reference to the tables). 

== core density x number of poles. 

0 == chord factor x breadth factor. 

Hie = heating constant. 

Si — saturation factor (this may be calculated, but it is often 
not worth while doing so). 

q = quality factor in iron losses depending on the grade 
used. (A value of q should be chosen so as to bring 
the calculated iron losses as near to the tested value 
as possible.) 

S 3 ~ friction and windage factor (this also should be empiric- 
ally chosen). 

On the same sheet are entered the constants required for the 
leakage calculation for different types of stator and rotor winding. 
It is necessary to decide which of these to use according to the 
type of winding desired. In the sheet on the opposite page, those 
to be used are ticked. It is also convenient to note the most usual 
values of the heating constant. 

Besides the data given, it will usually be necessary to determine 
the external diameter and core length to suit existing patterns. 
The formula gives an ideal value, and the nearest practical value 
(which may not be very near) must be chosen, say, from a manu- 
facturer s list. An unskilled calculator should refer to the expert 
designer at this point. Further data are given by the wire table. 

When these data have been determined, the rest of the calculation 
follows a predetermined course and only one machine can result 
for good or evil. The calculation shows what the characteristics 
will be, and, if the data in sheet I are unskilfully chosen, these 
characteristics may be inferior. If so, an alteration must be made 
in the data and tlie calculation repeated. But by isolating, as is 
here done, tlui factors on which results depend, a wise choice is very 
much facilitated. 

The factor having the greatest influence on design is Where 
the design has real elements of novelty, it may be desirable to work 
out in parallel columns the effects of systematically varying 
through a certain range. 

It is .sometimes convenient, largely for mechanical reasons and 
to minimize leakage, to take the stator slot depth \\\r, different 
from that given by the formula. The schedule is so designed that 
W^r may be derived from data, instead of calculated, if so desired. 
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Sheet II. Determination of the Leading 
Dimensions and the Flux 

The procedure is as follows — 

, , , . core length ^ , , , , , , 

First calculate the ratio — 7—^: from the formula deduced 

ext. diam. 

above, then, taking 5^ from the table and calculating the estimated 
volt-amperes input f om the H.P, and estimated efficiency and power 
factor, substitute these values in the input formula. From this 
{a) the external diameter and (6) the core length may be calculated. 

The nearest practicable values to this may then be taken from 
a manufacturer's list of pattern dimensions, either so as to allow 
some margin or so as to give the same AH^. Quite wide departures 
from the ideal core length may be permitted. 

In actual practice it is seldom that this preliminary calculation 
will be needed, as in most cases the external diameter and core 
length will be chosen as follows — 

A manufacturer s list will be at hand, giving standard machines 
of approximately the required horse-power and speed. Referring 
to this list we can at once see that the proposed design must be in 
“ frame size so-and-so." 

But this preliminary calculation is useful — 

1. When it is desired to revise a list and ascertain whether it 
really represents the greatest econom}^ possible. 

2. When two different types of machine are to be compared as 
regards their practical merits. It is then desirable that calcula- 
tions of both should be made on rigidly uniform principles, empirical 
decisions being reduced to a minimum. 

Sheet III. Determination of the Leading 
Dimensions and the Flux {conid,) 

Having determined the external diameter and core length, we 
proceed to determine the flux and slot dimensions. These may be 
derived from the tables as shown on the calculation sheet, or may 
be decided empirically. While those having little experience of 
their use, tend to distrust the tables and to rely on their own 
" judgment," yet the longer one's experience of the tables becomes, 
the more one recognizes how great a help they are. If the tables 
are used, the two columns headed " Revised gap diameter " and 
‘‘ Revised slot width " become mere checks, since, if correctly 
worked, they give the same results as the tables. 

In some cases the dimensions derived from the tables give too 
high leakage (the second example calculated is chosen to give an 
example of this) and it becomes necessary to cut down the slot 
depth to correct this. This is practically the only remnant of 
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empiricism left in the present method of calculation. It arises 
because the number of variables in the leakage function is too great 
to permit of ready tabulation, so that we cannot predict the leakage 
from tables prior to calculating dimensions as we can other features 
of the machine. 

In the second example, then, we first calculate strictly from the 
tables giving a deep slot (2-52 in.), and go forward with the calcula- 
tion till we reach the leakage. This being too high, we reduce the 
slot depth to 1-5 (raising W ^ to *48 and H to 24), and recalculate, 
obtaining the desired result. It should be noted that the flux H 
is in megalines and is the total flux = flux per pole X number of 
poles. 

Sheet IV. Rotor Slots 

Sheet 4 gives formulae for the calculation of three different 
types of rotor slot. 

Type /. Relatively wide and shallow, characterized by the fact 
that the magnetic density at a point one-third up from the tooth 
root is the same as the stator tooth density at the narrowest part 
of the stator teeth. 

This will be by far the most usual slot to be employed. 

Type 11. Deep and narrow. This has the same area as Type I, 
but the magnetic density at the tooth root is the same as the stator 
tooth density (at the narrowest part of the stator teeth). 

Type III. Parallel tooth. Where there is a large number of 
round conductors per slot this type may be employed as having 
a slot area 50 per cent greater than slots I or II, and a magnetic 
tooth density equal to that of the stator teeth. 

Types I and II are rectangular, and suitable where strip windings 
are to be used. 

In the case of the second example worked, it is necessary to reduce 
the slot depth in the ratio of *65 to 1-0 in order to keep the leakage 
down. This final revision will be found in the last three columns. 

Sheets V .\ni) VI. Winding Calculations 

The procedure followed is to calculate the turns per section from 
the given volts per section and the fundamental voltage formula, 
and from this to determine the conductors per slot given the number 
of slots and sections. This will frequentl}" not be exactly a whole 
number, and, since it is obvious that a fraction of a conductor per 
slot is impossible, the nearest whole number must be chosen. Where 
the number of conductors per slot is large, no harm results from 
this procedure. Its only result is that the flux (and consequently 
the magnetic densities) as worked out in the check calculations 
from the number of conductors finally chosen will differ slightly 
from that originally derived from the tables. Where the number of 
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conductors per slot is small, however, a different procedure must be' 
adopted, as described below. The number of conductors per slot 
being determined, the best area of each conductor is derived from 
the slot area and the space factor determined by workshop experi- 
ence. Referring to the wire table, the size wire nearest in area to 
that theoretically determined is chosen, the effect of this choice on 
the space factor becoming evident in the check calculation. For a 
wire-wound rotor the calculation pursues exactly the same course. 

In the second example chosen, this method cannot be followed 
since the calculation made direct from the tables for an arbitrarily 
chosen number of slots (72) gives 2-74 conductors. To take the near- 
est even number of conductors (2) (even, because we wish to use a 
two coil per slot drum winding) would mean a very large percentage 
change in the flux. To accommodate these circumstances we have 
two resources : (a) to vary the number of slots> (6) to vary the chord 
factor. By adopting 96 slots the number of conductors is reduced 
from 2*74 to 2*0, and by reducing () from -96 to *83, giving a pitch 
of 1-11, the increased flux of 24 mcgalines is obtained, which is 
needed to give adequate' overload capacity. 

In calculating the rotor winding of the second example, we 
simply take the slot size determined as above, and place in it two 
conductors so proportioned as to fit it comfortably, the rotor 
voltage being determined simply by the ratio of the slots if we take 
the rotor chord factor x Br. Co. the same as the stator. When the 
rotor copper loss comes to be calculated we can check that the 
amount of rotor copper is sufficient. 

Sheet VII. Commencement of Check 

What may be called the “ short calculation " is now finished. 
That is, the dimensions of the punching have been determined, and 
a suitable winding to fit the slots has been worked out. This may, 
in some cases, be enough for estimating purposes, but, before the 
design can be regarded as finished, a careful check must be carried 
out for several purposes — 

1. To determine the characteristics, both primary [heating and 
(in the case of an induction motor) overload capacit}^] and secondary 
(power factor and efficiency). 

2. To see that no arithmetical errors have crept into the calcula- 
tion. The effect of an arithmetical error might be to .proportion 
the machine in a worthless manner, so that the money expended 
in building it might be wholly wasted. 

3. To check that all workshop requirements, such as ease of fit 
of windings in slots, etc., are met. 

The check is commenced by calculating the magnetic leakage. 
Many different formulae for this purpose have been published, 
usually in a form giving the “ leakage coefEciejit '' or ratio a = 




.2,180,000 
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(magnetizing current)/ (short-circuit current). But the magnetizing 
current is a very variable factor, depending largely on unpredictable 
differences of air-gap between machine and machine. If we calcu- 
late the above leakage coefficient and arrive, say, at the result 
or = ‘05, then if the magnetizing current is 10 amp. the short-cir- 

cuit current ^ will be 200 amp., while, if through a slight 

variation of air-gap it becomes 11 amp., we are led to believe that 
the short-circuit current will be 220 amp. which is not true at all, 
since the short-circuit current is scarcely at all a function of the 
magnetizing current. It is quite untrue, for instance, that the over- 
load capacity can be increased by increasing the air-gap (which 
increases the magnetizing current). It depends almost entirely on 
the short-circuit current. For this reason it seems better to the 
writer to work out formulae giving the short-circuit watts or volt- 
amperes direct, and such a formula is presented in sheet 7, which 
may be relied on to give results in close accordance with experiment 
as it has been derived from a very wide range of machines. 

Having calculated the short-circuit watts, a “ check H.P." may 
be worked out from the very rough formula given. This is a H.P. 
rating which allows 100 per cent overload capacity after ample 
allowance has been made for reduction of overload capacity by 
primary resistance and by allowing for the magnetizing current. 
So long as this check H.P. is in excess of or equal to the H.P. given 
in the data sheet, the machine will have 100 per cent overload 
capacity or more. 

In the case of the first example the check H.P. is 10*9 nearly 
double the rated H.P., so that the machine will have nearly 200 
per cent overload capacity. Clearly, in this case, it is heating that 
determines the rating. 

In the second case, however, the first calculation, made direct 
from the tables, gives a seriously defective horse-power, a figure 
of only 266 being reached where we should have at least 500. Exam- 
ining the calculations, we sec that the leakage function is if anything 
higher than that of the tiny machine first calculated, this being 
due (i) to the deep stator and rotor slots, (ii) to the small number 
of slots. Since the overload capacity is proportioned to a, slight 
increase in H will clearly increase the overload capacity very much. 
The machine is accordingly recalculated with more and shallower 
slots, and a somewhat increased value of H when we get == 585 
which is quite satisfactory. 

Sheet VIII 

We first calculate the internal diameter which would be per- 
missible if the rotor core density were equal to the stator core 
density. This should be large enough not only to admit the shaft. 


20 — ( 5 * 510 ) 
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but to allow of any longitudinal vent holes which it is desired to 
use. The actual internal diameter is then chosen to suit the draw- 
ings, A table of shaft sizes, spider dimensions, etc., will usually be 
at hand to facilitate this, and should not be greater than this. 

The stator core density and tooth density are next checked to 
make sure that they agree with those derived from the table, and 
the leakage coefficient calculated. This is called here Da for uni- 
formity instead of (a). This involves the calculation of the effec- 
tive gap. The formula given involves the saturation factor St, 
which may be calculated or derived from data, and a further func- 
tion which the writer has found to work well derived from Carter’s 
well-known curve by replacing it by the nearest parabola. Having 
obtained the effective gap, we calculate the magnetizing volt-amperes 
and divide by as calculated above. 

Having obtained Da and the overload capacity, the power factor, 
which is, neglecting the primary resistance, a function of these two 
quantities above, may be obtained from the table. 

The effect of the primary resistance, which has been neglected, 
is slightly to raise the power factor so that the value obtained from 
the table is slightly lower than will be realized on test if all other 
results are exact. 

The primary copper loss and heating constant must next be 
worked out. The values given for the heating constant work well 
for a wide range of machines, but each designer will prefer to choose 
for himself the heating constant he prefers to work to, since on this 
point almost more than any other does the excellence of the design 
depend. 

Sheets IX and X 

The rotor copper loss is next calculated in the same way as the 
stator copper loss and the iron loss calculated, the quantities 
and i^3 being dtTived from tables when wc know and C4, with the 
exception of a quality factor ” q depending on the grade of iron. 
For instance, if y -- 1 for an ordinary grade of iron, for silicon steel 
(Stalloy), we shall have q = -5. All that is claimed for these tables 
is that the result is proportional to the iron losses observed on test, 
and that by a suitable choice of q close accordance may be reached. 

Besides the ordinary iron loss, there is a second ‘‘ pulsation ” 
loss due to the high frequency oscillations in the iron of the teeth 
owing to their rapidly passing the teeth on the other member. 

This consists of two components, one consisting of an empirical 
factor multiplied by the gap area, and the other depending on the 
width of the slot opening. This second component is usually small 
for semi-closed slot machines, but for open slot machines it may 
mount up to very large figures. No great accuracy is claimed 
for the result of this formula, but it should always be worked 
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out. If this second component works out to a large value, it is an 
infallible indication of danger. The writer has known large and 
costly machines entirely scrapped as the result of high iron losses 
incmxed by neglecting to study the pulsation losses due to open 
slots before construction. 


Sheet XI 

The various losses are next added up and the final full load 
efficiency calculated. It is useful also to work out the primary and 
econdary currents for use in the specification. 
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WINDING SPECIFICATION 

Date 

Ext. diam. {A) 10. Core length (C) 3*5. Ducts [D x E) 0. 

H.P. 5. R.p.m. (Zj) 1500. Line volts (F) 400. Cycles (P) 50. 
Phases 3. Amps. [A ) 7*1. 

Patt. E.V. Rating Cont. Wiring diag. Punch dwg. (below). 
Amps. (A 2 ) 11*5. 

Stator Spec. No. Slots (/) 48. Poles (L) 4. Slots wound (I ) 48. 
Groups (R) 12. Cond. slot (5) 25. Size wire (Pj) 17^. Diag. 

Rotor Spec. No. Slots ( 7 / 2 ) 36. Poles (Z.,) 4. Slots wound (//j) 36. 
Groups (Rj) 12. Cond. slot ( 82 ) 16 . Size wire (H^) 16. Diag. 

Check data pri. volts per sec. (N) 57*5. Ch. F. (0) *96. Sec. V 
per see. (£ 2 ) 27. Sec. Ch. P. (Oj) ‘96. 

Length F. sec. condrs. (L 2 ) 4. Rotor Ch. F. (A^) *96. Stator 
parallels (W) 1. Rotor parallels (Wj) 1. 
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Sheet XII. Winding, Specification, and 
Punching Drawing 

The data sheet for the winding specification is drawn up with 
the symbol for every entry in brackets next to the title of the entry 
as r.p.m.(Zi) Similarly, the symbols for the different punching 
dimensions are entered on the punching drawing. If this is done, the 
particulars of both winding specification and punching drawing can 
be filled up direct from the corresponding columns of the design 
calculation already made. 

At the bottom of the winding specification certain further data 
are given, the symbol for each entry being again given next to the 
the title of the entry. These can be entered up from the original 
data sheet or from the corresponding columns of the design. 

When 1. The Winding Specification, 

2. The Punching Drawing, 

3. The Further Data 

are entered up, it is possible to work a further check from these 
alone without referring in any way to the original design. This is 
done on the next sheet. 

By this plan we work out a second time and by different formulae 
many of the most important quantities calculated in the original 
design, and do it direct from the figures that are to be used in 
manufacture, thus checking, not only the design, but clerical errors 
in filling in the sheet. 

This check is, of course, applied without consulting the original 
calculation in any way. It might even be carried out by a different 
person, though this is not really necessary. A check calculation 
has not been worked on the second example. 

Check Sheets I and II. 

An endeavour should be made to keep this check calculation on 
a single sheet, working, if necessary, on both sides of it. The check 
calculations can then be filed to correspond with the winding 
specifications, and form a convenient compendium of the design for 
ready reference. 

The points checked are as follows — 

Stator and rotor magnetic densities in tooth and core. 

,, „ space factor. 

„ „ current densities. 

„ „ copper losses. 




Dj is always used for rotor slot width check for cases where other types of slot are used 
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Check Sheet II 


stator 

Rotor 

1 

Stator 

1 Rotor 

Current Oensity 

Current Density 

C opper Loss ^ 

1 Copper Loss 

h 

0 . 

w. 


A, 

Ai 

•8 X X M^X 

M,x K, 

IOOO1& X Gj 

lOOOtWj X Gg 

7-6 

1 

11-5 

•8 X (3-6)2 X 131 X 2-56 

•8 X (3-56)2 X 13-1 X 1-86 

1000 X 00212 

1000 X 00322 

3-6 

3-56 

350 

258 


With a little experience any abnormalities in these quantities 
will at once be apparent. In general, the check sheet, when com- 
pleted but not before, should be compared with the original calcula- 
tion when any discrepancy at once gives the danger signal. A 
good rule is to insist that both in the original and in the check sheet 
the numerical values shall first be substituted in the algebraical 
formulae and xvritten down in plain figures before any arithmetical 
operations are performed on them. This is an immense help in 
checking any discrepancy, if it occurs. 

The process of calculation just given is within the capacity of 
anyone having enough elementary algebraical knowledge to under- 
stand the formulae, and a sound knowledge of arithmetic. Such 
calculations must always be undertaken under the direct super- 
vision of an expert designer, but, subject to this condition, no 
electrical knowledge is needed for the calculations themselves. But 
it is obvious that such calculations cannot be performed without 
some mechanical aids — either a slide rule or a calculating machine. 
Now a fair amount of skill is required to use a slide rule ('‘it takes 
a good deal of learning ” in everyday language) owing, as pointed 
out above, to its ambiguous decimal point and the difficulty of 
reading its fine divisions accurately. 

These difficulties are both overcome by the use of a calculating 
machine, in which the result appears in plain figures, and with 
correct decimal point. If such a machine is used, and mider proper 
supervision, the calculations are well within the capacity of a good 
lady-typist — especially one having a good experience of book- 
keeping, which teaches just those habits of accuracy which are so 
essential in designing. With such assistance the whole of the details 
of calculation are lifted from the shoulders of the designing engineer, 
and he is free to devote his attention to his true business of improving 
the product. 

A few hints as to the best form of organization may be of service. 
Slight variations in the schedules are necessary for various purposes, 
for instance, for squirrel-cage motors, for strip-wound machines. 
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and so on. To be practically useful the schedules must be either 
printed or reproduced on some sort of multigraphing apparatus, 
slight variations being made in pen-and-ink. The engineer, of 
course, must always make himself responsible for these, since, how- 
ever simple an algebraic transposition may be, the operator either 
cannot, or should not take the responsibility of doing it. A con- 
venient plan is to compile a book of model calculations, containing an 
example of each variation, no matter how slight. If this is done, the 
simple statement on the data sheet that the calculation is to be made 
according to Model KC3,'* say, will give all the information needed. 

Table I gives particulars of the slot dimensions of a machine of 
unit external diameter for various ratios of gap diameter to external 
diameters. 

A different table is devoted to each value of == core density 
X number of poles. 

The rotor slot is of the deep and narrow type (Type II). But if 
it is desired to use Type I, the slot depth will be -647^ and the slot 
width 1*56Z„. 

The last column gives the square root of the ratio of the stator 
slot area to the rotor slot area. 

By examining these tables certain general conclusions may be 
arrived at. 

1. For small values of R^ the stator slot area is much greater 
than the rotor slot area. This is especially marked for large values 
of IFq. For instance, with = 1'2 and R^ = '66 the stator slot 

So 

has more than four times the area of the rotor slot, since ^ is the 

square root of the ratio of slot areas. 

This gives us some guidance in choosing R^- For an induction 
motor in which the stator carries the magnetizing current, and may 
also have a lower space factor than that of the rotor, the stator slots 
may conveniently have about 40 per cent more area than the rotor 
So 

slots. This means that should be about 1*2. For a synchronous 
^ 0 

or compensated motor with the magnetizing current carried by the 
rotor it should have the greater slot area. 

The greater the value of W ^ the larger must R^^ be to give a 
So 

predetermined value of 

2. Other things being equal, the output is proportional to S^. 
But So reaches a maximum for certain values of R^, For instance, 
with Wo = 1*2, a maximum is reached with Ro about 0*68. This 
gives us a second form of guidance in choosing Ro^ but, of course, 
Ro should not be chosen to make So a maximum if this gives absurd 
slot dimensions. 
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3, Wo == core density (megalines per sq. in.) x number oi poVe?. 
clearly will be larger the greater the number of poles. Modem 
practice permits values for the core density up to *1, so that the 
low values will only be required for very small numbers of poles 
(say 2 poles). For pole numbers higher than 12, extensions of the 
tables will be required. The tables themselves are independent of 
the system of units employed, but the value of Wo to which each 
table corresponds will be expressed by a different figure in cm. units. 
For instance — 


Inch Units 

Cm. Units 

Inch Units 

Cm. Units 

•2 

•0319 

•7 

•111 

•3 

•0479 

•8 

•127 

•4 

•064 1 

•9 

•143 

•5 

•079 

1-0 

•159 

•6 

•096 j 

M 

•175 



1-2 

•191 


4. In all these tables the proportions have been determined on 
the assumption that the magnetic density at the tooth tip is *07. 
If it is desired to vary the tooth density, the tables can still be 
used. Referring to the table for Wo = IT. If we desire to raise 
the tooth density, say, 10 per cent (from *07 to ‘077, say) without 
changing the core density, the following process must be adopted — 

(a) Increase Ho by 10 per cent. 

(I?) Refer to a table in which Wo is 10 per cent less — Wo = T in 
this case. Thus these tables are adaptable to any tooth density it 
is desired to adopt. 

Case of Normal Density One-third up from Tooth Root 

A case where a procedure analogous to the above is required is 
that in which the normal density is required, not at the narrowest 
part of the tooth (the tooth root), but at a radius exceeding this 
by one-third of the tooth length. Since the tooth is wider at this 
point this will permit a greater flux or, conversely for a given flux, 
a greater slot area. 

If Hj is the greater flux so permitted for unit external diameter, 
then 

z -.07 

3-1416 (i?, + §F,) ^0-"' 

Z. =3.1416/?„-^ 


Now 
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Substituting 

H, = -07 ^3-14162?, + - 3 ^ ^ t/„ -3-14162^, + 

or cancelling 

By this formula we may determine the value of required to 
give this density. 

If it is desired that the core density should be unchanged a 
correspondingly lower value of Wq must be taken as discussed 
above. 

These tables, however, are not accurate enough for all purposes. 
They are convenient to enable us to choose a reasonable approx- 
imate value for since they bring together all the relevant 
considerations. Having done this, it is better to refer to Tables II, 
III, IV, and V, giving Uo, and more in detail for the final 
values. 

Next come the essential tables of wire gauge, given both for 
S.W.G. (English practice) and B. and S. (American practice). 
These do not call for extended comment. (Tables VI and VII.) 

Table VIll is used in calculating iron losses. 

It h is already been pointed out that the power factor is a function 
of two variable, Da and the overload capacity. It is here tabulated 
as such. (Table IX.) 

Table X is a short table to aid in calculating the saturation factor 
where necessary. It is the equivalent of a saturation curve, but 
more convenient to use on a calculating machine. 

Table XI is useful in estimating the effect of a reduction of slot 
depth in the rotor. 
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CDCDCDiCXXXXXXXTt--1*-t-^'rt'’TXXXXXXCMCMCMCMCM^ 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


X X 

X xxrxxxxxx CMXX r>- x xx x 
I>.XOr-<CM»^OCRXXCJ 5 X»-^XOX^X 05 XI^ XXX^’»tCD 05 
roCDCDXtXCMOOXCDX'^CM— '05XCD'^X^OXCD'>fXi-^Tfr>. 
XXXXXXXX^’rf’4*-t'-frr-»rXXXXXXXCMCMCMCMCMCM^ 

ooooooooooooooooooooooooooooo 


CD X 05 1-' O 05 X 05 X 'T CD CM X X 05 -f X CM CD O X 05 X 
XCM»-H 0005 XCDX-tX^ 005 r>.CD' 5 j'X^ 005 r^X'«!feM»-< 05 I>.CD 
XXXXXrfTtTt'Tj^'l^'^-t-tXXXXXXXCMCMCMCMCMCM'^i-*’-' 

ooooooooooooooooooooooooooooo 


X X 

X X X CM X X X X XX X x X 

>XXt>« 05 05t'«XiDCM t^Tt«»-^XX»-H05XCMXXX'^05X»-^r«» 
_>Xr>.CDCD'^XCM'-'Oa 5 XCDX'i’CM^OXI>.CD^X'-^OXt>.CD'M* 
’M’^rfTf'^rf^'^f'^'^XXXXXXXXCMCMCMCMCMNCM^’-^^’-^ 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


i! 


r> X tx X x X X 

XOXCDC35XXXXCDTrCM^XCDT!<CMOXtxXCMXXCM05CD’iti-i 

’^’^XCM*^ 005 XtxXX*^tX»-' 005 XlxX'^XCMOa 5 XCDXTt*X 

^^^^^^XXXXXXXXXXCMCMCMCMCMCMCM»-»i-<»^r-<'^^ 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


cDCDCDCDCDCDCDCDixrxtxi>.r>rxi>.r>«r>.i>.xxxc 


5 05 

5 X 05 
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TABLE II {contd.) 

(If in doubt take next higher Flux) 


ic 

00 


to ID 

CO N » 


lA lA lA (A lA <A 


tAiA lAtA 


_X®'^NNWNMlAtxiANCpOTfXt^lAC0^C^-^0>lA 

iAcor>»ooo>OiO*^c^c^c^c^eioocoiO®o»Acooi^'Tt<*-<t^Mr>eo 

Q000«®00 00O>O5O5(35O>O>O5Oi00 00O5Q0 00 00 00 00r^r^rN®COiAtA 

ooooooooooooooooooooooooooooo 


lA »A 

05 rN CD w oi CD »A CO N r* co «-• os »a 05 »a w 

»ACDCDt^OOC3SOO»-n-«i-<«-<.-<OOiAr^OSl>.iA’^DIOSlAC<IOSlAOCDC^ 

gOOOXOOOOOOOSOJOSOSOSOSOiOOXOOOOaoOOOXt^C^t^CDCDCDiAiA 

ooooooooooooooooooooooooooooo 


lA 

M 

X 


lAiA X Xl> X »A X XXXXXIAX X X 

t^-tM^a5XNr^x>^as-^wor>*iAx^osxas»^x 

■^XXl^XOSC:SOi-'^OOOXCDI>t^CD-^C^OIN'^*^l>.XOSXO 

xxxxxxxa)aiOOsososxxxxxxxxr>*t>iiNXxxxx 

ooooooooooooooooooooooooooooo 


X X *-« 05 X X 
X X t>« X 05 


t>. X X ^ 05 ^ X X 05 XXX'-«05t>iX 

00000505Xt>.X'^X^05XC^05XC^t^X05 


XXXXXXX05 05 05 05 05XXXXXXXXI>.l>.t>iXXXXX’^ 

ooooooooooooooooooooooooooooo 


X 


X lA lA X XX XX 

XCMOXXOX05»^(MXXXX'<«*OOt^XTj*X'^O 

•rfxiAxt>‘Xxo5a5a5a5asxr^t>iXxx'^05r^x»^r>.'^oxDix 


iAi-ir>»'^* t>.r^xxxt>*t>*xx-j'M05r>-rN.r>xx 
t-txxxr^xxa5Xxxt>»xiA-tx»-^a5r^iA(N05XMXTfox 
xxxxxxxxxxxxxxxxxxt>»t>*t^r>»xxxxxx'^ 
ooooooooooooooooooooooooooooo 


X M r>» l> X X lA X X X X X X X 

XX X-tt^XXX05XOXXXTt<XC^^a5XXT*'^a50»-^'-<M 
x-txlAxxr^^^xt^t^^'XX'^xcNOXxxor>lT^ot^xo5x 
XXXXXXXXXXXXXXXXXXt>.r>»t^r^XXXXXT»*rf 

ooooooooooooooooooooooooooooo 


X X lA X 

Xa5XMOXr^WX-^X*-^X'^M — 05r>»XX-'0SI>'^C^X*AXX 
XX^iAiAXXt^l^t>.XXX'^XMOXX'»tOSXXC^05X»-*r>*X 
xxxxxxxxxxxxxxxxxt^t^rst^xxxxxx'^'^ 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


lA 

X lA tA lA C^l X X iA X lA X X X X X X 

t^X05X^'^Xi-^X05XXOt>.XMOa5a5tO05t>.XXXXOM 
<MXX'^iAiAiAXXXX'-r-rC<l-^Oa5XX050XXOt^X05XC^ 
xxxxxxxxxxxxxxxxr>»r^r^t^r>.xxxxxTf'«!f'^ 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


C^t^XX-tXa5’-*tt^OCNX»^X't»-^C1XXOOSXXXOSMXX 

<MCNXXTft-tXX-f>-1«XM»-^05Xt>.(35^rfiX'^^XX^XTj'O 

XXXXXXXXXXXXXXr^C>*r^t^XXXXXXXX’>!t'^rt* 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


X 

M 

X 


IA r>. XX X IA X X 

rx^CO^XX ^XXXX Xi—XMOXX 05Xr>*X»-^XXM 
’-<MC^XXX'^-t'-fXC<l»-<i-^a5XXX'rf'-fXXW05XXOXM05 

xxxxxxxxxxxxxr»t>*t^r>ir>>t>t»xxxxxx'^'«*'x 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


X CJ X X X 

MXOIA05 ^^C^XX'^fXOS'^OXt^O O 05XXXX'^05 
^i-HC^MC^xXXXM’-'OOSt^XT|'XOXXTf»-ir>Tf*^X'^*-<t^ 
xxxxxxxxxxxxr^t^i%t^t^t^xxxxxxxTj<-^i*'^j*x 
ooooooooooooooooooooooooooooo 


XC^ IS X XXX X X X XX 

xxo'^t^xxxxxxc<i'^xc^xo-^asxt^xxxx'^^X'^ 

050^^^^i-''-'»-^005Xt>*X'«fM’-^XXX^XXMa5XX05X 

t>^xxxxxxxxxt^t^r^t^t^r>.r>*xxxxxxxTt*'<f'»i-xx 

ooooooooooooooooooooooooooooo 


II X 

o'« 


X O O X X c 

05 5 O O O < . -- . 

t>»xooxxxxxi>'t>*r>r^i>>r^r>.t>>xxxxxxxxT!'>«i»'!j*xx 

ooooooooooooooooooooooooooooo 


I O 05 C 
» O O 05 C 


It^ rt O X t>« X X X X X 05 X 05 
tt^xxxc<ioxxxi-Na>xxoi>.'^^X'«f 


NX'«tXXt^X05 X X X X 05 ^ N X '<!* X X X 05 

xxxxxxxxr^r>t^rNi>-r^r>.r>r>i>xxxxxxxxxx05 
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TABLE II (contd ) 

(If in doubt take next higher Flux) 


1/5 t>« 00 O W CO Oi CD 05 M Tf t>. CO 1-H CO CO O "4* 00 M CD O 

r^oo$o»-^c^'^ioco»r^QOooao5 05 05 05«oot^toco©oocoa5'«fO 
XXG0 05 05 05 05 05 05 05 05 05 05 05 05 05 05 05 05C35© 05 05 05 00QOt>>l>t^ 
oooooooooooooooooooooooooooo© 


W5 

1/5 1/5 »Ot/5 t>.iOlOi/5t>i ID lO U5 iOW5 

CO -Mi5 »0 CO X 05 ^ CO Cl U5 tx 05 CO CO CO t- CO tx 05 O X 

t^XXOr-^CiX'^XXt>.t^XXXXXXt^t>.X-tC-l05XXXXX 

XXXXXXXXX05XXXXX05XXXXXXXXXXl>-r>iX 

ooooooooooooooooooooooooooooo 


X 

ID W 5 
“ 05 O X 


5 X X X IC X X Cl X 

WW W ' tN '.’'J 'tr irj I'N I-O uy (jy IjO X tN X 1/5 X X X Cl 

XXX0505050505© 05 05 05 05 05 05 05 05 05 05 05 05 05 05 X 05Xt>>l>>X 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


1/5 


1/5 


X Cl 1/5 X 1/5 X 1/5 IC X X Cl 1/5 d 

^i-^CldXXi/5XXdXOi/5t^Xa5*H-1^XX^XXXX^-f Tt- 
rNXOO— 'dX-fXXXI>I^Cst^hsXt>iXXi/5ClOt^t^'^X»-<X 
XXXOG5O5O5G5O5G5OOO5OG5O05G5OO5OO5O5XXXC>r>X 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


X X X 

^^CldXX'^XXI>.ClX-tXXX ^Xt^^X05ClXXCl 
C^X050’-^C1X'>4*XXXXt>»t>*l>*.t>.l>»XXt/5-t^a5XX-f'^05i/5 

xxxoooooooooooooooooooxxxxr^xx 

ooooooooooooooooooooooooooooo 


xxxoooooooooc 


5(35 05 a505XXXXt>'C 


t^Or>.05XXX05'-<-tX»-<X-tXXXX XXXX (N^ 'i-<35 

xr>xa5O^dxxxxxxxxxxxTj'X!Na5X»t»-»05cir>ci 
XXXX<J5a50505a5a5 05 05 05 05(T0505a5CJ5a505XXXXr>.r^XX 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 



X 1/5 X X 

O5xt^t>ixxxxoxxa5xci’-*oxr^oxa5'^xx’-'x'^x 

r^rNXOO— ldX-t‘X^/5l/5XXlCXl/5XCl<^^>-'t^-t‘*-X-^05XO 

xxxxoooooooooooooooooxxxt^t^xxx 

ooooooooooooooooooooooooooooo 


X 

XX d X l> Cl 1C IC X X X X IC X X IC X X 

xxic-tx^o^d^xo5^r>-fd^xxrNX-t^'-^’~'Xr-Hcoc‘i 
xr^xo50^dx-t'4‘'r-^x^-t-t-td^oo5XxocNdXxa5 
xxxx05<a505a5050505<35a50505a5a5a5a505xxxxr>c'xxx 

ooooooooooooooooooooooooooooo 


IC X X IC 00 

ccdd^oxc»r>.t>.xod-hor^-tdXX'^ccoxr^r»dr^dt^ 
coi>-xa500»-^dxx-f-t”n*^xccx^oo5Xx^xx^codrNi 
X®XX005a5a505a5 05 05 05 05 a505a50505XXXXr^t^r^COOX 

ooooooooooooooooooooooooooooo 



t>>C0C0X'1<dOa5r>XX05OC0dX'^05'^CJ5’^d»-'05XX05'^a5 
xcot^xo50^^ddddxdd»-'^05xcoxdcj5xdxxa5-r 
xxxxxa50505a5C35cj5C7505CJ5ai 05 05XXXxxrNr>r^cocoxx 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


dW'^XCOtxXO ^ d X 'i* X CD X 05 ^dC 

cococDCDcocococor^i^t»t^t^t^t^r>*t^t^xxxc 


I X CO c 
I X X X X c 


I 05 
t X 05 
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TABLE III 

fif in doubt take next higher value) 
Depth 


•O lO t /5 u; 

icicicicio loioioc^i ifi esiow 

'<1’ O ;0 X CO CO O CO ic ir> 00 M Cl X to X M X X 

X’-ioO'»tX'Ta^xx'^oxcixxxxTfi-^t^iocio>i^towox 

ddr-i^OXXXXt^t^t^XXtOXiC'^'^-l'XXXClClClClCl:-* 

»-,^,^^^QQQQOOOOOOOOOOOOOOOOOOOO 


to 

lO to 1/5 to to to to to X Cl X X X 

Cl X X ^ rf X X O Cl ^ Cl X X X X X t>* X X X X X X 

cc»^co»-x^xcir-xxx*-'x^'-'r>'-r'^xxx^xx'^ciox 

^^OOXXXXI^t^XXXXiCX'^'^tXXXXddClClN^ 

^^^^ooooooooooooooooooooooooo 


-^1/5 <l>xxrs»-<xt^ X !>.Xd 
OXi-<X-<e>dt^XXXdC 35 XdXXX 

o o X 05 X X X X X 

^^^OOOOOOOO 


ic to X X 
ifi ChXX dXXd 

, _ t>. X d O X X d O X 

XXX-f*Tf-j<*«tXXXXddddd^ 

ooooooooooooooooo 


X 1/5 X 1/5 

oxo*-^ 05 r^'^»-^ XdXxxr^t^iN dt^d*^ 05 t>* d^-n-* 

lOOX'-XCIX'^ XXXXXOt^'i'd 05 X'^d t^.X'itdOX 

ooxo5XXt^e>r^xxxi/5xxTfxtTt-xxxxxddddd^ 
^^ooooooooooooooooooooooooooo 


XXX X X 

dt^d^ 05ts d*^’-' 

t^.X'itdOX 


X 1/5 X X 

05'<tXXO’--<»-<dXXXd X d«/5 X xxxxxt^ o 

X X O X d X -f O X X O t>. 05 X X ^ X X X ^ X !>. X X d X 
xxxxxr^t>>r^xxxxxx'^*i‘-T'-fxxxxdddddd»-« 
ooooooooooooooooooooooooooooo 


XX xi/5xxxrH XX 

Odxxxdt^dx dX05dr>.d r>.x *-^di/5tNXX 

xo 5 x^xxoxxxxxd 05 t^*^d r>«xx^ 05 e%xx»-«xt^ 
05 xxxr^txi^xxxt/ 5 xx'^'^-»t'^'^*xxxxddddd^»- 
ooooooooooooooooooooooooooooo 


1/5 X 1/5 «/5 X X X X 

r-<t>.’tor^xx»-- r^Xd died r>*xxxr>- dxxrs 

Xda5XdXXX t^XX^XXX’-H05r>i'1*dOXXtCX-^05t>. 
xxrNr>»r'XXXXxici/ 5 X'i''^'*t'»rxxxxxddddd»-^»^ 
ooooooooooooooooooooooooooooo 


tc X t>» X r>. X X d X X X X 

Ot^Xd »-^dXi/5XXXdXX^t^ d-^ ^dXt^l^t>«dX 
dX«/ 5 d 05 XXOr>XX^ 05 X'^’-'lNt>*X'i'dOX*-^r»«dOXr>* 
Xl'^t^r>XXXXXXt/ 5 i/ 5 Tr'- 1 --«fTfXXXXXXdXddd^-^ 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


X X XXX 

OXCO-fXt>»^X dXiCXXX X XXXt^ xt/5d 1>*X 

X i-i X X d O X X 05 t>* X X 05 X X X 05 X CO d X 
l>t>.hNXC0C0XXX 1/5 XrfTt^Tf'i'XXXXXXddXdd Cl 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


d X X CO t>. X 05 ’-H d X Tf X CD I>* X 05 «-< d X ■rf X CO X 05 

COCDXXCDXXCOt^t^t^t^t^r>«I^t>.l^r>XXXXXXXXXX05 
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TABLE III {contd ) 

(If in doubt take next higher value) 
Depth 


W5 

•O 

o 

9 

lowi iT'io iftirjioio 

CD»^t^C^Q0WXCf5ait>i’^MOa5I>^CDi/5t>.aiMTt'C0C0ClMi-<OO0) 
coxc<it>*-ixo»oaj'^cji^oiwxwxwxTt'05iO’-<rNcoot>.'^o 
i/5'^Ti'cccoMMi-tooaiO>xxr>»t^cocoio»CTfrf'!tcocococ^c^ea 
^^„^^^^^^^OOOOOOOCOOOOOOOOOOO 

»c in 

m in i/ii/5t>.tNioci cjio 

Olt^^i/DOiCOiOO’^X'^'OiWXCNt^Mt^NX'^OXClOJXXO 

lOrfTfCOXMM’-'i-'OaiOiXXlSt^XXtriiO'^f't’^XXMWCN^M 

^^^^^^^^^^OOOOOOOOOOOOOOOOOOO 

in m m m in m m 

o^MTfcoxoxicr^ f>.icx»or>i r^xiciorNOi^x m 

—•xO'^X’^oio«-<'^xxa)wt>.'-'cci»-ci>rHtN,cooiiocNX»oxo 
UOrf^CCC^C^C'l’-'— '00>a)XXt>*t>>CDX‘0‘OTf'^tWWXC^C^JWe<l 
^^^^^^^^^^OOOOOOOOOOOOOOOOOOO 

in 

in m m r- »c m m m ic in m t>- m m m in m 

cnt^ocnt^t^oooi xt^^ioXNt>*C'uet^iccMX«oxc^c4Mr-M 
o^coxoico— 'co-^t^^»0'-<xoiea5'^a5vococ'jx'^*-<x»ocjo 
'T'«rXXC'1<N»-«'-<OOa)0)XXr^QDC0»Ou:»iCrfTt<C0XXC^C>JNM 

„^^^^^^^^^ooooooooooooooooooo 

in in in m in m 

xwxwXMxoio inmin CA t^m m oa cAm ioin m 

COi-^iOO’t05XXCNXXXXXCCI^NXCO<J)»r>»-r^Tf*Ol>iiOCN 

^rfeox«Nr-i«ooa)a>«xr>*r'CDCDu:)iO'r*rT»‘xxxcNc^NM 

^^^^^^^^^OOOOOOOOOOOOOOOOOOOO 

•95 

m 

in m t>- in m m in m t>> in m m 

iD^<x>'^<£iOinc>int^ xt>*iOM 

'tO)XXc<it^>-<xo»r>’-'X’-*x^ir>oxMXx©xx r>'^Ma> 

'^XXC^M*-i^OO©©XXrNt^**XcpX»C-1"^'*tXXXMMC^^ 

^^^^^_K,-H^^OOOOOOOOOOOOOOOOOOOO 

9 

m lo ic X X 

-t © © M- O lO IC 1 C «0 X t>» t>. »C M t> 1C IC tc 

<NX»-iCO^05'^+XXXXXXai'ff©iC»^XM0iXC>l©rN.'<tM© 
'^XXNC^»^^00050)XXI^l^XXX»riC'*f'^XXXClMNC^^ 
^r-i,-<r-irH^^»-iOOOOOOOOOOOOOOOOOOOOO 

ID 

op 

1 IC 

IC IC IC IC IC IC CN IC IC IC IC IC X 

r^0A(£> CAinmininmcncACA 

05'^xxr>cqX’-'C0’— x^x^r>c^rNX©iC’-'XiC'^©x>^F-<05 
«XCNC<(-^^00©©XXt>.r>*XXiCiC-t‘1'TfXXXWWC^CS|i-< 

^ ^ ^ ^ ^ ^ ^ ^ O o o o o o o o o o o o o o o o o o o o o 

.5 1 .8 1 

IC IC IC 

i-<X’^^X'-'t>«X05iCiCiCI>. IC X C^ICICICICICCS X 

rs»-’XOiC©tXXXXX^©iCOXCSX'!>'Ot>.T|‘'-^XX'<ti-t05 
XXC^C<l’-'00©aiXXl^lNXXXiCXTf^^XXXWMCSIM'-i 
r-<r-ii-ii— i»-i»-i,-hOOOOOOOOOOOOOOOOOOOOOO 

IC ic M IC X IC X IC M IC IC iC IC 

xxxxoiM«©x cAin x»^r^r^r>.t^r>.»-<icxt^ cj t>.xco 
XXWI^r^XOiC iCOX^r>MO)X^XXO>tOX>^^XXX^X 
xcqc'i-'<-oo©xxxr^t>iXXxxx'f^xxxxejc^NM*-^ 
^,-H,-<,-.r-(F-i^OOOOOOOOOOOOOOOOOOOOOO 

il r> 

IC IC X IC 1 C »c in in 

icox»->t>**-<xoic icc^ icx icr> x i>.x»-<t^ 

OiC©'^XXr>M«£>C^t^X©'i'©©‘C’-'iCMXiCXOXiCXrMQ0 

XC<l^»-HOOa505XXI>-l>.XXXiCXX-t'fXXXXMMM(N*-< 

1,-<000©000000©000©00000000 

o 

ft; 

M X Tf IC X X © M X X X hH X Oi ‘ 

xxxxxxxxf>t^t^t^r'i>i^t^t»t^xxxxxxxxxxo> 


334 



(If in doubt take next lower value) 
Width 


•525 

•8002 

•8385 

•8769 

•9152 

•9536 

•9852 

1-0174 

10493 

1-0812 

1-1299 

1-1786 

1-2273 

1-2761 

1-3324 

1-3888 

1-4451 

1-5015 

1-5656 

1-6298 

1-6939 

1-7581 

1-83 

1-8769 

1- 9737 

2- 0456 
2-1215 
2-1981 
2-2749 
2-3513 


cot^a>»-icocDOTr«oooii-'eiTfcooi»-i'^c5cococo»-^Oit^iocR'^a5'^ 

®oooco«orNoci'^rr»oioioc'i05r«*.rrooc9<oo«-'»-'C<icot>*c<i®»-^ 

QTrojc<5f^O'<rr^oioo«r>o®»-Hr>c*5flrscoNO>®co©t>.'«rwoit^ 

®opopqiqjooo*-^-«c^c<icoW'^-«tioipcpt^tNaq500*7'C^NCp 

\t> 

»r> lo 

M CO CO « Tf* CD 00 i-» *-< Di to 05 cq CO 00 ^ rf CD -rf t>. »-t ift t-i CD ^ 

ID CD t>« 00 CO 00 CO 05 r-i CO © ID M ID 05 W ID ID -t CO CO iD 00 O CO 
cor^i-'iD©co©©co©'i‘©'^©iD»-<c>*co©©Di©©co©i>«Trc^© 
apopcj5q5q5©©»p»^»y<c^c^cp'^'^ipiDcpcDc^opop©©T^r^wcpcp 

lO 

"T 

CO 00 ID CO CO CO CO CO Cl C<l i-i ID © ID © © © 00 C- Cl OO CO 05 

Clcl,-.»-H^O5r*lDCOlDC^©»-<©©CO©COiD«^00©-^CieOCO'«»'-4' 
©©-et<00CliD©COC»Clt^C100CO©iD»-<r>.©©©Cl©©«©CN.-^i-r 
Gp©©©©©©r-i»-«ClCl©CO'<*'-tiD©©C^t>00©©©»7ClCl©'^ 

* ^ ^ ^ ^ A ^ ^ ^ w N w N w Cl 

4-25 

•8902 

•9287 

•9672 

1-0059 

1-0443 

1-0851 

1-1259 

1-1662 

1-2076 

1-2605 

1-3133 

1-3661 

•419 

1-4765 

1-5341 

1-5915 

1-6491 

1-7109 

1-7727 

1-8346 

1-8964 

1- 9628 

2- 0294 
2-0958 
2-1623 
2-2309 
2-2995 
2-36305 
2-4367 


•9181 

•9554 

•9927 

1-03 

1-0673 

1-1109 

M546 

1-1982 

1-2419 

1-2956 

1-3494 

1-4031 

1-4569 

1-5145 

1-5721 

1-6297 

1-6874 

1-7485 

1-8096 

1-8707 

1-9318 

1- 9968 

2- 0619 
2-1269 
2-1920 
2-2586 
2-3252 
2-3918 
2-4585 

•375 

•9541 

•9931 

1-0321 

1-0711 

1-1101 

1-1547 

1-1994 

1-2437 

1-2886 

1-3423 

1-396 

1-4496 

1-5033 

1-56 

1-6167 

1-6739 

1-7302 

1-79 

1-8499 

1-9099 

1- 9696 

2- 0328 
2-0961 
2-1594 
2-2227 
2-2872 
2-3518 
2-4163 
2-4809 

•35 

•9902 

1-0309 

1-0716 

1-1123 

1-1530 

1-1986 

1-2442 

1-2898 

1-3354 

1-389 

1-4426 

1-4961 

1-5497 

1-6055 

1-6613 

1-7171 

1-773 

1-8316 

1-8902 

1- 9491 

2- 0075 
2-0689 
2-1304 
2-1919 
2-2534 
2-3159 
2-3784 
2-4409 
2-5034 

iC 

9 

1-0262 

1-0686 

1-11105 

1-1534 

M959 

1-2429 

1-28905 

1-3356 

1-3822 

1-4352 

1-5142 

1-5426 

1-5961 

1-651 

1-7059 

1-7608 

1-8158 

1-8731 

1-9304 

1- 9883 

2- 0453 
2-105 
2-1647 
2-2244 
2-2841 
2-3445 
2-405 
2-4654 
2-5259 

cp 

1-0623 

1-1064 

1-1505 

1-1946 

1-2388 

1-2863 

1-3339 

1-3814 

1-4290 

1-4824 

1-5358 

1-5892 

1-6426 

1-6966 

1-7506 

1-8046 

1-8586 

1-9147 

1- 9709 

2- 0275 
2-0832 
2-1411 
2-1990 
2-2569 
2-3149 
2-3732 
2-4316 
2-49 
2-5484 


1-1237 

1-1672 

1-2107 

1-2541 

1-2977 

1-3447 

1-3921 

1-4392 

1-4865 

1-5116 

1-5908 

1-6429 

1-6951 

1-7477 

1-8004 

1-853 

1-9057 

1- 9598 

2- 0141 
2-0686 
2-1224 
2-1784 
2-2345 
2-3176 
2-3466 
2-4017 
2-4579 
2-515 
2-5712 

lO 

1-1852 

1-2280 

1-2709 

1-3137 

1-3566 

1-4034 

1-4503 

1-4971 

1-544 

1-5949 

1-6458 

1-6967 

1-7476 

1-7989 

1-8502 

1-9015 

1- 9529 

2- 005 
2-0573 
2-1097 
2-1617 
2-2158 
2-27 
2-3242 
2-3784 
2-4323 
2-4862 
2-5401 
2-594 

•o 

N 

1-2467 

1-28885 

1-3311 

1-3733 

i-41555 

1-4620 

1-5085 

1-5549 

1-6015 

1-6513 

1-7008 

1-7505 

1-80015 

1-8501 

1-90005 

1- 95 

2- 00005 
2-0502 
2-103 
2-1498 
2-201 
2-2532 
2-3055 
2-35785 
2-4102 
2-46185 
2-5185 
2-5601 
2-6168 


1-3081 

1-3497 

1-3913 

1-4329 

1-4745 

1-5206 

1-5667 

1-6128 

1-659 

1-7074 

1-7558 

1-8042 

1-8527 

1-9013 

1-9499 

1- 9985 

2- 0472 
2-0954 
2-1437 
2-192 
2-2403 
2-2906 
2-3411 
2-3915 
2-442 
2-4914 
2-5408 
2-5902 
2-6397 

ft? 

Cl CO 'If ID CD h* « © d CO ID CD 00 © ^ Cl CO ^ »D CD 00 © 
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—(If in doubt take next lower value) 
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•85 
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•825 

X X 
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op 

lO 

X — < X -P X X X X X X *-■ fN X X —• X © X r-i r> rp © r-4 Tp X X 
rsxocixxxoxxO'«prHoxt>.oi>«i>x-PMXiN'^xt^xx 
XXlN©i-'XXXOXt>.OXXMX^XC^X'<!PMXt>.XTpXDli-' 
r^rNrNi>QpQpcpQpq5q5q5ooO'7'i7<DiDicpcp'^xxcpt;*0pq5O»7^ 

X 

©x-p xi^©c<i't»-^©r^ir>©xt>»i-i^xN05Tp i^dicmmmx 
d *-i X ^ Tp t>. 1-1 •^P X X X X M X 1-1 O O — < X IN X M o o o o o 

•t X t>- N rp X © i-i ^ X X X •i* X X © X O X M O X X X '^P 

rTr^iNQpQpopQpQpq5q5CJ5000i7<r-ic^c^cp’^’^xcpr^t^x©0'7i 

•75 

XX r^xxxxTp-pTp'^^xxwxt^xxx-p* xx-^xx 
Xt>.XXXXt>.»-<Xi^t>.XXXOXCN(NX'rpX<NOXXTpXi--'0 
•tXXOMXrTOClX^XX^XOX— 't>»X05I^XMOXXl>.X 
r^rNt;<apQpQpQpq5q5q5q500^'7<cN(Ncpcp'^'^xcpr^Gpopcj50^ 

•725 

X 

o X X ^ X X © — < X X X X X © © X X i-H r* X X •fp X X 

xX'txr>c^r^-^xxox»c<NXXx^xxoxoxoxxxo 
xt-X'-xxx— <xr^— <^xxrTMt^xxxcMxxxx»-<©xx 
t^iNt^ooooQpopq5q5q5©oo-7-'7<c^c^cpco'^xxcDiNopq500'7‘ 

lO 

CD 

th ©•rPXMt^ •rpXNXXi-'-PXC^'-'OX*^^t>*XXX X 

X©C^-PX’-^XC^r'X'^M’-^Xf>X-Pf>OXXX^XXC^XX^ 
XX©M'^r^XM-PXC<IXO-PX'*PXXMXrPMOP>X'1*M*^^© 
r^r;'OpQpQpQpopq5q5q5©o^»^-^c^(Ncp'^^^xcDh»r^opq50-7<c^ 

Xi 

X CSI-^t^i- X'i‘C<l^»-<XXMXXXMXXXXlNr>.’!pM'-PX 
Xt^OXXX XXXXXMMM^’-'^PX^'^P^XiOMInXXX 
XX^-iX'OXi-^ ■5XO'1‘XC<irTClt>*CMX'^P^t-.XCNOXXXXM 
rNr;'Cpopopopq505<xooO'7^7'CSCNcpcp^xxcpt^opopq50^c^ 

•65 

X -PX-tXM^-^'-PXXr^l-'f-XX'+M Xi-iXX'^'<Pt>>XX 
X-PXMr^'^X^-'XO-^X-PXXt^XMX XOXOIXMI^t-'X 

XX^-^PXXC<IXC^MXO-PX-PX'^-^l'>»'i‘OXXXOXr-X-P 
rNlNapopQOQ005<XCJ5CpO»^*^Hf^C^CNcp-P’^PXCpCpr^QpXXOi-iM 

•625 

X 

X XX'^^X-tXXXXXXXf-'-tt'' WXX'^DlXXXi-'-^-X 
X^XMXXXX-Pt'*OXXX*-'XX '•PXWX'^XiCt>iMXX 

i>.oc^xr-oxxxxxc<ix^iNc^r>-poxxoxxx'-^oxx 

i^apQpooQpq5q5q5XOO’7’7'C^cicocp-txxcpt;'iNQoq50i^»7<c^ 

CD 

Tt XXXCIX iCXrpXXXXDIXXX xxxxoxxxx 
i-HX'^'*-<XXXOO'TXXX^iCXC4rTC<irT^CD^XMMXX-^ 
XOXXX’-I'^PX'-'XX-PX-PX'^POXXXXX’-'XX^C^OX 
rxxxopopxq5050p©»7''7'C^c^cp'^-p»oxcDr^opopx©'-'C^c<i 

•575 

•78745 

•81815 

•8539 

•8746 

•9104 

•9405 

•9722 

1-0031 

1-0390 

1-0799 

M258 

M716 

1-2175 

1-272 

1-3266 

1-3811 

1-4357 

1-5002 

1-5648 

1-6293 

1-6939 

1-7678 

1-8419 

1-9158 

1- 9898 

2- 0687 
2-1505 
2-2309 
2-3113 

lu 

X X X -p X X X X Cl X X IN r-^ X X X X XXXt>.»-'XXX 
xxciiNCici'-Pxr>''^cixcDcir-*xxcit''«TTCoxT-iTprNX'^ci’-i 
xcixxxxxcixoxX’*pox»-'XxxxcixrTTpi^xi>*xx 
t^XXXXXXOO*;<*7'*7'C^XX-P-^XXXC-t^XXO©^ClX 

ft? 

CIX-^XXI^XX Cl X X X r>. X X Cl X rp X X in x x 

xxxxxxxxt-'iNt'-'t>r-*r^t>*t'^iNtNxxxxcjoxxxxxx 
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TABLE IV {contd ) 

(If in doubt take next lower value) 
Width 


Zl 

rj 2? 29 ^ ^ w u5 o «p t>. h» GO ift ^ CO N ^ 

gocoaiOj:;jt^ejt>eo<o<5eju5eo©ooi35-^coM^cD0^05^co_r^ 

Cpt>t>t>f>l>t>*OOQpQOQDOOOia>a5SiOO*-«*-«^MCOCO-<f»CCOtNOO 



M75 

^ICICICIO ic to ic »0 1/5 1/5 1/51/5 1/51/5 </5 

G0l>t^r>t^'i-^t>«i/5a>i/5t^ict0t>>05i-icic0-^i00>'^00c0i0t>05i-' 
^i0i;;^r-*C005U5OC0<35C0CpoaC0rfC0C<5C0C0C*5G0'^05U5eia5C0'«fi 

^*>t>t>b‘t^*>*000000Q0G00>©©OOO’-<i-<»-'e^C0C0'^W5C0t^00 



lO 

© CO ^ 00 © a X r- CD CO 1 / 5 1/5 c<i xr-^x *-r x x x x x co x x 

^t>»xxi/5»-^r>xxxr^i-HXTt*xi-'0»-^X'^i/5»-iX'-i’i-'XXX^ 

O»^X'^XXX^0lXI>iOMXX*-<'<t<XMXOt>'XOt>-XXXX 

•>t>t>t>b'f^^'OOooxx©©(3>©ooo^»-'eiMX-*t'<txxr^x 



M25 

X X 1/5 X X X XX XX 1/5 X X X 

X r-^ X o ei fx © X t>* o X X X M -f X X *-< X M X -t X t-' X 

XXX*^X-ti/5XMt^'^XO©©XXOM'^lN-*tC<l©t>-'^MOX 

©i-'xxxxx^xxx©x*/5x^'<txxi>>»-<xx»-ixxxxr» 

r>»r>r>«t>.t>.iNr^ooxxxxxxxooo»-<’-'eieiX'^'-rxxi>'X 




xxxxxr>iX xx©xxxxxxxt^ 
x»-ir-*x0xx©x’-<x0xxxxx©cjxxr-x'-tx^xt>«x 
©C<ixxt>.x©>— XXX^XX©MXX-tXC^XXXOOX©X 
r<-t^rst^c>«i^xxxxxc3505a)©ooc»^i-i(NeiX'^xxxr>'X 



1-075 

X 1/5 1/5 XX X »/5 XX X X XX X X X X 

Xt^MOOXXX^XX-t'©X'^r^OXOX^©XXTtc^M05X 
t^xoxx©xxoi/5 0x»-^caxxx©-txxcNMXoixxx-r 
OCN^Xr-»XOC<l-1‘XX’-<rM>«OCNXex©'^i-<XXMX*-<^^ 
t^t^r^h»tNr^xxxxxx©©c©o^i— *-MXX’^xc^i%x© 



1-05 

X r>e.i<35©x »-<^eixxxt^x xx-t-t-'+wx ©x^ 

xxc^©iCMXt>»-r©xcMX©^r>»-f xi-«t»xxc<i»-i©X'^c^ 
OM-^xr>-xoc4-^i>.xei-^rN»-HCNrsc<iX’-^i/5C^JXr^-rfxxxx 
rNr>t>iNt>>t^xxxxx©x©ooo*-«-<c^c^xx-<txxrN.x© 



O 

X 

X X M X r> XXXXX X X X X X t>* X M X X 

r^xx^xxxor^-t*»-'X-tx©xxcr^-^^xx©oe^xc^© 

»-^MTf«Xt^X»-'X'TI^O<NXX^'^XXt>*Mr--T'»-.XXXXXX 

t;'t^t^h^r^t;»opQpopQpc^q505q5Co©»^’7'C^c^co"^-fxxr;*opq5 



O 

xt^r>-xX’-^t>»xxc<ixxc^^o©©^'tt^oxx©c^xx^x 

xor>'^»-H©x'T»-<xxx*-<-tr^X(N^xt^xxcNxxxx»-'X 

^X-tXX©^XXt>.OXXX(Ni/5©^XXXXXOt^r^l:^t^X 

iNi>t;«r^i^r^ocQpQpxcnq5q5q5Coo^»7'C^c^cO'^xxccr7«opq5 



•975 

xx-t'r>c<ic^x'^xxxxr^r^r^r^r»i-ix xi/5t^x©X'i‘ 
xc'icr^xx^Grjc^xxxxxr>‘’-ixx'^'^xc^T-'X©xxr>-t>. 
^Xi/5XXO«NXXX»-<XXOXC>.OXOXOC>*XCO©©©l>X 
t^r>t^r^t^QOooapopopcj5q5q5©ooi^i^c^C;ixcO'fXxcpi>'Cpx 



•95 

Tf c-l r-< X X X X X © X X X 'I- *f X X ’I X -^ © X X IN X X © © X 
t>-XXOXt^X"TXC<l©©XXXXX©©O^X©XOXXC^X 
»-HXxr-HXOM-tx©ej'^t^^'^x«x»-«r^M©rN*^M’“'»-<x© 
r>t^r>r^t^apQpopopopq5q505®©©^*-c^c<icocO’^»ccor;'op'^© 



-925 

X 

dXXO-tTfXX -^©-t© ^x-t’-^ t^X^©XX©XX^ 

©t>>Xrf<cq^©©©Xt>*r>XX©X^XXXX'^©Xi-<XC<JXrt* 
»-^Xi/5r>©*^X-^’-©MXXMX©XXXXX*-^XX-^XXX0J| 
i^t^r^r^r^GpopopopQp©©q5©©©r^^c^c^co^*f«ocpt^opc^© 




K® * 

©t>«XC^©XX t>>©^XXl^©»^XC^M^^X©X©»-<XC>>f' 
T-'©xiNxxxxTf'<?pxxxc^©tN'«!fi>oxxe^©xeitNM-^x 
Nxxt^©i-'Xxr>.©xx©xx©'«t©x©xrf©xxxx©Tr 
t;*t;»r>r^iNOpxapopq5©©©©©i7'i7'^eicococoxxcot^x©® 




MX-^fXXr^X© *-«C^X-^XXt>*X© »-<ClX'^»OXt»X© 

XXXXXXXXt^lNtNt^lvtNf^l-Nt^I^XXXOOXXXXXX© 
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(If in doubt take next lower value) 
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ift tfi ift ift ift _ 

^ ® GO ^ CO o tN ^ CO 0 ^ ift 00 Oi o CO "-t <0 « ab 
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IC 

Vi 

iCI>a)^C4 a CO CO 00 d tx ^ CO 1/5 Oi ® 00 00 00 05 05 O 05 00 CO lO 

05t>*U5rfC^05l/5C<105C0a0C<lt>iOC0CD05^C0U5IN00 05OC<IC^C0Tt<U5 
C0C0C0C0C0C<IMC^^^OO05 05 00r^CDC0iC'^C0M^^O05XlNC0 

ooooooooooooooooooooooooooooo 

ic 

'T 

1/5 Vi Vi Vi vn vivivi Vi 

rt- 05 05 CC CO 00 CD -“I •'t O 05 N rt CO 05 -t 00 CO CO 00 r-i U5 

’•!fC4O00C0C005C0C<IC0Ol0OC0C0OC0i0r-05WC0TrC0l>®05i-iC^ 
C0C0C0C<IMMi^^»^^OO05 05 00t>«f'C0W5'^C0C0C^i-'O05 00f-fHC0 
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ooooooooooooooooooooooooooooo 

ic 

CO Vi 
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ooooooooooooooooooooooooooooo 
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U5 lO lO IC U5 ic IC IC U5 

M 00 ^ O CO 05 Tf< 00 *- lO t>. rt 00 N lO ^ CO CO CO CO CO CC ^ CO 
Th.-<05f«Tt<OlNC005COCD^t>*OCOt>'OCClOOOON'^COOOOe^'^CO 
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OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 
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w 
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ooooooooooooooooooooooooooooo 

lO 
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CO 
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F*^ 1— C5 
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U5 U5 IC U5 ic U5 U5 IC 
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Vi 

—1— aaiCiOi — t X '<f X Tf X CM -1 X CO If — ' I> X <35 X <35 f <35 -rf 
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•225 

XX X 1C X X X 

NX’^XXXXO f05<NXX C^rfCOX (N X X X X 05 05 — 
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(If in doubt take next lower value) 
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r>. X X *-« 05 05 X X X X X X X X X ^ X 05 X X X *-• 

xxxxt>.X’^x^r^xpx 05 xi>T-'X'^xr^xxxrfc^oxx 

XXXXXXXXXXXrt*Tt*XXC<IM^005Xr^XXrrXW005 

ooooooooooooooooooooooooooooo 


X X X X X ^ 

OXX »-< Tf X X X o 05 X X X X X O Tf X 1 -H M Tt- X 
XXXXXTfCN 005 Tt<OXClXOXC>* 050 MXXDl^»-' 05 I^XX 
XXXXXXXXXXX'i«rrXXM»-< 0005 Xr^XX'^DI '-^005 

ooooooooooooooooooooooooooooo 


X 

<N 

IN 


XXXX XX X X 

XC^Xn-t^OODlOXXO XXOXa 5 a 5 XMX 05 XINr-<XX 
X'-trt'XX'-'OXX'— t>'XXXXO-tXXOa 505 XlNt>»Xr*<C<lO 
XXXXXXXXXX'^'^XXNM'-'OC 7505 t^XX’^XC<l*-Oa 5 

ooooooooooooooooooooooooooooo 


X XX 

^X’-<t^MX'^>rt«iC X’-^XX r>iXIN^X 05 XXMt^X XD? 
XC^C<I^^ 05 t^XX 05 'rt*OX 05 XX©’-'Xa 5 XX'^'^XC^’-^ 05 X 
XXXXXXXXXn’'^'^XMM»-^»-<Oa 5 XC^XX’^XDl»-'C 35 X 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


XX XX X XXX 

X X ^ 05 X C^l X 05 X I-* l> *-* X X 'I* X X 05 I>* X X 

OX 05 XXX'^»-< 05 XOX’-'’»tXMXrHXM^»-< 0005 Xr''XX 
XXXXXXXX'^’* 1 '^XXDJI»->^ 005 XXr>.XXrfC^l»-^OPX 

'r-H,-cr- 4 T-.^T~i^OO 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 




X 


X 


X 


M ^ r> 05 ^ 05 I^ '<t 05 X X ^ X ^ X X X i-« M X X X 

xt^xxxc<j0xx'-<x*-c^0'^r'^c^'*txt^xxxxx-«rxc<i 

XXXXXXX'^Tf''^XXC^C^»-<0005Xr>XX'*i'XC^’-'005X 

ooooooooooooooooooooooooooooo 


«rj ir 3 ii 7 ir? XXXX 

1 ^X 05 Ot^X 05 XXt*^X 05 Xt^i-<X XC^X'^rfXXXO'^X 
X'^XXC<ia 5 t^TfC^t^C^C»C^X 05 XXX 05 »-'DlCMDIC^Dli-ii -<005 
xxxxx'-rTfTfrrxxDic^»-^ooa 5 Xt^t^xxTr'xoi»-' 005 t^ 

ooooooooooooooooooooooooooooo 


X 


X 


Cqcq»-<^ X ^OXXXIN XXOTf a 50 ^XrMC^XT |<0 
XM»-iOa 5 X'^'^XXXXXC^XX^XXXXXXXXXI>I»-t>. 
XXXX-*t-f'<trfXXC<IC<|i-'.-^O 0505 Xl>-XX'^XCl’-'OPXlN 
C^C^C^MDlMCl<N<NC^CqC<IC^C^CSI^^i->^r-<»-<^T-^i-H ,-«^000 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


X 


XXX XX 

XXXOX»^ 05 I>- XXXXXX^'^OI^X 05 '^Pi-<rfXDlM»-' 
05 Xr^X'^D 105 X^XXXXXPXXX 05 »-'C<IXX'< 1 ‘Tr'<«fTf'Tf'«i* 
^rfTr'^’« 1 ''*!tXXXCSC^^^ 0050505 IN;DXX'^XOi^ 005 Xr>' 

ooooooooooooooooooooooooooooo 


•K? 


X XXX X 

<35 X O X X 05 1-1 X X 05 r-i Tf CD 05 X 05 !>. X 05 X X t>» X 

X'>tXD 10 r^'^C<l 05 XXXr^-^Tft^OM'«tXt>»X 0505000 ^i-* 
•^•<trfTfTt‘XXXMDl»-'^ 0005 XXt^XX'^XC<Ii-'i-' 005 Xt^ 

ooooooooooooooooooooooooooooo 


>0X05 r-t csi X X X O X 05 »-• M X X X O X P 

JXXXOOOOOOOOOOXXXXXXXXXXP 
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TABLE V {contd ) 

(If in doubt take next lower value) 


lA tC LC IC lA 

00 CD CO « CO N CO 00 tN CO Oi 00 00 O CO 00 ^ CO CO CO 05 ® CO 

00 00 Q0 05 05 a5 05 05 05 00 00 00 00t^l>«CDC0‘O'<tTr<C0C^’-^O05t^CDTj*C0 

ooooooooooooooooooooooooooooo 


ic ir> in in in 

OOCO»r>'-fCOC<l-^ i/:>05'^05’^ *-^^O500CDr^t^a5-^CO 

r>.l>00050000 t^'^CJ05ir5T-*’^C^'^I^OCOC<l^*-<OCD*-<t^CO 

00 00 00 00 05 05 05 05 05 00 00 Q0l'»l>.t>.CDC0»O-l''^C0M*^O05l>CD'^C0 
<NC^CSICSC<IC<l«MM<M04MCMC^e<l<NC<JMC<lC^MC^MC^CM»-i^^'>-<^ 

ooooooooooooooooooooooooooooo 


w oooiocot-h <35cico -rooco oo m cn m t>- co t^mcn^ 

cot^i>«ooa5050505oooco»-'ooc<5cr5 oco>r>X'--'005XXcoa5iCT-i 
«ooxxooxaooooooxoor^l>.cocc>cDlr>'^eocoe^o05QOt^lOr^cc 

C^C^MMC^MCqC^MMC^C^IC<IC<IM<MC^C^WC^CSC^C^T-.r-i,-Hr-.^^ 

ooooooooooooooooooooooooooooo 


m in mm m if 5 ic 

-tc^05rNiocO’-<a5i^05C^«cXMCDcc>-r^xic»-^co-tir)i^ir5co*-'05 
iCCOCDI^XOOOOt^t^-t(Na5CC<NrxOOOr-iC<50a500t>.COiC»-'r'CCiOO 
ocixooooooxooooooooaor^i^r>»cDcoicir>'^eocNr-i00500i^iC'rc^ 

C^C^C^C^C^C^C^C^(NC^WCMC<IC^C^C^C<ICN(N<N(NMM^t-'i-<r-.F-i^ 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


m in mm 

CD'^»-'XCDX>-'XiCI%05»-<XCD05X<X>(NX'^0»-'MX-t-C^»-'05X 

-tiOOCDt>-r>t>.CDCDXOXir>OiC*-icDa5’-''Tt>*CD»C'^X05iCOCO 

XXXXXXXXXXXlNt^l>CDCD»r)-t-t'C<:)Mi-*O05XCD»/5’^M 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


m m m m m m m m m 

m'^^ccm^cc'^^c-^m^maxjit^mom m t cn '•i' ^ m m 

X'^iCi/5Cf;CDirii/5lOC<I05CDXX'^0'+l>-a5M'1«XM^OCr>C^X-i' 

xxxxxxxxxxi'^r^i>cDco«ciri’-txxM^oa5Xc£>u:)Xci 

C<1 M d CM C<1 <N CM Cl CM <N <M CM <N Cl CM CM (M (M C^l <N M CM « ^ ^ 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


r>^^t^-f05iCr-r>.c^r>.r<Ht^c5<35cnr5a)c*5C£) xt^mcoicx — 't 
cix-t'^ii:)-t<-t--txor>^»-^t'«-c^xci'Ti-^a>c5 0cy5Xr^c5CJ>cc>c5 
XXXXXXXXXXl^l^t^CC>CC>iCiC-tXClC5»-<05Xr>CD'^XCJ 
Cl C^ C<l C4 (M Cl Cl <N Cl Cl Cl d CJ Cl Cl Cl Cl Cl Cl Cl Cl Cl ^ ^ ^ 

ooooooooooooooooooooooooooooo 


rs-^ cccir^cixxci^o x^x-rc* xocia;cDcir>’-^cD — 
^cixx^xxcici05ccx iD^icocncr^cJjxcDr^-tor'XO 
xxxxxxxxxr^r^rNi>xxiciC'TXCM^oa5Xr^x*fxci 
Cl Cl CM d Cl d Cl Cl Cl (M Cl Cl Cl Cl CM Cl d Cl Cl Cl d CM 1-^ *-1 T-» 

ooooooooooooooooooooooooooooo 


x-t m ^ <x> ir>a 5 t>.<x>-tcixx-t'tcci'^x 0 cc^i^dxxdc 35 
o»-'Cidxcid»--oi^-t^xxxxxoci-tt^»c-rcir-.t'H-r^r^ 
xxxxxxxxxt^r^t^xx«cic-t-txd^0a5xc'ic'i*x^ 
d d Cl Cl d Cl Cl Cl d Cl Cl Cl Cl d Cl d Cl Cl d d Cl Cl 1-1 ’-I ^ 

ooooooooooooooooooooooooooooo 


Xl^t^^t>XCDX^»C ID 05 05 O— n-X'^ I^CItiXX 

-tr^Oi-ii-iddX'-f05iDOXiiXOiDXOci-td»-i x-rdxx 
t>.t^XXXXXXXI^CihiXXiDiD-rXXCli-i005XXiDiil'di-H 
d d d Cl d Cl d d Cl Cl Cl Cl Cl Cl d d d Cl Cl Cl d Cl ^ 1-1 *-i r-< T-* r-i ^ 

ooooooooooooooooooooooooooooo 


m m m m m m 

iD05-txx r^iDX-t*iDr>.05t^r>.iD-r-ii'iiixx r>itdXh'.iD 
XX050)OdXiDlNiHDCX)XXXXXiDri*05^ Xt^XOC35X 
xcir>i^xxxxxxc«xxiDiD'^-rxdi-'*-i xcixxxd 
ddddddddcicidddddddciddddT-i^i-^iiF-ii-i 

oooooooooooooooooooooooooooo 


IC ID ID ID ID ID ID ID 

XCl-i-tXlNXiD'-fCl Xt>»iDXi-i XC*Xii*d XXXX^ 
dxxxxi-ii^i'i'OxxxT-'X^cD^ditcDXt^XTiixa)r>’^ 
CiC*l^t^C*XXXCJ5Xr^XXiDiDit'-fXd'noa5Xr>X'*fXd 
ddcidddddciddciddddddddcii-i-i^i-ii-i»-i»-i 

oooooooooooooooooooooooooooo 


ID ID ID ID ID ID 

diDXi-i-f'^iDiDCDOiD iDd t^lDXi-iXCDlDi1'd»-' a5t>* 
XOCDt>-I>«-iiD05XiDXXC35i1‘05XXOClXlD-1iXd»iX'^i-i 
i>.t>»t^r>-t>.xxxa5Xi^xxx'-ii-Txxd^oo5xrNX-txd 
ddcidddddciddddddddciddd-ii-'i“i»-'i-i»ii^ 

oooooooooooooooooooooooooooo 


dX^iD 0 1^X05 ^dX^riDOtiiXO i-idX-tiDXC«XCi 
XOXXXXXXr'*t^I>«t^l'Hti*ti»t»l'i'C'ti*opQpoOXXXXXX05 
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01086 -01109 -01133 
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TABLE VI 


Standard Sizes of Wire (S.W.G.) 


Diameter 

in 

Inches 

Diameter 

in 

Millimetres 

Area in 
Square 
Inches 

Area in 
Square 
Millimetres 

S.W.G. 

Weight in 
Kilograms 
per Metre 

Resistance 

pc-r 

Metre 

Resistance 
per Lb. 
of Wire 

•021 

•534 

•000344 

•222 


•001965 

•0765 

17-650 

•022 

•559 

•000377 

•245 

24 

•00217 

•0694 

14-500 

•023 

•584 

•000414 

•267 


•00236 

•0636 

12*200 

•024 

•610 

• 0 ()() 45 () 

•292 

23 

•00258 

•0583 

1 0-250 

•026 

•661 

•000528 

•341 


•00302 

•0498 

7-530 

•028 

•711 

•000605 

•397 

22 

•00352 

•0428 

5-540 

•030 

•763 

•000706 

•456 


•00404 

•0372 

4-210 

•032 

•818 

•000800 

•519 

21 

•00459 

•0328 

3-254 

•034 

•863 

•000904 

•584 


•00516 

•0291 

2-560 

•036 

•914 

•001015 

•657 

20 

•00582 

•0258 

2-012 

•038 

•967 

•00113 

•729 


•00646 

•0233 

1-650 

•040 

1-02 

•00126 

•811 

19 

•00718 

•02096 

1-3 

•044 

M 18 

•00152 

•980 

18 i 

•00868 

•01735 

•910 

•048 

1-22 

•00181 

117 

18 

•01035 

•0145 

•650 

•050 

1-27 

•00197 

1-27 


•01124 

•0134 

•540 

•052 

1-322 

•00212 

1-37 

17 i 

•01212 

•0214 

•467 

•054 

1-372 

•00228 

1-47 


•013 

•01155 

•405 

•056 

1-422 

•00246 

1-59 

17 

•01408 

•0107 

•348 

•058 

1-473 

•00264 

1-702 


•01509 

•00997 

•300 

•062 

1-575 

•00302 

1-947 


•01723 

•00875 

-230 

•064 

1-625 

•00322 

2-08 

16 

•0184 

•00816 

•200 

•068 

1-728 

•00362 

2-34 

15 i 

•0207 

•00726 

•159 

•072 

1-83 

•00407 

2-63 

K 5 

•0233 

• 00646 . 

•126 

•076 

1-93 

•00453 

2-93 

14 i 

•0259 

•0058 

•102 

•080 

2-03 

•00503 

3-24 

14 

•02869 

•00525 

•0800 

•083 

2-11 

•00543 

3-52 


•0312 

•00483 

•0703 

•088 

2-23 

•00608 

3-92 


•0347 

•00434 

•0568 

•092 

2-34 

•00664 

4-28 

13 

•038 

•00398 

•0476 

•095 

2-41 

•00707 

4-56 


•0404 

•00373 

•0419 

•098 

2-49 

•00754 

4-86 

m 

•043 

•0035 

•0369 

•104 

2-64 

•0085 

5-48 

12 

•0486 

•0031 

•0289 

•109 

2-77 

•0086 

5-55 


•0492 

•00306 

•0282 

•116 

2-95 

•01053 

6-82 

11 

•0604 

•0025 

•0188 

•128 

3-26 

• W 31 

8-3 

10 

•0734 

•00205 

•0127 

•144 

3-66 

•0164 

10-5 

9 

•093 

•001615 

•00793 
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TABLE VII 

Brown and Sharpe Wire Gauge 


Diameters 

Area of Copper 

Per 1,000 ft. 

Bare 

Insulated 

Circular 

Mils 

Square 

Inches 

Interna- 
tional 
Ohms at 
75° F. 

Weight 
in Lbs. 
Bare 

Single 

Cotton 

Covered 

Double 

Cotton 

Covered 

Triple 

Cotton 

Covered 

•460 


•478 

•487 

211600 

•16619 

•04965 

640-51 

•410 


•428 

•437 

167772 

•13176 

•06263 

507-84 

365 


•383 

•392 

133079 

•10452 

•07895 

402-83 

■325 


•343 

•352 

105560 

•08290 

•09954 

319-53 

289 


•307 

•316 

83695 

•06572 

•1255 

253-34 

•258 


•276 

•285 

6357 

•05122 

•1583 

200-86 

•229 


•247 

•256 

52624 

•04131 

•1996 

159-29 

•204 


•222 

•231 

41739 

•03276 

•2517 

126-34 

•182 


•200 

•209 

33087 

•02598 

•3175 

100-15 

•162 


•178 

•186 

26244 

•02061 

•4005 

79-44 

•144 


•160 

•168 

20822 

•01635 

•5046 

63-03 

•129 


•143 

•150 

16512 

•01297 

•6363 

49-98 

•114 


•126 

•132 

13087 

•01011 

•8039 

39-61 

•102 

•107 

•112 

•117 

10384 

•00815 

1-0119 

31-43 

•0907 

•096 

•101 

•106 

8227 

•00646 

1-2772 

24-90 

•0808 

•086 

•091 

•096 

6529 

•00512 

1 6093 

19-76 

•0720 

•077 

•081 

•086 

5184 

•00407 

2-0268 

15-69 

•0641 

•069 

•073 

•078 

4109 

•00322 

2-5572 

12-44 

•0571 

•062 

•066 

•071 

3260 

•00256 

3-2231 

9-868 

•0508 

•056 

•060 

•065 

2581 

•00202 

4-0711 

7-813 

•0453 

•050 

•054 

•059 

2052 

•00161 

5-1207 

6-211 

•0403 

•045 

•049 

•054 

1624 

•00127 

6-4702 

4-916 

•0359 

•041 

•045 

•050 

1285 

•00101 

8-1773 

3 889 

•0320 

•037 

•041 

•045 

1024 

•00080 

10-261 

3-099 

•0285 

•0335 

•0375 

•0425 

812 

•00063 

12-940 

2-4S8 

•0254 

•030 

•034 

•039 

640 

•00050 

16-418 

1 937 

•0226 

•0275 

•0315 

•0365 

510 

•00040 

20-603 

1-543 

•0201 

•025 

•029 

•034 

404 

•00032 

26-009 

1 -223 

•0179 

•023 

•027 

•032 

320 

•00025 

32-837 

•968 

•0159 

•021 

•025 

•030 

253 

•00019 

41-532 

•766 

•0142 

•019 

•023 

•028 

201 

•00015 

52-282 

•608 

•0126 

•0175 

•0215 

•0265 

159 

•00012 

66-080 

•481 

•0113 

•016 

•020 

•025 

127 

•00010 

82-738 

•384 

•0100 

•015 

•019 

•024 

100 

•00007 

105-08 

•303 

•0089 

•014 

•018 

•023 

79 2 

•00006 

132-67 

•269 

•0080 

•013 

•017 

•022 

64 

•00005 

164-18 

•194 

•0071 




50-4 

•00004 

208-48 

•152 

•0063 




39-7 

•00003 

264*68 

•120 

•0056 




31-4 

■00002 

334-66 

•095 


Specific gravity = 8-89. Resistance Mil-foot soft copper = 9*59 ohms at 0®C. 
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TABLE VIII 




From 

Calculation 

From 

Calculation 

I’uls. 

Puls. 

Avg. 

T. Loss 

Max. Core 

Core Loss 

Const. 

Sq. In. 

Dens. 

Const. 

Dens. 

Const. 

I. 

L 

C'4 


T 

p. 

0 

•7 

•04 

•7 

•02 

•2 

5 

*7 i 

•045 

•85 

•03 

•3 

10 

•72 

•05 

105 

•04 

•4 

15 

•75 

•06 

1*3 

•05 

•55 

20 

•8 

•065 

1*625 

•06 

•7 

25 

•9 

•070 

2*05 

•07 

•85 

30 

1-0 

•075 

2*6 

•08 

105 

35 

M5 I 



•09 

1-3 

40 

1-25 { 



•10 

1-625 

45 

1-4 



•11 

205 

50 

1-6 



•12 

2-75 

55 

1-8 





60 

2-2 






N.H. When comes between values given, take the higher one. 
Whe c or T comes between values given, take the higher one. 
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TABLE IX 
Power Factor Tables 
Li 


Overload Capacity 


Da 

1-5 

2-0 

2-5 

3-0 

3-5 

4-0 

•03 

•9034 

•9311 

•9393 

•9408 

•9401 

•9365 

•04 

•8920 

•9172 

•9224 

•9205 

•9158 

•9214 

•0425 







•045 





•9024 

•8993 

•0475 






•8882 

•05 

•8801 

•9021 

•9040 

•8979 

•8891 

•8772 

•0525 


•8981 





•055 


•8941 



•8746 

•8604 

•0575 


•8901 



•8673 


•06 

•8676 

•8861 

•8840 

•7806 

•8601 

•8436 

•065 


•8776 



•8499 


•0675 


•8734 



•8368 


•07 

•8546 

•8692 

•8628 

•8479 

•8297 

•8082 

•075 


•8603 





•08 

•8413 

•8515 

•8405 

•8211 

•7981 

•7724 

•0825 







•085 


•8424 





•0875 


•8378 





•09 

•8275 

•8333 

•8176 

•7936 

•7663 

•7367 

•095 


•8239 

•8059 




♦10 

•8134 

•8145 

•7942 

•7675 

•7346 

•7016 

•1025 


•8092 





•105 


•8049 





•11 

•7989 

•7953 

•7705 

•7380 

•7032 

•6675 

•12 

•7844 

•7759 

•7465 

•7103 

•6725 

•7068 

.13 

•7693 

•7561 

•7226 

•6830 

•6362 

•6036 

•14 

•7544 

•7363 

•6989 

•6564 

•6140 

•5733 

•15 

•7391 

•7164 

•6755 

•6304 

•5864 

•5450 

•16 

•7238 

•6966 

•6524 

•6052 

•5601 

•5182 

•17 

•7085 

•6768 

•6298 

•5809 

•5349 

•4929 

•18 

•6930 

•6575 

•6079 

•5573 

•5110 

•4691 

•19 

•6776 

•6458 

•5862 

•5113 

•4881 

•4467 

•20 

•6622 

•6192 

•5657 

•5132 

•4666 

•4257 

•21 

•6468 

•6086 

•5451 

•4925 

•4461 

•4057 

•22 

•6315 

•5824 

•5254 

•4726 

•4266 

•3869 

•23 

•6163 

•5644 

•5065 

•4536 

•4081 

•3693 

•24 

•6012 

•5469 

•4881 

•4355 

•3907 

•3527 

•25 

•5863 

•5298 

•4705 

•4182 

•3741 

•3371 
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TABLE IX (contd.) 
Power Factor Tables 


Lr 

Overload Capacity 


Da 

4-5 

5-0 

5-5 

6-0 

6*5 

7-0 

•03 

•9316 

•9254 

•9181 

•9099 

•9018 

•8928 

•04 

•8991 

•8883 

•8762 

•8638 

•8503 

•8366 

•0425 

•8875 






•045 

•876 






•0475 

•8694 






•05 

•8629 

•8473 

•8306 

•8135 

•7956 

•7777 

•0525 


•8365 





•055 


•8258 


•7779 



•0575 


•815 





•06 

•8244 

•8043 

•7833 

•7622 

•7407 

•7195 

•065 







•0675 







•07 

•7848 

•7607 

•7361 

•7118 

•7287 

•6643 

•075 







•08 

•“453 

•7177 

•6903 

•6637 

1 -6378 

•6133 

•0825 


•7073 



i 


•085 


•6969 





•0875 



i 




•09 

•7063 

•6761 

•6467 

•6185 

•5916 

•5661 

•095 







•10 

•6689 

•6365 

•6057 ! 

•5766 

•5492 

•5258 

•1025 







•105 







•11 

•6325 

•5991 

•5675 

•5380 

•5106 

•4853 

•12 

•5983 

•5640 

•5805 

•5027 

•4755 

•4507 

•13 

•5659 

•5312 

•4993 

•4703 

•4437 

•4196 

•14 

•5355 

•5008 

•4692 

•4407 

•4386 

•3915 

•15 

•5069 

•4725 

•4414 

•4136 

•3886 

•3661 

•16 

•4802 

•4462 

•4159 

•3888 

•3647 

•3431 

•17 

•4553 

•4219 

•3923 

•3661 

•3429 

•3221 

•18 

•4320 

•3993 

•3706 

•3453 

•3229 

•3030 

•19 

•4102 

•3784 

•3505 

•3243 

•3047 

•2856 

•20 

•3898 

•3589 

•3320 

•3084 

•2876 

•2696 

•21 

•3708 

•3408 

•3148 

•2877 

•2724 

•2549 

•22 

•3530 

•3239 

•2988 

•2731 

•2581 

•2414 

•23 

•3365 

•3081 

•2839 

•2576 

•2448 

•2289 

•24 

•3206 

•2934 

•2701 

•2500 

•2326 

•2173 

•25 

•3058 

•2796 

•2372 

•2378 

•2211 

•2065 
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TABLE X 


Density 

A.T. 

•02 

4 

•03 

6 

•04 

8 

•05 

10 

•06 

12 

•07 

13 

•08 

14 

•09 

18 

•1 

26 

•11 

60 

•115 

120 

•12 

200 


TABLE XI 

Ratio of Area of Rotor Si or p Times Normal Depth to Normal 

Area op Sioi 


p 

D, 

Pcirdllel Slots 
P(2-P) 

D, 

Taper blots 
p(4 - p) 

I 

•25 

•4375 

•3125 

•3 

•51 

•37 

•35 

•5775 

•4258 

•4 ! 

•64 

•48 

•45 

•6975 

•5325 

•5 

•75 

•5833 

•55 

7975 

•6325 

•6 

•84 

•68 

•65 

•8775 

•m 

•7 

•91 

•77 

•75 

•9375 

•8342 

•8 

•96 

•8533 

•85 

•9795 

•8925 

•9 

•99 

•93 

•95 

•9975 

•9658 

•00 

1-00 

1-00 
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All quantities follow sine law in time, 

11 

“ Beats/' 119 

Calculating machine versus slide 
rule. 270 

Calculation method found to agree 
with Hobart's examples, 285 
— — of wave motions, 45, 46 
Capacity, case of, 13 
Cascade ampere conductors, diagram 
for slotted core, 
127 

^ diagrams of further 

types, 128, 129 

represented by lobed 

curves, 124, 125 

commutator windings, further, 

166, 167 

curves rule for number of lobes, 

131, 132, 133 

diagrams, further, 130 

^ rules for drawing, 144 

lobed curves for two-pole com- 
binations, 141, 142 

motors at normal speed, 107 

principle, 105 

secondary, 119 

^ ampere conductors in, 120, 

121 

i t h smooth 

core, 122, 123 
— - sets with three moving ele- 
ments, 181 

speeds, 106 

stator windings, 152 

winding s x-two pole, 155, 

156, 157 

type convertor, 168 [139 

winding diagram, fundamental, 

diagrams, further, 140 

, Hunt's, 126 

Cascade windings — 
five-phase, 149, 150, 151 
further diagrams, 146, 147, 148 
not mutually inductive, 117, 118 
ratio of fluxes, 134, 135 
rules for phases of currents, 145 
Circle diagrams of machine in cascade 
256-262 

Classification and indexing of 
machines, 104 

, preliminary notes on, 61 

Collected equations of machines, 7 
Commutating frequency convertor, 
252 


Commutator, 66 

machine, A.C., 80. 81 

— — , only known type, adjustable 
speed gear, 67 

Comparison of different types of slot, 
283 

of elliptic field machines, 92 

Compensated cascade induction 
motor, 162, 163 

8/4-pole induction motor, 164 

Compensation, repulsion motor, 91 
Conditions determining rotor slot, 286 

limiting equations, 7 

Connection of windings, 275 
Controllers, means of simjilifying, 216 
Convertors, 86 
Core length, settling, 283 

Data of design, 269 
Designer aims at maximum output, 
272 

Design of drum-winding equivalent 
to ring 186 

tables, 319 

, explanation of, 318 

^ use of, 317 

Diagrams of ampere conductors for 
pole-changing windings, 193, 
194 

of elliptic field machines, 87,88 

of wave systems, 49, 50 

, further, 51, 52 

Direct-current machine, 79 
Drum controllers for various speed 
combinations, 214 

Dynamo-electric machine, definition, 1 

Effect of drum winding on different 
pole numbers, 188, 189 
Electrostatic analogue to every elec- 
tromagnetic machine, 59 

and electromagnetic equations 

compared, 59 

induction due to stretching 

tubes, 56 

induction, nature of, 54 

machine, 54 

^ simplest type of, 55 

Elliptic field machines, 83 
E.M.F. distribution, law of, 4 
Equations for moving axes, 12 

in terms of flux, 5 

of electrostatic machine, 57,58 

Example of “ magnetic transmission/* 
32 

First principles of classification, 63 
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Force acting on part of machine, 5 

on a conductor, 28 

, cases where resultant force 

exists, 28 

Forces on a cord, 36 

compared to magnetic 

system, 37 

, terminal conditions, 38 

Form of solution of equations, 8 
Forms of free-wave machine, 34 
Formula for maximum input, 280 
Four-speed cascade windings, 153,154 
Free and forced waves, 9 
wave machine, effects of rota- 
tion, 44 

Generation of wave systems, 48 
Graphic solution of complex quad- 
ratic, 15, 16 

Heating constants, 276 

Improved method of pole-changing, 
190, 191 

Inch units used, 273 
Induction motor calculation, hints on 
organizing, 316 
checking previous work, 303 
copper loss and heating constant, 
307 

data sheet, 293 

^ filling up, 295 

determining leading dimens ()ns,297 
efficiency and P.F., 311 
iron and pulsation loss, 307 
leakage formula, 305 
rotor slots, 299 

specification, check talculation on, 
315 

, filling up, 313 

winding calculations, 299 
Input coefficient formula, 279, 280 

in terms of main dimensions and 

flux, 278 

of slot area, 277 

Internal cascade machines, 113 
Inverted repulsion motor, 90 

Kapp vibrator, 234 

Large controller, d(*tailed description 
of, 215 

I^aw of magnetization, 233 
Length of ends, 274 
Logarithmic decrement — 

effect of constants on diagram, 23 

of resistance inductance and 

capacity, 21 
flux with, 18 

further vector diagrams, 20 
proportional to slip, 18 
speed constructions, 22 
vector diagram of machine with, 19 


Making secondary power zero, 68 
Magnetization, law of, 2 
Maxwell's equations adapted to 
machine, 5 

, Heaviside's form, 6 

Mean force requires that mean square 
densities be asymptotic, 29 
Means of reducing number of vari- 
ables, 272 

Mechanical analogy for electric 
machines, 63, 64 
Methods of magnetization, 69 

of using commutator, 69 

M.M.F. distribution, law of, 3 

Motor convertor, 112 

Multiple polarity field machines, 84 

■ machines, number of nodes 

in, 85 

Nature of design data, 271 
Neutralized series motor, 90 

Operation of indiictio]i machiiu', 78 

Parallel tooth, 282 

Phase advancer, hunting of, 252 

-, Scherbius, 237, 238, 241 

Phase convertor, 205 
current distribution, 206 
effect of altering ta])])ing ])oints,21 1 
(‘xamples of current distribution, 
210 

rule for calculating current dis- 
tribution, 208 

tests of current distribution, 207 
]\)le changing - 
controllers, 213 
motor magnetic leakage', 224 

- - - current kick at change of 

spec'd, 219 

motors circle diagrams, 218 

- — of th(‘ sli])-ring type, 220 
p.f and efficiency, 221, 222, 

223 

starting current, 217 

winding for odd pole numbers, 204 

, practical form of, 197 

wmdings, illustrations of rule for 
phase relations, 203, 202, 
203 

, methods of switching, 199 

, reducing terminals of, 195, 

196 

rule for phase relations 200 

, for terminals in parallel 

198 

with a twelve-section winding, 192 
Pole numbers in cascade machines, 
114, 115, 116 

P()les varied by brush shift, 99, 100, 
101 

Polyphase commutator generator, 238 
field bars displaced, 239 
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Polyphase commutator generator, 
prevention of hunting, 247 
summary of properties, 243, 244, 
245 

when it can generate alternating 
current, 246 

Polyphase commutator motor, further 
cases, 242 

motors, K.M.F/s in, 240 

shunt induction machine, 249 

machine, 248 

Position of electrical designer, 268 
I’ossible types of rotor, 62 
Process of magnetization, 77 
Product of vector ellipses, 89 
Psychological discovery due to 
schedules, 271 

Pulsating and revolving fields, 88 

(JuADRATic in complex quantities, 14 

Reason for existing tvpes of winding, 
70 

Reducing slot dejith, effect of, 289 
Reflection and absorption of waves 
in cords, 40 
of wav(‘S, 47 

Relative ca])acity of machines in cas- 
cade, 255 

Resistance*, case of, 12 
R.ing winding used for jiole changing, 
185 

Rotor condensers and stator self-in- 
duction resistance and capacity, 
24 

Rotor slot area, determines flux — 
case* where, 290 

formulae for flux and slot dimen- 
sions, 291, 292 
Rule for choosing flux, 274 
Rules for choosing symbols, 273 

Self-in imcTioN, case of, 13 
Series motor cascaded with induction 
machine, 254 

Shallow type of rotor slot, 287, 288 
Shunt conduction machine, 250 
— — type machines, 93, 94 
Single-phase pole-changing apparatus 
227 

10/6 ])ole motor, 228 

4/6 pole motor, 230, 231 

- series motor generates D.C., 247 

skew symmetrical winding, 232 

Slots with normal density one-third 
uj), 281 

Speed regulation by commutator 
machine, 2v50, 251 
Spinner, design of, 182 

, mechanical construction of, 183 

Standard tooth density, 274 


Storage of magnetic energy, 75, 76 
Summary of principles of classifica- 
tion, 102, 103 

Superposition of effects of currents, 53 
Synchronous alternator, 26 

field distribution, 27 

cascade sets, 109, 110 

, relative size of units, 

111, 112 

generator induction motor com- 
bination, 73, 74 

internal cascade machine, 158 

^ self-exciting, 

159, 160 

motor generator combination, 

71, 72 

operated from series com- 
mutator generator, 263, 
264 

generator circle, 

diagrams of, 
265, 266, 267 
used as phase advancer. 


Tabulated comparison of electric 
and mechanical case, 65 
Taper slots, 281 

Torque production, two distinct cases 
ol, 33 

Turbo convertor, 169, 170 
characteristics, 172 
inverted, 108 

mechanical design of, 177, 178, 179 
slip of, 173, 174 
starting of, 175, 176 
Two recijirocal types of electric trans- 
mission exist, 30 

of transmission, dia- 
grams of, 31 

4'ypes of field classified, 68 
of winding, 8 

Variable pole — 

commutator machines, 96 
machines, 95 

, further, 97 

phase advancer, 98 
Variable speed cascade commutator 
motor, 165 

Vibrating cord and electric case com- 
pared, 42. 43 

Views of Hobart and Miles Walker, 
269 

Wall's phase advancer, 235 
Waves ol displacement and of force, 
41 

Winding diagrams of cascade 
machines, 137, 138 
symbol, 143 
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